PRESERVATION OF PROPERNESS UNDER
COUNTABLE SUPPORT ITERATION

VERA FISCHER

1. PRELIMINARIES ON GENERIC CONDITIONS

If < is a preorder on a set P and py < p;, we say that p; is an
extension of py. Recall that a preorder is separative if and only if
whenever p; is not an extension of pg there is an extension of p; which
is incompatible with py. We say that P = (P, <) is a forcing notion
(also forcing poset) if < is a separative preorder with minimal element
Op. Note that if P is separative and p; IF py € G then py < p (here
G is the canonical name of the P-generic set). Also often in forcing

formulas we write a instead of a for an element a of the ground model
V.

Definition 1. Let P be a forcing notion, A > 2l and M countable
elementary submodel of H(A) with P € M. We say that ¢ € P is
(M, P)-generic iff for every dense subset D of P which belongs to M
the set D N M is predense above q.

Definition 2. The forcing notion P is called proper iff YA > 2/FI and
every countable elementary submodel M of H(\) such that P € M,
every condition p € PN M has an (M, P)-generic extension.

We will use the following characterizations of (M, P)-generic condi-
tions.

Lemma 1. Let P be a forcing notion, X > 2% and M a countable
elementary submodel of H(\) such that P € M. Let ¢ € P. Then the
following conditions are equivalent:

(1) q is (M, P)-generic.

(2) for every dense D C P which belongs to M, ¢ IF DNMNG # 0.

(3) qIF M[G] N Ord= MnN Ord

(4) qlF M[GINV =MNV.
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Proof. The equivalence of (1) and (2) is straightforward from the defi-
nition of (M, P)-generic conditions. Thus we proceed with the equiv-
alence of (2) and (3).

Suppose 7 € M is a name of an ordinal. We have to show that
qglF7e M. Let D={peP:pl-7=dfor some ordinal a}. Then
D is a dense subset of P and since D is definable from 7, P the set D
is also an element of M. Let f be a function defined on D such that
(Vd € D)(f(d) = aiff d IF 7 = &). Then the function f is definable
from D and so f also belongs to the elementary submodel M. By
our assumption, i.e. part (2), ¢ IF DN M NG # (. Consider any
(V, P)-generic filter G which contains gq. Then

VIGIE3d(de DNMNG).

Since d is an element of the generic filter, V[G] E (7[G] = «) where
dlF7=a& Butde M and so f(d) = o € M. Therefore V[G] F
(7[G] € M) and since G was arbitrary generic with g € G, ¢ IF 7 € M.

Let D be a dense subset of P, such that D € M. In H(\) there
is an onto mapping f, defined on |D| and taking values in D. Since
M is elementary submodel of H(A) there is such an f in M. Let
7 = min{i : f(i) € Gp}. Then since D is a dense subset of P, 7 is
a name of an ordinal. Furthermore 7 is definable from f, P and so
7 is an element of M. By assumption ¢ IF 7 € M. Thus fix any
(V,P)-generic filter G containing ¢. Then V|G| E (7[G] € M). But
7|G] = min{i : f(i) € G} and so

VIG]E (3i € M)(f(i) € DNG)

(take i = 7[G]). However since i € M, also f(i) € M and so V[G] F
DNGNM # 0. But G was arbitrary and so ¢ IF DNG N M # 0.
The equivalence of (2) and (4) is done in a similar way. O

Lemma 2. Let P be a forcing notion, Q a P-name of a forcing notion
(i.e. Op IF Q is a forcing notion), X sufficiently large cardinal and M
countable elementary submodel of H(\) s.t. P« Q € M. Then if py is
an (M, P)-generic condition and py I+ 7o is (M[G], Q[G]) — generic’
then
(po, Go) is (M, P % Q) — generic .

Proof. We will show that (po,do) is (M, P * Q)-generic by using part
(3) of Lemma 1. Let G be any (M, P % Q)-generic filter containing

(o, Go). Then Gy = GNP is (V,P)-generic and py € Gy. Since pyg is
(M, P)-generic by part (3) of Lemma 1

MGy N Ord = M N Ord .
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Similarly, if G4y = G/Gy = {¢[Go] : (Fp)(p,q) € G} then Gy is

(V[Go], Q|Go])-generic and since py belongs to the generic filter Gy,

Go|Go] is (M[Go], Q[Go])-generic. Again by Lemma 1 part (3)
(M[Go])[Gl] N Ord = M[Go] N Ord .
So it is left to check that M[G] € M[Gy|[G1]. However for every

P x Q—name 7 there is a P-name 7, _deﬁnable from 7 such that for
every IP-generic filter Hy, 7.[H1] is a Q[H;]-name, such that for every

(V[H:], Q[H:])-generic filter Ha, 7[Hy * Ha] = 7.[H1|[Hy].
Thus if 7 is an P % ()-name of an ordinal which belongs to M, then
the corresponding name 7, also is in M and

7|G) = 7][Go * G1] = 7.[Go][G1] € M[Gy][G4] .

2. PROPERNESS EXTENSION LEMMA

Lemma 3. Let P be a proper forcing notion, Q a P-name of a proper
forcing notion, i.e. Op IF 7Q is proper”. Let \ be sufficiently large
cardinal and M countable elementary submodel of H(\) s.t. PxQ € M.
If 7 is a P-name and qo is an (M, P)-generic condition such that

QplFre MNPxQ A n(r) € Gy

where Gy is the canonical name of the P-generic filter and 7 is a pro-
jection from P x QQ onto the first coordinate, then there is a P-name ¢,

such that (qo, ¢1) is (M, P * Q)-generic and
(CIO,Q1) ”_]P’*Q T’ - G
where G is the canonical name of the P % Q-generic filter.

Proof. Consider any (V,P)-generic filter Gy which contains ¢y and let
r = (ro,71) be an element of M NP % Q such that #[Gg] = r. Note that
7, is also an element of M and so 7[Gg] belongs to Q[Go] N M[Gy].
But Q[G)] is proper in V[Go] and so

V[Go] E Fz(x extends 71[Go] A x is (M[Gy], Q[Go]) — generic ).
Since GGy was arbitrary generic containing g
qo Fp 3z(x extends the second coordinate of A x is (M[Gy], Q[Go]) —generic) .
Then by existential completeness there is a P-name ¢; such that

o Fp ¢1 extends the second coordinate of 7 A ¢y is (M[Gy], Q[Go])—generic .
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Therefore by Lemma 2 (g, ¢1) is (M, P % Q)—generic. We still have to
show that

(40, 61) IFppp 7 € G .
Consider any extension (ug, @) of (qo, ¢1) such that for some condition

r=(rog,7) in MNP*xQ
(Uo,iL1> ”_IP’*Q 7" =7.

Since ug is an extension of ¢y and ¢y I+ 7(r) € Go, we have that
¢ IF 7o € Go. But P is separative and so ug is an extension of ro. Also
ug IF 71 < ¢1 and since ug IF g1 < 14, it is the case that ug IF 71 < 4.
Therefore (ug, ;) is an extension of (rg,7;) and so

(Uo,ul) H_]P’*Q r=r¢€ G .

The set of conditions in PxQ which evaluate 7 as a condition in MNPxQ
is dense above (qo, ¢1) and so

(q0. @) IFpogy 7 € G .
O

Lemma 4 (Properness Extension Lemma). Let (P, : a < ) be a
countable support iteration of proper forcing notions, A sufficiently large
cardinal and M countable elementary submodel of H(\) such that vy, P,
belong to M. If vo € yNM, qo is (M,P,)-generic and py is a P, -
name such that

go IFp,, Po € MNPy A po | 70 € Gy

where GVO is the canonical P, -name of the generic filter, there is an
(M, P,)-generic condition q such that q | v = qo and

qlFg, po € G,
where Gi, is the canonical P, name of the generic filter.

Proof. The proof is by induction on ~. If v is a successor, i.e. y=0+1
for some ¢ then if 7 is in the elementary submodel M, already ¢ is in
M and so by inductive hypothesis applied to 79, 0 and ¢y, we could
extend ¢o to an (M, Ps)-generic condition with the required properties.
Thus the successor case is reduced to the two step iteration which was
considered in Lemma 3.

So suppose 7 is a limit and the lemma is true for every ordinal smaller
than . Let (v, : n € w) be an increasing and unbounded sequence of
ordinals in vy N M and let (D,, : n € w) be a fixed enumeration of the
dense subsets of P, which belong to M. Inductively we will construct
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sequences (g, : n € w) and (P, : n € w) (starting with py - the given
P.,-name, and gy - the given (M, P, )-generic condition) such that
(1) g, is (M, P, )-generic condition and gn+1 [ 7 = ¢n
(2) pn is a P, -name such that

dn “_]P’Am (pn € M N ]P)’y) A (pn [ Tn S G’yn) A (pn—l S pn) A (pn S Dn—l)

where p, € D,,_1 is required only for n > 1 and G% is the canonical
name for the P, -generic filter. For notational simplicity we will write
I, instead of IFp_ .

Suppose ¢, and p, have been defined and consider any (V,P,,)-
generic filter G, containing g,. Let p, be an element of M NP, such
that p, = p,[G,,]. The set

D'={d v :p,<dandd e D,}

is dense above p,, | 7, and since it is definable from ~,,, p, and D,, all of
which belong to M, D’ is itself an element of M. Then D = D' U{p €
P, : pL(pn | 1)} is a dense subset of P, which belongs to M and
since ¢, € G, is (M,P,,)-generic the intersection D N M N G, is
nonempty. However p, [ v, € G, and soif x € DN M NG, then
is compatible with p,, [ 4,. Therefore D’N M NG, # 0. But then

HMN[G,,|Ex(zreP, Axe D, Ap, <zAx [y e MNG,,) .

Since M[G,,] is an elementary submodel of H(\)[G.,,] there is such
an z in M[G,,]|. However M|G, |NP, = MNP, since P, C V and
MG, NV =MNV (see Lemma 1). Therefore

VIG, |EJz(r e MNP, Az € D, Ap, <z Az |7y, €G,),).
By existential completeness there is a P, -name p,4; such that
Qn ”_'yn anrl eMnN ]P)'y /\anrl € Dn /\Zjn < pn+l /\anrl f Tn € G’Yn .

Now by the inductive hypothesis of the Lemma applied to v, Vn+1,
¢, and p,4q there is an (M, P, )-generic condition g¢,4; such that
Gn+1 | Yo = gn and

qn+1 ”_'yn+1 anrl f Tn+1 € G'Yn+1

where G% ., is the canonical P, . -name of the generic filter.

With this the inductive construction of the sequences (g, : n € w)
and (p, : n € w) is complete. Let ¢ = Uyenq,. Then g extends every
qn- We will show that for every n

gl pn € G, .
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But then ¢ I, p, € G,y NMN D,y and since (D,, : n € w) is an
enumeration of all dense subsets of P, which belong to M, this implies
that ¢ is (M, P, )-generic.

Fix an arbitrary n. By condition 2 of the inductive construction for
every m which is greater or equal to n, ¢ I~ p, < pn,. But g also forces

that pp, [ vm € G’W and so
gy pn [ Ym € G% for every m > n .

Consider any extension ¢ of ¢ such that ¢' I, p, = p, for some
pn € M NP,. Then

¢ Ik Pn | ym € G, for every m >n .

But P,, is separative and so p, | v, < ¢ for every m € w. Since
the condition p,, belongs to the elementary submodel M, its domain
is contained in M and so in particular the sequence (v, : n € w) is
unbounded in the domain of p,,. Therefore ¢’ extends p,, and so

qln_wpn =Pn € G'y .
Since the set of conditions which decide p, as a condition in M NP,
is dense above ¢ (it is dense above ¢, and ¢ is an extension of ¢,)

gl pn € G, .
O

Theorem 1. Let v be a limit ordinal and (P, : @ < v) a countable
support iteration of proper forcing posets. Then P, is proper.

Proof. Let P = {0} be the trivial poset. Then V[{0}] =V (note that
{0} is also the generic set) and so every element of the universe can
be identified with its P-name. Since the trivial poset is completely
embedded in every poset, we can apply Lemma 4 with vy = 0, 7 - the
length of the iteration, gy = 0 and py a given condition in M NP, for
which we want to show the existence of an (M, P, )-generic extension,
considered as a P'-name. O
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PRESERVATION OF “w-BOUNDING PROPERTY

VERA FISCHER

1. PRELIMINARIES
Recall the following definitions:

Definition 1. We say that the partial order P is a projection of the
partial order () and denote this by P <1 (@), if there is an onto mapping
7 : () — P which is order preserving and such that

Vg € Q¥p € Ps.t. w(q) <pthereisq € Q (¢ <¢g ¢') A (7(q) = p).

Furthermore whenever 7(q) < p there is a condition ¢; in ) which is
usually denoted p + ¢ such that ¢ < ¢; and for every r € () such that
p < m(r) and ¢ < r we have ¢; < r.

The notion of projection is closely related to the notion of two-step
iteration. Suppose that P <1(Q) and let G be a P-generic filter. Then in
V|G| define Q/G = {q € Q : w(q) € G} with extension relation defined
in the following way: for ¢1, ¢ € Q/G let

1 <g/c @it g € Gs.t. 1 <g g+ qo.

Since the partial order /G is defined in a P-generic extension we can
fix a P-name for it, say Q. Now in the ground model we can consider
the two step iteration P Q). Then the original partial order @ is
densely embedded in P * () and so we can consider forcing with @) as
two step iteration: forcing by P followed by forcing with the quotient
poset /G where G is a P-generic filter (sometimes we denote the P-
name for the quotient poset also Q/P). Note that if H is a Q)-generic
filter and G = 7" H then H C Q/G is also a Q/G-generic filter. For
more on quotient forcing see [3] and [2].

2. PRESERVATION OF THE BOUNDING PROPERTY

In the following functions from w to w will be called reals and names
for functions in “w will also be referred to as names for reals. Recall
that <*= Upe, <, is the bounding relation (also called the dominating
relation) on the reals, where we say that f <, ¢ if for every k >
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n(f(k) < g(k)). Furthermore if f <, g we say that f is absolutely
dominated by g.

Definition 2. We say that the family D C “w is dominating if for
every real f there is some d in D such that f <* g. The dominating
number d is defined to be the minimal size of a dominating family.

In this talk we will consider a class of forcing notion which have the
property that they do not increase the dominating number.

Definition 3. A forcing poset P is said to be “w-bounding if for every
generic filter G the ground model reals form a dominating family in
the generic extension. That is for every P-name f of a real and every
condition p € P there is an extension ¢ > p and a ground model
function g such that ¢ IF f <* ¢g. Note that we can require ¢ IF f <q g.

Definition 4. Let P be a forcing poset and f a P-name for a real.
An increasing sequence p = (p; + i € w) of conditions in P is said to
interpret f as f* € “w if for every i € w p; IF f | i = f* | i. We denote
the function f* by intp(p, f). The sequence p is said to respect the
function g if intp(p, f) <o g.

Theorem 1. Let P be an “w-bounding poset, f a P-name for a real,
P = (p; : i € w) an increasing sequence of conditions which interprets f.
Let M be a countable elementary submodel of H, for some sufficiently
large k such that P, f,ﬁ € M. Furthermore let g € “w be a real which
dominates the reals of M and such that the sequence p respects g.
Then there is a condition s € M NP such that s IF f <, g.

Proof. Since the forcing notion P is “w-bounding,

H, E Vi€ wp, > p3h; € “wp) IF f <o ).
However M is a countable elementary submodel of H,, and so we can fix
a sequence (p} : i € w) of conditions in MNP and a family (h; : i € w) of
reals in MN*“w such that Vi € w(p; > pi) A(p; IF f <o h;). Since pl is an

extension of p;, and p; forces that f [ i = f* [ i where f* = intp(p, f)
we can assume that h; [ ¢ = f* [ 7. Thus consider the function

u(m) = max{h;(m) : i < m} for every m € w.
Note that © € MN“w and so in particular u <* g. Say u <; g for some
[ € w. We claim that p] is the desired condition. Notice that h; <q ¢:
if k <[ then h(k) = f*(k) by construction and since f*(k) <, g(k) we
obtain hy(k) < g(k); if I < k then h;(k) < u(k) by definition of u and
u(k) < g(k) since u <; g. However pj I+ f <o h; and so h; <q g implies
that pj I+ f<og. O
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Definition 5. Let P <1 (@) with projection 7, f a (Q-name for a real and
7 = (r; 1 i € w) a Qy-increasing sequence which interprets f . Let G
be a P-generic filter. Inductively define a sequence § = (s; : i € w) as
follows:

(1) if 7(r;) € G let s; =1y,

(2) if 7(r;) ¢ G let s, be the first condition in ¢ (under some

fixed well-order on )) which extends s;_; and 7(s;) € G.

The sequence § is contained in @)/G and is called the derived sequence.
Since s is obtained in a P-generic extension it has a P-name which we
denote by dp(7, f). If G is a P generic filter the evaluation of this name
is also sometimes denoted by d¢(7, f).

Lemma 1. Let Q)1 < Qo where (1 an “w-bounding forcing notion.
Let f be a Qy-name, ¥ a Qs-increasing sequence which interprets f,
p € Q2 such that T is above p in the Qz2-ordering. Let M be a countable
elementary submodel of Hy, such that Q1,Qo, f,7,p € M. Furthermore
let g be a function which dominates the reals of M and such that 7
respects g. Then there is a condition s € Q1 N M such that w(p) < s

s |- intp(5Q1(F, f), f) <o g and s - p <q, 5@1(7:7 f)(())

Proof. Let G be a Qi-generic filter and § = dg, (7, f) the derived
sequence. Let h* be the interpretation of the derived sequence of f/G4
and A the Qi-name of this real. Let p = (p; : i € w) where p; = 7(r;)
for 7 = (r; : i € w). Then p; I- 7(r;) € Gy and so p; IF 6(i) = r;. Then
pilEh [ i= f*1iwhere f*=intp(f, ). Therefore
intp(p, h) = intp(r, /)

and so intp(p, h) <o g. By Theorem 1 there is s € Q1 N M such that
slFh <gg. That is

s Ik intp(dg, (7, f), f) <o 9.

Furthermore s > py = 7(ro) and so s I 7(ro) € Gy which implies that
the first element of the derived sequence is rq and so is above p in the
(Qo-ordering. Note that this implies that the entire derived sequence is
above p in the ()s-ordering. O

Lemma 2. If P < Q and Q is proper, then P is proper.

Proof. Let p € PN M for M countable elementary submodel of H
for k sufficiently large with P, Q) € M. We have to show that there is
p’ > p which is (M, P)-generic. Identify p with p+0,. Since @ is proper
there is (M, @)-generic condition ¢ which extends p. Then p < 7(q)
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and it is sufficient to show that 7(q) is (M, P)-generic. Let D be a
dense subset of P which belongs to M. Then D' = {q € Q : 7(q) € D}
is a dense subset of @) which belongs to M. Let G be a P-generic
filter containing m(q). There is a @-generic filter H which contains
q and such that 77 H = G. Since ¢ is (M, Q)-generic there is some
re€ DN MnNH. But then m(x) € DN M NG and so in particular
DN MnNG is nonempty. Since D was arbitrary this proves that m(q)
is an (M, P)-generic condition. U

Lemma 3. Let P be a proper, “w-bounding poset, M countable ele-
mentary submodel of H,, and g a real which dominates M N“w. Let
q be (M, P)-generic condition and G a P-generic filter containing q.
Then the function g dominates M[G] N“w.

Proof. Let f € M N VT be a name for a real. Since P is “w-bounding

H,[G] E 3h € “wn V(]G] <* h).

However M([G] is an elementary submodel H,[G] and so

MI[G] E 3h € “wn (M[G]NV)(fIG] <* h).
But ¢ is (M, P)-generic and so ¢ IF M[G]NV = M N V. Therefore
MIG]E Fh € “wn (MNV)(fIG] <* h).
Fix any such h. But then i belongs to M and so h is dominated by g.
This implies that (f[G] <* ¢)"[¢]. O

Lemma 4. If P < Q and Q) is “w-bounding, then P is “w-bounding.

Proof. Suppose P is not “w-bounding. Then there is a P-generic filter
G such that the ground model reals do not form a dominating family
in V[G] N“w. That is there is a P-name f for a real such that f[G]
is not bounded by any ground model real. Thus if H is ()-generic
filter with 7”H = G, the real f[H] (which is equal to f[G]) is not
dominated by any ground model real, which is a contradiction to @
being “w-bounding. ([l

Lemma 5. Let Qo <1Q1 < Qo where Qy is proper and “w-bounding. Let

f be a Qa-name for a real, M countable elementary submodel of H,, for

some sufficiently large k such that Qq, Q1, Qg,f € M. Furthermore let

(1) qo be (M, P)-generic condition, g € “w such that “wN M <* g
(2) p e Vo such that g IF p € Qa/Go N M

(3) qo forces that in M[Gy] there is a Qa-increasing sequence 7 =

(ri = i € w) of conditions in Qz/Goy which is above p|Gy| in
(Q)2-ordering, mterpretsf and respects g.
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Then there is (M, Q1)-generic condition g such that m o(q1) = qo,
¢ Ik ma(p) € G1 and furthermore g, forces that in MI|G4] there is a
Q2-increasing sequence ¥ = (r; 1 1 € w) of conditions in QQs/G1 which
15 above p in QQa-ordering, interprets f and respects g.

Proof. Note that by Lemma 2 the forcing notion g is proper and by
Lemma 4 also “w-bounding. Let Gy be (V,Qq)-generic with ¢o € Go.
Then in V[Gy] we can evaluate p[Go|. Furthermore by assumption
(3) in M[Gy] N Q2/Gy there is a @Qy-increasing sequence 7, which is
above p[Go], interprets f and respects g. Since qo is (M, Qo)-generic
by Lemma 3 M[Gy] N “w is dominated by g. But then all the as-
sumptions of Lemma 1 hold in V[Gy] for the partial orders @Q1/Gy
and Q2/Gy. That is Q1/Go < Qa/Go, /Gy is Qa/Go-name for a real,
plGo] € Q2/Go N M[Gy], the reals of M[Go] N“w are dominated by
g and all of f/Go, Ql/GO, Qg/Go, r,p = p[Go] bGIOIlg to M[Go]
Therefore there is s € Q1/Go N M[Gy] such that

S ”_Ql/GO intp(5Q1/G0(fv f/G0)7 f/GU) <o g and s ”_Q1/Go p SQz/Go 5([))

Let $ be a Qo-name for s. Then in particular go IF m10($) € Go and so
by the Properness Extension Lemma there is (M, )1)-generic condition
¢1 such that ¢; IF $ € Gy and T 0(q1) = qo. Let Gy be a (V, Q1)-generic
filter containing ¢; and let Gy = m 0" G;. Note that G; C Q1/G) is also
a (Q1/Go-generic filter. However s = $[Gy| € G and so V[G1] satisfies
everything that s forces: the derived sequence p = (p, : n € w) is
()2/Go-increasing, contained in Q2/G1; N M[G4] and is above p = p[Go)
in the QQ2/Go-ordering. We will define inductively a sequence (g, + py, :
n € w) which is contained in M[G1] N Q2/Gy, which is Qy-increasing
and is above p = p[Go| in the Qs-ordering, interprets f and respects g.

Since py kg, a, f/Gy | n = e, for some finite function e,, there
is ¢/ € Gy such that ¢, + p, IF f | n = e,. Since M[Gy] < H,[G4]
for every i € w we can fix a condition g, € M[G;] N Gy with the
above properties. Consider the following inductive construction. Since
P <Q./Go P1 there is a condition g € G such that p <g, g+p; and again
since M[G1] < H,[G1] we can obtain such a condition g in M[G4].
Then for gy a common extension of g, gj, in M[G1] N Gy the condition
go+po extends p in Qo-ordering and forces (in Qo-ordering) that fro=
eo- Proceed inductively. Suppose g, has been defined. Then let g, be
any common extension of g, , g, and g which belongs to M[G1]N Gy,
where ¢ is a condition in M[G1] N Gy with p, <@, ¢ + pnt1. Then

Gn + Pn <Qo Gnt1 + D1 and g1 + P IE fIn+1=eq41. u
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Theorem 2. Let (P; : ¢ < §) be a countable support iteration of
proper, “w-bounding posets. Then Pjs is proper and “w-bounding.

Proof. The proof is by induction on ¢. For § successor the result is
straightforward. So, we can assume that ¢ is a limit. Furthermore we
can assume that Py = {0} is the trivial poset. Suppose that f is a Ps-
name for a real and let p € P be arbitrary condition in P. We have to
show that there is a condition ¢ > p such that for some ground model
function g ¢ I+ f <0 9-

Let M be a countable elementary submodel of H, for some suffi-
ciently large x which contains Py, f,p. Inductively construct an in-
creasing sequence 7 = (r; : i € w) of conditions in Ps N M which
interprets f. Let ¢ be a function dominating the reals of M and such
that 7 respects g.

Let {gn}new be a cofinal, increasing sequence in M N 4. Inductively
we will construct sequences (p, : n € w), (¢, : n € w) such that

(1) go =0 and g, is (M, P,,)-generic, such that ¢, ,, [ 7 = ¢,
(2) po = p and p, is a P, -name such that

n

vy, ||—%p S P5ﬂM/\pn r’)/n S G"m /\pn—l Sé pn

(3) 4o s, (e s f 11 <0 g 1)

(4) ¢, forces that in M[G.,,] there is a Ps-increasing sequence con-
tained in Ps/P,, , which is above p,[G.,] in Ps-ordering, inter-
prets f and respects g.

Suppose we have succeeded in this inductive construction. Let ¢ =
Unew@n- Just as in the proof of the Properness Extension Lemma one
obtains that ¢ s p, € Gs and so by 3)qlks f <o 9.

For n = 0 the conditions (1) —(4) hold. Suppose we have constructed
¢ and p,. Let G be any P, generic filter containing ¢,. Then by (4)
in M[G,,] there is a Ps increasing sequence 7 of conditions in Ps/G
which is above p, in Ps-ordering, interprets f and respects g. Let D1
be the P, -name for the (n + 1)th element of 7. To obtain ¢,4; apply
Lemma 5 to P, P Ps, q, and p,,. U

Tn? = Yn41

The proof discussed above is very similar to the proofs of the preser-
vation of properness and the preservation of the weakly bounding prop-
erty under countable support iterations. For general preservation the-
orems see [3] and [4].
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PRESERVATION OF UNBOUNDEDNESS AND THE
CONSISTENCY OF b < s

VERA FISCHER

1. THE WEAKLY BOUNDING PROPERTY
Recall the following definitions:

Definition 1. Let f and g be functions in “w. We say that f is
dominated by g iff there is some natural number n such that f <, g, i.e.
(Vi > n)(f(i) < g(i)). Then <*= U <, is called the bounding relation
on “w. If F is a family of functions in “w we say that F is dominated
by the function g, and denote it by F <* ¢ iff (Vf € F)(f <* g). We
say that F is unbounded (also not dominated) iff there is no function
g €* w which dominates it.

Definition 2. A forcing notion P is called weakly bounding iff for every
(V,IP)-generic filter G, the ground model reals are unbounded in V[G].
That is for every f € V|G| N¥ w there is a ground model function g
such that {n : g(n) < f(n)} is infinite.

Theorem 1. If § is a limit, and (P; : i < §) is a countable support
iteration of proper forcing notions such that every initial stage of the
iteration PP; is weakly bounding, then Ps is weakly bounding.

Proof. The proof is by induction on 6. Let f be a P-name of a function,
and p an arbitrary condition in P. We will show that there is a ground
model function ¢ and an extension g of p such that ¢ -5 g £ f. Note
that this is equivalent to ¢ I- ¥n € w3k > n(f(k) < g(k)).

Consider a countable elementary submodel M of H(\), where A\ >
2l such that p, Ps and f are elements of M. Since MN“w is countable
there is a function g which dominates all functions in M. Similarly
to the proof of the Properness Extension Lemma fix an increasing,
unbounded sequence {v,}ne, in M N§. Inductively we will construct
two sequences (g, : n € w) of (M,P, )-generic conditions and (p, :
n € w) of P, -names for conditions in M N Ps such that:

(1) g is (M, P, )-generic, and g, [ V-1 = ¢n—1-

Date: October 12, 2005.
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(2) pn is a P, -name such that

G by (B € MOPs) A (Pt < D) A (B | Y € G )A

(n 15 Ik = n(f (k) < g(k)))

Begin with py the given condition p and ¢y any (M,P,)-generic
condition extending pg [ v,. Suppose ¢, and p, have been defined and
let G,, be any (V,P,, )-generic filter containing ¢,. Then there is a
condition p, in M N Ps such that p, = p,[G.,]. Let ro = p,.

In M|G.,, | we can construct inductively an increasing sequence (ry, :
n € w) of conditions in M N Ps such that r, [ v, € G, and

r; ks f(z) = k for some k .
Let f* be the function thus interpreted. Note that since the sequence
(rj : j € w) is increasing for every j € w we have ;b5 f [ j=f*17.
Since f* belongs to M[G,,] and P, is weakly bounding there is a
ground model function h € M N“ w such that
M[G,, ] E{i: f*(i) < h(i)} is infinite .

However h is a function from M and so is dominated by the function
g. Thus there is some natural number ky such that for every i > kg we
have h(i) < g(i). But then there is an ig > max{n + 1, kg} such that
f*(i9) < h(ig) < g(ig). However for j =iy + 1 we have

ry les fio) = f*(io) -
Let pp+1 be a P, -name for r;. Then

o P (Brpr € MNPS) A (B < Prga) A (Prsr [ € Goy )N
(Prsa ks 3k >+ 1(f(k) < g(k)))
However by the Properness Extension Lemma applied to V., Ynt1, Gn

and p,41 there is an (M, P, )-generic condition g, such that
Qo1 [ T =

and

n+1 “_’yn+1 pn+1 f’7n+1 € G'yn+1 .
With this inductive construction of the sequences (g, : n € w) and
(Pn, = n € w) is completed. But then just as in the Properness Extension
Lemma we obtain that ¢ = U,c.¢, is an extension of p such that

q s pn € Gs for every n € w .
So, if G is (V,Ps)-generic and ¢ € G, then

VIGI EVn € w3k > n(f(k) < g(k)),
ie. qlFsg £ f. O
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Remark. Note that in the previous theorem we required that each initial
stage P; of the iteration is weakly bounding, rather than each iterand.
The reason is that a finite iteration of weakly bounding posets is not
necessarily weakly bounding. For example if P is the forcing notion
for adding w; Cohen reals, and Q is a P-name for the Hechler forcing
associated to the collection of all ground model reals, then for any
(V,P%Q) generic filter G, the ground model reals are not unbounded in
VI[G], yet Q[GO] is weakly bounding in V|G| for Go = G NP. However
there is a stronger condition, the almost “w-bounding property which
will remedy this situation.

2. THE ALMOST BOUNDING PROPERTY

Definition 3. The partial order P is called almost “w-bounding if for
every P-name f, of a function in “w and every condition p € P there is
a ground model function ¢ in “w such that for every infinite subset A
of w there is an extension g4 of ¢ such that

galF-¥n3k >nst. ke Aand f(k) < g(k) .

Lemma 1. IfP is a weakly bounding forcing notion and Q is a P-name
of an almost bounding forcing notion, then P x Q) is weakly bounding.

Proof. Consider arbitrary P % Q-name of a real f and condition (p,q)
in Px Q. Let G be a (V,P * Q)-generic filter containing (p,q) and
Go = GNP. Then ¢[G] is a condition in Q[G] and furthermore
Q[Gy] is an almost bounding poset in V[Gy]. Recall from the proof of
Lemma 2 on the preservation of properness under CS iteration, that
there is a P-name f*, such that for every P-generic filter Hy, f*[H;] is a
Q[H;]-name of a real and furthermore for every Q[H;|generic filter H,
f[H, * Hy] = f*[H1][Hs]. Then in particular f*[Go] is a Q[Go]-name
for a function in “w and so by the definition of the almost bounding
property, there is a function g in V[Gy] such that for every A € [w]¥
there is an extension g4 of ¢[Gy] which forces that there are infinitely
many i € A for which g(i) < f*(i). However since g is a function in
V[Go] and P is weakly bounding there is a function h in V' such that
the set A = {i:¢g(i) < h(i)} is infinite. If the second generic extension
(G, contains ¢4, then

V[Go x G1] E 3% € A(f(1) < h(i))
and so P * ( is weakly bounding. U

Therefore by Theorem 1 we obtain
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Theorem 2. The countable support iteration of proper almost “w-
bounding posets is weakly bounding.

Other preservation theorems, which will be used in the consistency
result to be presented later are:

Theorem 3. Assume CH. Let (P; : i < ) where § < ws, be a
countable support iteration of proper forcing posets of size N;. Then
the C'H holds in V%5,

Theorem 4. Assume CH. Let (P; : i < §) where 6 < ws, be a
countable support iteration of proper forcing posets of size 8;. Then
Ps satisfies the Ny-chain condition.

Note that by the previous theorems if we assume the C'H in the
ground model and if (IP; : i < w,y) is a countable support iteration of
proper forcing notions of size Ny, then forcing with P, does not collapse
cardinals: wy is not collapsed since P, is proper, and cardinals greater
or equal ws are not collapsed by the Ny-chain condition.

We are ready to proceed with the consistency of the bounding num-
ber smaller than the splitting number.

3. THE PARTIAL ORDER ()
Recall the following definitions:

Definition 4. A family B C¥ w is said to be unbounded if for every
[ €% w there is a function g € B such that g £ f, i.e. there are
infinitely many ¢ such that f(i) < g(¢). Then

b =min{|B| : B C* w and B is unbounded}
is called the bounding number.

Definition 5. A family S C [w]* is called splitting if for any infinite
subset A of w there is a set B € S such that AN B and A N B¢ are
infinite. Then

s =min{|S|: S C [w]* and S is splitting}
is called the splitting number.
In the remaining sections we will establish the following result:

Theorem 5. Assume C'H. Then there is a generic extension in which
cardinals are not collapsed, 2% = Ry, b = w; and s = ws.

By the remarks from the previous section under the C'H, any count-
able support iteration of length wy of proper forcing notions of size Ny
does not collapse cardinals. Therefore if in addition we require the
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forcing posets to be almost “w-bounding, by Theorem 2 the resulting
iteration will be weakly bounding and so in every generic extension the
ground model reals will be an unbounded family of size w;. However
in order the splitting number to be wy we have to require something
more: that at each successor stage of the iteration we add an infinite
subset of w, which is not split by the ground model reals. Therefore it
is sufficient to obtain the following:

Theorem 6. Assume C'H. There is a proper, almost “w-bounding
poset @ of size Ny such that in every (V, )-generic extension there is
an infinite subset of w which is not split by any ground model real.

In order to define the partial order, which will demonstrate Theo-
rem 6 we need the notion of logarithmic measure.

Definition 6. Let S be a subset of w and h : P,(S) — w, where
P, (S) is the family of all finite subsets of w. The function & is called a
logarithmic measure, if for every A € P,,(S) and for every Ay, A; such
that A = AgU Ay if h(A) > [+ 1 for some [ > 1, then h(Ay) > [ or
h(Ay) > 1. If S is a finite set, then h(S) is called the level of S.

Corollary 1. If h is a logarithmic measure and h(AgU- - -UA,_1) > [+1
then for some j, 0 < j <n—1h(A;)>1—j.

Furthermore we will work with logarithmic measures induced by pos-
itive sets, which will be essential in order to obtain the almost bounding
property (see section 6).

Definition 7. Let P C [w]<“ be an upwards closed family. Then P
induces a logarithmic measure h on [w]<“ defined inductively on |s| for
s € [w]<¥ in the following way:
(1) h(e) > 0 for every e € [w]<¥
(2) h(e) >0iffec P
(3) for I > 1, h(e) > I+ 1 iff |e] > 1 and whenever ey, e; C e are
such that e = eg U ey, then h(eg) > 1 or h(e;) > L.
Then h(e) = [ iff [ is the maximal natural number for which these hold.

Corollary 2. If h is a logarithmic measure induced by positive sets
and h(e) > 1, then for every a such that e C a, h(a) > 1.

Example 1. Let P be the family of all sets containing at least two
points and h the logarithmic measure induced by P on [w]*. Then for
every « € P, h(z) = i where i is the minimal natural number such that
lz| < 20

Now we can define the partial order (), which satisfies Theorem 6.
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Definition 8. Let @) be the set of all pairs (u,T") where u is a finite
subset of w and 7' = (t; : i € w) (here t; = (s;, h;), s; = int(¢;) is a finite
subsets of w and h; is a given logarithmic measure on s;) is a sequence
of logarithmic measures such that

(1) max(u) < min s

(2) max s; < min s;4q

(3) hi(si) < hiza(sita)-
The finite part u is called the stem of the condition p = (u,T'), and
T = (t; : i € w) the pure part of p. Also int(T) = U{s; : s € w}. In case
that u = () we say that (0, 7) is a pure condition and usually denote it
simply by T

We say that (uy,Ty) is extended by (ug, T3), where T; = (t! : i € W)

for [ = 1,2, and denote it by

(u1,Th) < (ug,T3)

iff the following conditions hold:

(1) us is an end-extension of u; and us\u; C int(7})

(2) int(73) C int(77) and furthermore there is an infinite sequence
(B; : i € w) of finite subsets of w such that maxu, < minint(¢,)
for j = min By, max(B;) < min(B;;;) and s? C U{sjl- :J € B}

(3) for every h? positive subset e of s? there is some j € B; such
that e N s} is hj-positive.

In case that u; = uy we say the (ug, T3) is a pure extension of (uq, T1).

4. THE SPLITTING NUMBER

The reason that in every generic extension via () there is a real which
is not split by the ground model subsets of w is the same as for Mathias
forcing. We will need the following lemma.

Lemma 2. Suppose T is a pure condition and A is an infinite subset of
w. Then there is a pure extension T' of T such that int(T") is contained
in A or in A°.

Proof. Let T = (t; : i € w) where t; = (s;,h;). For every ¢ define
ri = (siNAh; [ ssNA)orr; = (s;NAh; | s; N AS) depending on
whether h;(s; N A) > h;(s;) — 1 or h;(s; N A°) > h;(s;) — 1. Then there
is an infinite index set I such that Vi € I int(r;) C A or alternatively
Vi € I int(r;) C A°. Then the pure condition 7" = (r; : i € I) is well
defined (i.e. the measures r; are strictly increasing), extends 7' and
int(7”) is contained in A or in A°. O
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Lemma 3. Let G be a QQ-generic filter. Then the real
U= J{u:3T(u,T) € G}
1s not split by any ground model subset of w.

Proof. Suppose by way of contradiction that there is a ground model
subset A of w such that Us N A and Ug N A€ are infinite. Let Dy =
{(w,T) € Q : int(T) C (A) or int(T) C A°}. Then by Lemma 2 the
set D, is a dense subset of () and so G N D4 is nonempty. However
if (ug, To) belongs to this intersection then by the definition of D4
int(7p) is contained in A or in A°. But (ug,Tp) also belongs to G. It
is not difficult to see from the definition of the extension relation on ()
that Ug C* int(7') for every condition p = (u,T’) which belongs to G.
Therefore Ug C* int(7}) and so Ug is almost contained in A or in A°.
This is a contradiction since it implies that the intersection of Ug with
A€ or A respectively, is finite. O

Lemma 4. If (P; : i <) is a countable support iteration of length 0,
where c¢f(0) > w, then any real is added at some initial stage &y of the
iteration such that oy < 6.

Proof. Let f be a Ps-name of a real and p an arbitrary condition in P.
We can assume that

f=U{(dy).p) :p € Asyi € w,j € w}
where for each 7, A; is a maximal antichain in P. Consider any count-
able elementary submodel M of H (M), Ais sufficiently large, such that
P, f, p, A; for every i belong to M. If g is an (M, P)-generic condition

extending p and G a (V,P)-generic filter containing ¢, then for every i
we have A, NG = MnN A, NG. That is for

M f=J{E 50, p) ipe MN A i €w,j € w}

and i € w we have ¢ k5 f(i) = (M N f)(i). Since M is a countable
model, the intersection MNA,; is also countable and so if o; = sup{ay, :
p € MNA;} where for every p € M N A; we define o, = sup suppt(p),
then 6y = sup{a; : i € w} is an ordinal of countable cofinality which
is smaller than 4. Then every condition p in A; N M has support in
dp. Therefore we can consider M N f as a Ps,-name of a real such that

qlh;f:Mﬂf. O

Theorem 7. If (P; : i < ws) is a countable support iteration of proper
forcing notions, then any set of reals of cardinality w; is added at some
proper initial stage if the iteration.
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Proof. Let A be an arbitrary family of size X, of reals in V¥«2. Consider
any (V,P)-generic filter G. Then for every f € A there is an ordinal a ¥
of countable cofinality such that f[G] = f[Ga ;- But then A C V[G,]
where o = sup{a; : f € A}. Since A is of size Xy, cf(a) < w.
Therefore o < wy and A C V[G,]| where G, = G NP,. O

Note that by the previous theorem if we iterate the forcing notion
() wo-times with countable support, than any family A of w;-reals in
the generic extension is not splitting. Really if G is IP,,-generic, where
(P; : i < wsq) is the iteration of @, then by Theorem 7 there is some
dp < wy, such that A C V[Gs,] where G5, = Ps, N G. By Lemma 3 in
V[Gs,41] there is a real which is not split by A.

5. AxioM A IMPLIES PROPERNESS

Definition 9. A forcing poset P = (P, <) is said to satisfy Axiom A,
iff the following conditions hold:

(1) There is a sequence of separative preorders on P {<,}new,
where <g=<, such that <,,C<,, for every m < n. That is,
whenever m < n and p, ¢ are conditions in P such that p <,, ¢,
then p <, q.

(2) If {pn}new is a sequence of conditions in P such that p, <,.;
Pni1 for every n, then there is a condition p such that p, <, p
for every n. The sequence {p,}nec. is called a fusion sequence
and p is called the fusion of the sequence.

(3) For every D C P which is dense, and every condition p, for
every n € w there is a condition p’ such that p <,, p’ and a
countable subset Dy of D which is predense above p'.

Lemma 5. If the forcing notion P satisfies axiom A, then P is proper.

Proof. Let D be the family of all dense subsets of P, and D’ the family
of all countable subsets of P. Since the partial order PP satisfies Axiom
A, there is a function

c:wXPxD—->PxD

such that o(n,p, D) = (p/, D) iff p <,, p’ and D' is a countable subset
of D which is predense above p'.

Let M be a countable elementary submodel of H(\), A sufficiently
large, such that P, o belong to M. We will show that every condition
in PN M has an (M, P)-generic extension. Fix an enumeration (D, :
n € w) of the dense subsets of P which belong to M and let p = pg
be a given condition in M N P. Since o is an element of M, also
o(1,po, D1) = (p1, D7) belongs to M. But then p;, and D] are elements
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of M themselves. Proceed inductively to define a fusion sequence (p,, :
n € w) of conditions in MNP and a sequence (D!, : n € w) of countable
subsets of P, such that for every n € w D), € M, D) C D,, and D, is
predense above p,,. Let ¢ be the fusion of {p, }nen and D an arbitrary
dense subset of P which belongs to M. Then D = D,, for some m.
Since p,, <., ¢ , and D! is predense above p,,, D! is also predense
above q. But D! is countable, and since it belongs to M it is a subset
of M. Therefore D;, € M N D,, = MN D, which implies that M ND
is predense above q. 0

In the remainder of this and next section we will show that the forcing
notion ) satisfies Axiom A. For this consider the following preorders
defined on @: Let <; be just the order of Q.

For any two conditions (uy, 7)) and (ug, T) we say that

(ul,Tl) Sl ('LLQ,TQ) iff Up = Ug and(ul,Tl) So ('LLQ,TQ) .

Furthermore for every i > 1, if T} = (t! : i € w) for | = 1,2 we say
that
(u1, Th) <igr (up, To) iff ] =5 V5 =0,...,i—1.

That is the stem and the first ¢ logarithmic measures are not changed
in the extension.

Then if {pn}new = {(v, Tn) fnew where T, = (t7 : j € w), the condi-
tion p = (u,T) where T'= (t; : j € w) for t; = t;“ is a fusion of this
sequence. Thus in order to verify Axiom A we still have to show that
part (3) is satisfied. For this we will need the notion of a preprocessed
condition which is considered in the next section.

6. PREPROCESSED CONDITIONS

Definition 10. Suppose D is a dense open set. We say that the con-
dition p = (u,T) where T' = (t; : i € w), is preprocessed for D and i if
for every subset of ¢ which end-extends u the condition (v, (t; : j > 7))
has a pure extension in D if and only if (v, (¢; : j > 7)) belongs to D.

Lemma 6. If D is a dense open set and i € w if (u,T) is preprocessed
for D and i, then any extension of (u,T) is also preprocessed for D
and i.

Proof. Suppose (w, R) extends (u,T") and let v C ¢ such that (v, (r; :
j > 1)) has a pure extension in D. Since R extends T', by definition of
the extension relation on ) we obtain that (r; : j > i)) is an extension
of (t; : j > 4). Therefore (v, (t; : j > 7) has a pure extension in D and
since (u,T) is preprocessed for D and i the condition (v, (t; : j > )
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belongs to D. But D is open and since (v, (r; : j > 1)) > (v, (t; : j > 1))
we obtain that (v, (r; : j > @)) belongs to D itself. O

Lemma 7. Every condition (u,T) has an <;.1 extension which is pre-
processed for D and 1.

Proof. Let T = (t; : j € w). Fix an enumeration of all subsets of
it v1,...,v. Consider (vy,(t; : j > i)). If (vy,(t; : j > i) has a
pure extension in D, denote it (vy, (tj : j > 7)). If there is no such
pure extension, let tjl- = t; for every j > 4. In the next step consider
similarly (vy, (t; : j > 4)). If it has a pure extension in D, denote it
(va, (t5 : j > 1). If there is no such pure extension, then for every j > i
let t2 = t}. At the k-th step we will obtain a condition (v, (t} : j > 1)).
Then (u, (t¥ : j € w)) where for every j < i, t§ = t; is an <;;; extension
of (u,T) which is preprocessed for D and i.

Really suppose (v, (t¥ : j > i)) has a pure extension in D where
v C 1. Then v = v, for some m, 1 < m < k. Then at step m, we must
have had that (v, (7"~ : j > 4) has a pure extension in D, and so we
have fixed such a pure extension (v, (t7* : j > 4)) € D. However since
m — 1 < k, we have

(g =) < (th:j>4).
But D is open and so (v, (5 : j > i)) is an element of D itself. O

Lemma 8. Let D be a dense open set. Then any condition has a pure
extension which is preprocessed for D and every natural number 1.

Proof. Let p = (u,T) be an arbitrary condition. Then be Lemma 7 we
can construct inductively a fusion sequence {p;}ic., such that py = p
and p;1 is an <;;; extension of p; which is preprocessed for D and
1. Then if ¢ is the fusion of the sequence for every i € w we have
that p;+1 <;11 ¢. This implies that p;.; < ¢ and so by Lemma 6 ¢ is
preprocessed for D and i. O

Remark. Whenever p is a condition which is preprocessed for a given
dense open set and every natural number n, we will simply say that p
is preprocessed for D.

We are ready to show that the forcing notion @) satisfies Axiom A,
part (3). Let D be a dense open set and p an arbitrary condition. By
Lemma 8 there is a pure extension ¢ = (u,T) for T' = (t; : j € w)
which is preprocessed for D and every natural number. Recall that ¢
is obtained as a fusion of a sequence and so in particular p <,, ¢ for
every n. Furthermore the set

Dy ={(v,(t; :j>1)) € D:v Ci,i € w,vend-extends u}
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is a countable subset of D which is predense above ¢. Really let (w, R)
be an arbitrary extension of g. Then since D is dense (w, R) has an
extension (w Uw', R') in D. However R' > R > (t; : j > k), where
ky, = min{j : maxw < minint¢;}. Therefore (wUw’, (t; : j > k,)) has
a pure extension in D and since ¢ is preprocessed for D the condition
(wuw',(t; : j > ky)) belongs to D. Thus in particular (w U w’, (¢; :
j > ky)) belongs to Dy and is compatible with (w, R) (with common
extension (w U w', R')).

7. LOGARITHMIC MEASURES INDUCED BY POSITIVE SETS

Lemma 9. Let P be an upwards closed family of finite subsets of w
and h the induced logarithmic measure. Let | > 1. Then for every
subset A of w if A does not contain a set of measure > 1+ 1, then there
are Ag, Ay such that A = Ay U Ay and none of Ag, A1 contain a set of
measure greater or equal [.

Proof. Note that if A is a finite set, then the given condition is exactly
part 3 of Definition 7. Thus assume A is infinite. For every natural
number k, let Ay = ANk and let T be the family of all functions
fim — Up<pem Ax X Ag, where m € w, such that for every k,

f(k) (ao,al) € Ak X Ak

where af Uaf = Ay, h(a§) # 1, h(af) £ 1 and for every k: 1 <k <m,
alg’l - a’g, a’f’l - a’f.

Then T together with the end-extension relation is a tree. Further-
more for every m € w, the m-th level of T' is nonempty. Really consider
an arbitrary natural number m. Then ANm = A,, is a finite set which
is not of measure greater or equal [+ 1. By Definition 7, part (3), there
are sets af', a* such that A, = aJ' U a* and h(ad') }fl h(a") # 1.
Let af' = A, Nal and ai" ' = A,, Na™. Then by Corollary 2
the measure of each of aj'~ 1, aT_l is not greater or equal to [ and
Apr = AN (m —1) = al ' Ual"'. Therefore in m steps we can
define finite sequences (ao 0<k< m> {(a¥ : 0 < k < m) such that
foreveryk Ak agUak, h(af) 21, h(ay) 2 land Vk: 0 <k <m—1

b C ab™, ak C a¥™'. Therefore f:m — Uo<k<m Ak X Ay defined by
f(k;) (af, a’f) is a function in the m’th level of T

Therefore by Konig’s Lemma there is an infinite branch through 7.
Let f:w — Upew Ax X Ay where f(k) = (ak,a¥), af Ual = Ay, etc.,
be such an infinite branch. Then if Ay = Upe,, ab, A1 = Upe, ab we
have that A = Ay U A; and none of the sets Ay, A; contain a set of
measure greater or equal [. Consider arbitrary finite subset x of Ay.
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Then x C af for some k € w. But h(a§) # [ and so h(x) # I. The same
argument applies to A;. U

Lemma 10 (Sufficient Condition for High Values). Let P be an up-
wards closed family of finite subsets of w and h the logarithmic measure
induced by P. Then if for every n € w and every partition of w into
n-sets w = AgU---UA,_y there is some j < n—1 such that A; contains
a positive set, then for every natural number k, for every n € w and
partition of w into n-sets w = AgU---U A, _1 there is some j <n — 1
such that A; contains a set of measure greater or equal k.

Proof. The proof proceeds by induction on k. If £ = 1 this is just the
assumption of the Lemma. So suppose we have proved the claim for
k = [ and furthermore that it is false for £k = [+ 1. Then there is some
n € w and partition of w into n-sets w = AgU --- U A,,_; such that
none of Ag,...,A,_1 contain a set of measure greater or equal [ + 1.
By Lemma 9 for each j < n — 1 there are sets A?, Ajl- none of which
contains a set of measure greater or equal [ and such that A; = A?UA}.
Then
w=AJUA;---UAY JUAL

is a partition of w into 2n sets, none of which contains a set of measure
> 1. This contradicts the inductive hypothesis for k = [. 0

8. THE BOUNDING NUMBER

Lemma 11. Let D be a dense open set, T = (t; : j € w) a pure
condition which is preprocessed for D. Let v € [w]<“. Then the family
P, (T') which consists of all finite subsets x of w such that

(1) 3l € w s.t. x Nant(t;) is t; positive

(2) 3w Cz st (vUw,T)ED.
induces a logarithmic measure h = h,(T) which takes arbitrary high
values.

Proof. The family P,(T) is nonempty and upwards closed. Consider
the condition (v, T"). Since D is dense there is an extension (vUw, R) of
(v, T') which belongs to D. By definition of the extension relation w C
int(7") and so for some | € w we have w C U{int(¢;) : 7 =0,...,{ —1}.
However (v U w, R) is a pure extension of (v Uw,(t; : 7 > 1)) and
since T is preprocessed for D (and every natural number) the condition
(vUw, (t; : j > 1)) belongs to D. Then z = U{int(¢;) : j =0,...,[—1}
is an element of P,(T).

To show that h takes arbitrarily high values it is enough to show
that for every n and partition of w into n-sets w = AgU... A, _1, there
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is kK < n — 1 such that A, contains a positive set. Thus fix a natural
number n and a partition of w. Forevery k: 0 <k <n—1and j €w
let s;‘? = s; N A where t; = (s;,h;). Suppose that for every k there
is a constant M, such that h;(sh) < My, i.e. the constant M bounds
the measures of s; N A;. Then let M = maxy<, 1 M. Since T is a
pure condition the measures h;(s;) take arbitrarily high values and so in
particular there is an ¢ € w such that h;(s;) > M+n+1. By Corollary 1
thereisa k : 0 < k < n—1such that h;(s¥) > (M+n)—k > M+1 > M,
(notice that s; = sYU. .. s ') which is a contradiction to the definition
of My. Therefore there is some k such that the measures h;(s?) take
arbitrarily high values and so there is a pure extension R = (r; : j € w)
of T such that int(R) C Aj. Since D is dense, there is an extension
(vUw, R') of (v, R) which belongs to D. By definition of the extension
relation on @, w C U{int(r;) : j = 0,...,l} for some | € w. However
(vUw, R") > (vUw, T') and since T is preprocessed for D, (vUw,T') € D.
Therefore

v =|J{int(t;) : j=0,...,1—1}
is a positive set contained in Ay. O

Corollary 3. Let D be a dense open set and T = (t; : j € w) a
pure condition which is preprocessed for D. Let v € [w]<“. Then
there is a pure extension R = (r; : j € w) such that for everyl € w
and every s C int(r;) which is r-positive, there is w C s such that
(vUw,(tj:j>1+1)) eD.

Proof. Let h be the logarithmic measure induced by P, (7). Consider
the following inductive construction. Let xg be any positive set. Then
thereis By € [w]<¥ such that zo C U{int(¢;) : j € Bo}. Let ro = (xo, h |
zo + 1). Furthermore let Ay = max{int(¢;) : j = max(By)} + 1, 4; =
w\Ap and H; = max{h(z) : © C Ap}. Then by the sufficient condition
for arbitrarily high values there is 1 C A; such that h(xy) > H; + 1.
Furthermore there is a finite set By such that max By < min B; and
such that 1 C U{int(¢;) : j € By}. Let 11 = (21,h [ 21 + 1).Proceed
inductively. Suppose (rq,...,rx_1), (Bo, ..., Br_1) have been defined
so that

(1) T = (Ij,h rl'j + ].), Z; - U{lnt(tz) NS BJ}

(2) h(z;) < h(z;+1) and max B; < min Bj;;.

To obtain ry, let Ay = max{int(¢;) : j = max(By_1)}+1, A1 = w\ Ay,
Hj = max{h(z) : © C Ap}. Then by the sufficient condition for high
values there is 2 C Ay such that h(xy) > Hy + 1. Furthermore there
is a finite set By such that max Bj_; < min By, and x;, C U{int(¢;) :
j c Bk} Let T = (l‘k,h rZEk—i‘l)
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Let R = (r; : j € w) be the so constructed condition. Suppose
e Cint(r;) = x; is r;-positive. That is h(e) > 0 and so x € P,(T"). But
then by part (2) of the Definition of P,(T’) there is an [ € B; such that
e Nint(t;) is t;-positive. This implies that R is an extension of T

Furthermore, consider any [ € w and s C int(r;) which is r-positive.
Then s € P,(T) and so there is w C s such that (v Uw,T) € D. But
(vUw,(r; : j > 14+ 1)) extends (v U w,T') and since D is open the
condition (vUw, (r; : j > [+ 1)) belongs to D itself. O

Remark. Whenever R is a pure condition which satisfies Corollary 3
for some given dense open set D, and finite subset v of w we will say
that ¢(v, R, D) holds. Note also that any further pure extension of R
preserves this property.

Corollary 4. Let D be a dense open set, T' a pure condition which is
preprocessed for D and k € w. Then there is a pure extension R of T,
R = (rj : j € w) such that Yv C kVIVs C int(r;) which is r-positive,
there is w, C s such that (vUw,(r;: 5 >1+1)) € D.

Proof. Let vy,...,v, be an enumeration of all (proper) subsets of k.
By Corollary 3 for each j = 1,...,n there is a pure extension 7} of
Tj_1 (where Tj is the given condition T') such that ¢(v;, Tj, D). Then
R =T, has the required property. 0
Remark. Whenever R is a pure condition which satisfies the property
of the above statement for some natural number k and dense open set
D we will say that ¢(k, R, D) holds.

Lemma 12. Let [ be a Q-name for a function in “w and p arbitrary
condition in Q. Then there is a pure extension q = (u, R) of p, where
R = (r; 1 i € wla such that ¥YiVv C i¥s C int(r;) which is r;-positive,
there is w, C s such that (v Uw,, (r; - j <i+1))IF f(i) =k for some
kew.

Proof. Consider the following inductive construction. Let p = (u,T)
where T' = (t; : i € w). For every n € w denote by D,, the dense open
set of all conditions in Q which decide the value of f(n). Let kg =
minint(tg). Then by Lemma 8 we can assume that the pure condition
T is preprocessed for Dy and so by Corollary 4 there is a pure extension
Ty = (t} :i € w) of T such that ¢(ko, Ty, Do). Then if p; = (u,T;) we
have pg <; p1. To define p, consider k; = maxint(¢})+1. Again we can
assume that (¢! : i > 1) is preprocessed for D; (otherwise by Lemma 8
pass to such an extension). Then there is a pure extension Ty = (¢ :
i > 1) of (t! :i > 1) such that ¢(ki, T, D1). Let py = (u, {t? : i € w))
where 3 = t}, ko = maxint(¢?) + 1.
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Proceed inductively. Suppose py, ..., p, have been defined so that
p; <ji1 D41 forevery j =1,...,n—1, where p; = (u, (t] : i € w)) and
o(k;, (1" i > §),D;). Let k, = maxint(t? ;) + 1. We can assume
that (t? : ¢ > n) is preprocessed for D,. Then by Corollary 4 there
is a pure extension T},,; = (t!*! .7 > n) of (¢t} : i > n) such that
Gk, Tri1, D). Let poyy = (u, (71 i € w)) where t77! = ¢! for
every 1 =0,...,n— 1. Then p, <,41 pni1-

Let ¢ = (u,(r; : j € w)) be the fusion of the sequence. Let i € w,
v C i and s C int(r;) which is r-positive. However r; = ™ and so
s C int (1) is tit-positive. Also ¢(k;, Tj11, D;) holds and so there is
w, C s such that (v Uw,, ({5 : j > i+ 1)) € D;. It remains to notice
that (r; : j > i+ 1) is extends (t™' : j > i+ 1) and since D; is open,
(vUwy, (rj: j >i+1)) € D;. By definition of D; that is

(WU wy, (rj:j >i+ 1) I fi) =k
for some natural number k. D
Theorem 8. The forcing notion @ is almost “w-bounding.

Proof. Let f be arbitrary ()-name of a function and p a condition in Q).
Let ¢ = (u,T), where T' = (t; : i € w) be a pure extension of p which
satisfies the Main Lemma. Then for every ¢ € w define

g(i) = max{k : v Ci,w Cint(t;), (v Uw, {t;:j>i+1)) I f(i) =k} .
Consider any A € [w]<“ and let g4 = (u, (t; : i € A)). We claim that
qalFVn3k(k>nAke AN f(k) < g(k)) .

Fix any ng € w. Let (v, R) be an arbitrary extension of g4. Then
there is ig € A such that iy < ng, v C ip and s = int(R) Nint(t;,) is
t;,-positive. Note that ig < k;, = maxint(t;,—1)+1 and so v C k;,. But
then by Lemma 12 there is w C s such that (vUw, (¢;: j > ig+ 1)) IF
f(ig) = k and so in particular

(vUw,(t;: > i+ 1)) IF f(io) < g(io) -
However (vUw, R) extends (vUw, (t; : j > ip+1)) and so (vUw, R) IF
f(ig) < g(ip). Note also that (v U w, R) extends (v, R). Then, since
(v, R) was an arbitrary extension of ga, the set of conditions which
force ”3Jip s.t. i > ng Aig € AN f(ip) < g(ig)” is dense above ga.
Therefore

galF (k> no Ak € AN F(k) < g(k)) .

The natural number ny was arbitrary and this completes the proof of
the theorem. O
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