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Cofinitary representations

Maximal Cofinitary Groups Tt st et

Complete Embeddings
The strong embedding property

» cofin(Sx) is the set of cofinitary permutations in S, i.e.
permutations o € S,, which have finitely many fixed points.
» A mapping p: A — S, induces a cofinitary representation of

[F 4 if the canonical extension of p to a homomorphism
p:Fa — S is such that im(p) C {/} U cofin(Sx).
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Cofinitary representations

Maximal Cofinitary Groups The partial order

Complete Embeddings
The strong embedding property

Forcing M.c.g.’s
Let A, X be disjoint non-empty sets and let p : X — S, induce a
cofinitary representation. Then Q4 , is the poset of all (s, F)
Where/\s C A X w X w is finite, s; is a finite injection for all a and
F C Waux is finite. Define (s, F) <p, , (t, E) iff

» sOt, FDE and,

» for all n € w and w € E, if ey[s, p](n) = n then already

ew(t, p](n) ] and ey [t, p](n) = n.

If X =0 then we write Qa for Q4 ,. If Ais clear from the context
we just write Q.
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Cofinitary representations

The partial order

Complete Embeddings

The strong embedding property

Maximal Cofinitary Groups

» Qa, is Knaster.

» Let G be Q4 , generic and let pg : AUX — S, be a
mapping extending p and such that for all a € A

pa(a) = J{ss : (3F € Waux) (s, F) € G}.

Then pg induces a cofinitary representation of AU X
extending p.
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Cofinitary representations

Maximal Cofinitary Groups Tite (sl et

Complete Embeddings
The strong embedding property

Lemma: Complete Embeddings
Let AoNA; =0, A= AgUA; and let G be Q4 ,-generic. Then
> Qa,,p is a complete suborder of Q4 ,,
» H=GNQay,p is Qa, p-generic, K = {(s[A1, F) : (s, F) € G}
is Qa, p,,-generic over V[H] and pg = (pH)k.
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Cofinitary representations

Maximal Cofinitary Groups Tite (sl et

Complete Embeddings
The strong embedding property

Theorem
Let |[A| > Ng and G be a Q4 ,-generic over V. Then im(pg) is a
maximal cofinitary group in V[G].

Proof

Let z ¢ X UA, where p: X — S,. Suppose there in V[G] there is
o € cofin(Sx) such that pz : AUX U {z} — Su defined by

PeIX UA=pg, ps(z) = o induces a cofinitary representation.
Let & be a name for 0. Then there is Ag C A countable so that &
is a Qa,,-name and so o € V[H], where H = G N Qa4 .
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Cofinitary representations

Maximal Cofinitary Groups Tite (sl et

Complete Embeddings
The strong embedding property

Let a; € A\ Ap and let K be defined as in the previous Lemma.
Note that for every N € w

Do ={(s: F) € Qay py, : (30 = N)si,(n) = o(n)}
is dense in Q4, 5, and so in V[H][K]
3%n((pH)k(a1)(n) = a(n)).

However (pr)k = pg, which contradicts that p; induces a
cofinitary representation. Ol
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. . finitary repr ions
Maximal Cofinitary Groups Co Inlt"l‘|¥ representations
The partial order

Complete Embeddings
The strong embedding property

Lemma: Strong Embedding

Let B,C C D, BN C = Abe given set and p € Qp ,. Then there

is a condition pp € Q4 , such that whenever qg <Qc,, Po, then qo
is compatible in Qp , with p.

» We say that Qg , has the strong embedding property and qo
is called a strong reduction of p.

» If C = A, B = D then the above gives in particular that Q4 ,
is a complete suborder of Qp ,.
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Localization
Good o-Suslin posets

Good, o-Suslin posets

Definition: L

L consists of pairs (o, ¢) such that o € <“(<“[w]), ¢ € “(<¥[w])
such that o C ¢, Vi < |o|(|o (/)| = i) and Vi € w(|o(i)] < |o]).
The extension relation is defined as follows: (o, ¢) < (7,v) if and
only if o end-extends 7 and Vi € w (¢(i) C ¢(i)).

» A slalom is a function ¢ : w — [w]<“ such that
Vn € w(|p(n)| < n). A slalom localizes a real f € “w if there
is m € w such that Vn > m(f(n) € ¢(n)).

» L adds a slalom which localizes all ground model reals.
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Good, o-Suslin posets EoEalizatoy

Good o-Suslin posets

» add(N) is the least cardinality of a family F C w* such that
no slalom localizes all members of F

» cof () is the least cardinality of a family ® of slaloms such
that every real is localized by some ¢ € ®.

> ag > non(M).

In our intended forcing construction cofinally often we will force
with the partial order IL, which using the above characterization
will provide a lower bound for a,.
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H Localization
Good, o-Suslin posets

Good o-Suslin posets

Definition: o-Suslin

Let (S, <s) be a Suslin forcing notion, whose conditions can be
written in the form (s, ) where s € <“w and f € “w. We will say
that S is n-Suslin if whenever (s, f) <s (t,g) and (t, h) is a
condition in S such that

hin-|s| = gln-|s|

then (s, f) and (t, h) are compatible. A forcing notion is called
o-Suslin, if it is n-Suslin for some n.
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H Localization
Good, o-Suslin posets

Good o-Suslin posets

» If Sis n-Suslin and m > n, than S is also m-Suslin.

» Every o-Suslin forcing notion is o-linked and so has the
Knaster property.

» Hechler forcing H is 1-Suslin, localization LL is 2-Suslin.
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H Localization
Good, o-Suslin posets

Good o-Suslin posets

Definition: Nice name for a real
Let B be a partial order and y € B. For each n > 1 let B, be a
maximal antichain below y. We will say that the set
{(b,s(b))}beB, n>1is a nice name for a real below y if

1. whenever n > 1, b € B, then s(b) € "w

2. whenever m>n>1,be B, b € B, and b, b’ are
compatible, then s(b) is an initial segment of s(b).

We can assume that all names for reals are nice and abusing
notation we will write f = {(b, s(b))}beB, ncw-
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H Localization
Good, o-Suslin posets

Good o-Suslin posets

Lemma: Canonical Projection of a name for a real
Let A be a complete suborder of B, y € B and x a reduction of y
to A. Let f = {(b,s(b))}beB, n>1 be a nice name for a real below

y. Then there is & = {(a,s(a))}ac4,.n>1, @ A-nice name for a real
below x, such that for all n > 1, for all a € A, thereis b € B,

such that a is a reduction of b and s(a) = s(b).

Whenever f,g are as above, we will say that g is a canonical
projection of f below x.
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Localization

Good, o-Suslin posets Good o-Suslin posets

Definition: Good Suslin
Let S be a Suslin forcing notion, whose conditions can be written

in the form (s, f) where s € <“w, f € “w. Then S is said to be
good if whenever A is a complete suborder of B, x € A is a
reduction of y € B and f is a nice name for a real below y such
that y Ik (3, i‘) € S for some s € <“w, there is a canonical
projection & of f below x such that x IF (3,&) € S.
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H Localization
Good, o-Suslin posets

Good o-Suslin posets

D and IL are good o-Suslin forcing notions.
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Templates
Iteration along a template

Template lterations Isomorphism of names

» Let (L, <) be a linearly ordered set, x € L. Then
Ly:={yel:y<x}.

» If Lo C L and A C L, then the Lg-closure of A, cly,(A), is the
smallest set B O A such that if x € B then L, N Ly C B.
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Templates
Iteration along a template

Template lterations Isomorphism of names

Definition: Template
A template is a tuple T = ((L, <),Z, Lo, L1) where L = Lo U Ly,
LonLy =0, (L,<)is a linear order, Z C P(L), such that

» T is closed under finite intersections and unions, (), L € Z.
lfx,yel yeliand x<ythen3JAcZ(AC L, Ax€A).
If AcZ, x € L1\A, then ANL, €.
{ANLy: Ae€T} is well-founded when ordered by inclusion.
All A € 1 are Lp-closed.

v

v

v

v
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Templates
Iteration along a template

Template lterations Isomorphism of names

» Define Dp : Z — ON by letting Dp(A) = 0 for A C Ly and
Dp(A) =sup{Dp(B)+1: BeZABNL C ANLi}.

Let Rk(7) = Dp(L).
» For AC L let

Ta = ((A7 S),I[A7 LonA LN A)a

where ZIA={ANB: B €Z}. If AcZ then
Rk(7a) = Dp(A).
» ForxelletZ,={BeZ:BCL}.
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Templates
Iteration along a template

Template lterations Isomorphism of names

Definition: lterating good o-Suslin posets along a template
and adding m.c.g.

Let Q = Qy, the poset adding a m.c.g. with Lp-generators, S good
o-Suslin. P(7,Q,S) is defined recursively:

If Rk(T) =0, then P(7,Q,S) = Qq,. Let P(T,Q,S) be defined
for all templates of rank < . Let Rk(7") = x and for all
B € Z(Dp(B) < k) let Pg = P(75,Q,S). Then

» P(7,Q,S) consists of all P = (p, FP) where p is a finite

partial function with dom(p) C L, (p[Lo, FP) € Q and if
Xp e max{dom( ) N L1} is defined then 3B € Z,, such that
PiLy, = (pILx,, FP) € Pg, p(xp) = (3%, £P), where s € <“w,

£P is a Pg name for a real and (P[Ly,, p(xp)) € Pg *S.
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Templates
Iteration along a template
Isomorphism of names

Template lterations

Define Q <p P iff dom(p) € dom(q), (q[Lo, F?) <g (p[Lo, FP),
and if x, is defined then either

> xp < xq and 3B € T, such that P[L,_, Q[Ly, € P and
Qerq S]P]B PrLXqv or

> X, = Xq and dB € 7, witnessing P, Q € P, and such that

(Qercp q(xq)) §]}»B*§ (PFpraP(XP))

Vera Fischer
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Templates
Iteration along a template

Template lterations Isomorphism of names

Completeness of Embeddings Lemma

Let 7 = ((L,<),Z, Lo, L1), let Q = Qq, be the poset for adding
m.c.g. with Lg-generators, S be good o-Suslin.

Let Be€Z, AC B beclosed. Then Pg is a poset, P4 C Pg, every
P = (p, FP) € Pg has a canonical reduction Py = (po, F?) € P4
such that

» dom(pp) = dom(p) N A, FPo = FP,
> sk = sf for all x € dom(po) N Ly
» (polLo, FP) is a strong Qa-reduction of (p[Lg, FP)

and whenever D € Z, B,C C D, Cis closed, CNB = A and
Qo <p. Po, then Qg and P are compatible in Pp.
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Templates
Iteration along a template

Template lterations Isomorphism of names

If A= C, D = B then P4 is a complete suborder of Pg.
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Templates
Iteration along a template

Template lterations Isomorphism of names

Lemma

» P(7,Q,S) is Knaster.
> Let x € L1, A € Z,. Then the two-step iteration P4 xS
completely embeds into P.

» For any p € P(7,Q,S) there is countable A C L such that
p € Pga). If 7 is a P-name for a real then there is a
countable A C L such that 7 is a [P 4)-name.
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Templates
Iteration along a template

Template lterations Isomorphism of names

Lemma
Let P =P(7,Qy,,L) and let \g be a regular uncountable cardinal

such that Ao C L; (as an order), Ag is cofinal in L, and L, € Z for
all a < Ag. Then in VE, non(M) = X\g and so az > M.
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Templates
Iteration along a template

Template lterations Isomorphism of names

Proof

Let G be PP-generic and let ¢, be the slalom added in coordinate
a < Ag. Since Ag is regular, uncountable and is cofinal in L, the
family (¢o : @ < p) localizes all reals V[G] (indeed any real must
appear in some V[G NP_] for some oo < Ag.) Thus cof(N) < A.
On the other hand, if F C w® is a family of size < g in V[G],
then there must be some o < Ag such that all reals of F already
are in V[GNP,_], and so ¢, localizes all reals in F. Thus
add(N) > Ag. Therefore non(M) = X\g and so ag > (. O
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Templates
Iteration along a template

Template lterations Isomorphism of names

Lemma
Let P =P(7,Qy,,L), L of uncountable cofinality, Ly cofinal in L.
Then P adds a maximal cofinitary group of size |Lg|.

Vera Fischer Template iterations and maximal cofinitary groups



Templates
Iteration along a template

Template Iterations Isomorphism of names

Assume CH. Let A\ = Un An, Where A, is a regular cardinal,
{An}new increasing and Ao > Np. Consider a template 7 = (L,7)
such that

> A\ C Ly, Agis cofinalin L, L, € T for all o < Ag.

» L has uncountable cofinality, Lo is cofinal in L.
Then in VF for P = P(T,Qy,,L)

> Ao =non(M), and so Ao < ag

> there is a mcg of size A and so a, < A.
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Templates
Iteration along a template

Template Iterations Isomorphism of names

An isomorphism of names argument provides that in V¥ there are
no mcg of size < A and so VF E ag = A
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Templates
Iteration along a template

Template Iterations Isomorphism of names

Theorem (V.F., A. Tornquist)

It is consistent with the usual axioms of set theory that the minimal
size of a maximal cofinitary group is of countable cofinality.
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Iteration along a template

Template Iterations Isomorphism of names

Thank you!
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