
The Completeness of IsomorphismAn important theme in DST (Des
riptive Set Theory):Borel redu
ibility of equivalen
e relationsIf E ,F are equivalen
e relations on the reals then E isBorel-redu
ible to F , E ≤B F , i�
(∗)B There is a Borel (boldfa
e ∆11) total fun
tion f (a Borelredu
tion) su
h thatx E y ↔ f (x) F f (y) for all x , yEspe
ially important are the analyti
 (boldfa
e Σ11) equivalen
erelations, su
h as isomorphism on 
ountable stru
tures:x ≃ y i� x , y 
ode 
ountable stru
tures whi
h are isomorphi
An important observation: Isomorphism ≃ on 
ountable stru
turesis not Borel-
omplete:



The Completeness of IsomorphismTheoremThere are Σ11 equivalen
e relations whi
h are not Borel-redu
ible toIsomorphism ≃.Proof. Let X be a set of reals whi
h is Σ11 but not Borel.De�ne: x EX y i� x , y ∈ X or x = yThen EX is Σ11 and X is a non-Borel equivalen
e 
lass of EX .But:Theorem(S
ott) The equivalen
e 
lasses of ≃ are Borel, i.e., if A is a
ountable stru
ture then the set [A]≃ of 
odes for stru
tures Bwhi
h are isomorphi
 to A forms a Borel set.It follows that EX 
annot Borel-redu
e to ≃



The Completeness of IsomorphismThe pi
ture is di�erent in the 
omputable setting.Suppose E ,F are equivalen
e relations whi
h are e�e
tively Σ11.E is Hyp-redu
ible to F on the 
omputable reals i�
(∗)Comp There is a Hyp (e�e
tively Borel) total fun
tion f on thereals sending 
omputable reals to 
omputable reals su
h that:x E y ↔ f (x) F f (y) for all 
omputable x , yTheorem(FFHKMM) Every e�e
tively Σ11 equivalen
e relation isHyp-redu
ible to ≃ on the 
omputable reals (i.e., ≃ for 
omputablestru
tures is 
omplete).Question. For whi
h natural 
lasses of 
ountable stru
tures betweenthe 
lass of 
omputable stru
tures and the 
lass of all 
ountablestru
tures is isomorphism 
omplete?



Classes of stru
turesAssume V = L. We use Gödel's L-hierar
hy to de�ne 
lasses ofstru
tures as follows:For a pair (α, n) where α is in�nite and 0 < n ∈ ω de�ne:X (α, n) = all reals (subsets of ω) whi
h are ∆n de�nable over LαS(α, n) = all stru
tures on ω with 
odes in X (α, n)Also when α is a 
ountable ordinal greater than ω de�ne:X (α, 0) = all reals whi
h are elements of LαS(α, 0) = all stru
tures on ω with 
odes in X (α, 0)



Classes of stru
turesSuppose E ,F are equivalen
e relations on reals whi
h are Σ11 withparameter from X (α, n)E is Hyp redu
ible to F on X (α, n) i� there exists a total f on thereals sending X (α, n) into X (α, n) su
h that for x , y ∈ X (α, n):x F y i� f (x) E f (y),where f is Hyp with parameter from X (α, n).E is 
omplete on X (α, n) i� every equivalen
e relation whi
h is Σ11with parameter from X (α, n) is Hyp redu
ible to E on X (α, n).Note that ≃ is a Σ11 equivalen
e relation without parameter so is a�
andidate� for 
ompleteness on X (α, n) for ea
h (α, n)Main Question. For whi
h α, n is ≃ 
omplete on X (α, n)?



Redu
tion to the 
ase n = 0[Main Question. For whi
h α, n is ≃ 
omplete on X (α, n)?℄We 
an redu
e the problem to the 
ase n = 0 using a�ne-stru
tural fa
t:Theorem(∆n Master Codes) Suppose that n > 0 and X (α, n) 6= X (α, 0).Then for some real 
(α, n):x ∈ X (α, n) i� x ≤T 
(α, n).CorollarySuppose that n > 0 and X (α, n) 6= X (α, 0). Then ≃ is 
omplete onX (α, n).Proof. By the FFHKMM Theorem, ≃ is 
omplete on the
omputable reals. Now relativise to the real 
(α, n). �



When α is a limit of admissibles[Question. For whi
h α is ≃ 
omplete on X (α, 0)?℄Re
all that ≃ is not 
omplete on the set of all reals be
ause of:Theorem(S
ott) If A is a 
ountable stru
ture then the set [A]≃ of 
odes forstru
tures whi
h are isomorphi
 to A forms a Borel set.Re�nement: If 
 is a 
ode for A then [A]≃ has a Borel 
odede�nable over the least admissible set 
ontaining 
 .So if 
 belongs to Lα, α a limit of admissibles then S
ott'sTheorem holds in Lα and we obtain:CorollaryIf α is a limit of admissibles then ≃ is not 
omplete on X (α, 0).



When α is 
omputable in some real in Lα[Question. For whi
h α, n is ≃ 
omplete on X (α, n)?℄Now suppose that α is 
omputable.Then there is a Hyp bije
tion between X (α, 0) and the 
omputablereals.So ≃ is 
omplete on X (α, 0) be
ause it is 
omplete on the
omputable reals.By relativisation, if α is 
omputable in some real in Lα then ≃ is
omplete on X (α, 0).To summarise, we now have the following:



Redu
tion to the Hyp CaseTheorem(1) If n > 0 and X (α, n) 6= X (α, 0) then ≃ is 
omplete on X (α, n).(2) Suppose X (α, 0) 6= X (β, 0) for any β < α. Then:(a) If α is a limit of admissibles, ≃ is not 
omplete on X (α, 0).(b) If α neither admissible nor the limit of admissibles, ≃ is
omplete on X (α, 0).(The reason for 2(b) is that its hypotheses imply that α is
omputable in some real in Lα.)So we are left with the 
ase: α is admissible, not the limit ofadmissibles and X (α, 0) 6= X (β, 0) for β < α.This implies that for some real p, X (α, n) is exa
tly the set of realsHyp in p. Ignoring p our problem redu
es to the following:



The Hyp CaseKey Case. Is ≃ 
omplete on the set of Hyp reals?I.e., if E is a Σ11 equivalen
e relation (with Hyp 
ode) is there atotal Hyp fun
tion f su
h that for Hyp reals x , y : x E y i�f (x), f (y) 
ode isomorphi
 stru
tures?The method of FFHKMM does not seem to work for the Hyp 
ase:There is no Hyp enumeration of all Hyp reals.The S
ott method does not seem to work either: If A has a Hyp
ode there need not be a Borel set B with Hyp 
ode su
h that
[A]≃ ∩ Hyp = B ∩ Hyp.The solution 
omes from a deeper look at des
riptive set theoryand in�nitary logi
.



The Relation E1For x ⊆ ω and n ∈ ω de�ne (x)n = {m | 〈m, n〉 ∈ x}, where 〈., .〉 isa 
omputable pairing fun
tion on ω.The equivalen
e relation E1 is de�ned by:x E1y i� (x)n = (y)n for large enough n.E1 is a Hyp equivalen
e relation. First we show:TheoremSuppose that α is a limit of admissibles. Then E1 is not redu
ibleto ≃ on X (α, 0): There is no total Hyp fun
tion f su
h that forx , y in Lα, x E1 y i� f (x), f (y) 
ode isomorphi
 stru
tures.So in fa
t ≃ is very in
omplete on Lα: There are even Hypequivalen
e relations whi
h are not Hyp-redu
ible to ≃ on Lα.



The Relation E1[Theorem. If α is a limit of admissibles then E1 is not redu
ible to
≃ on Lα.℄We outline the proof.Suppose f were a Hyp-redu
tion of E1 to ≃ on Lα.De�ne: ≃0 = ≃ and ≃n = (≃ �xing 0, 1, . . . , n − 1).Choose an admissible α0 < α so that the 
ode for f belongs to Lα0and α0 is 
ountable in Lα.Also write x E k1 y i� x(i) = y(i) for i ≥ k and x(i) ↾ k = y(i) ↾ kfor i < k .



The Relation E1[Theorem. If α is a limit of admissibles then E1 is not redu
ible to
≃ on Lα.℄Claim. For ea
h n there is k so that if g , h ∈ Lα are Cohen-generi
over Lα0 and g E k1 h then f (g) ≃n f (h).Proof Sket
h. Let g0 in Lα be Cohen-generi
 over Lα0 and 
hoose aCohen 
ondition whi
h for
es that f (g) and f (g0) are isomorphi
sending (0, 1, . . . , n − 1) to ~k = (k0, k1, . . . , kn−1) for some �xed ~k .If g , h in Lα are Cohen-generi
 over Lα0 below this 
ondition thenf (g) ≃n f (h). � (Claim)



The Relation E1Now build a sequen
e of gn's in Lα whi
h are Cohen-generi
 overLα0 so that gn E kn1 gn+1 where kn is large enough to guarantee:1. f (gn) ≃mn f (gn+1) where mn is large enough so that there is anisomorphism between f (g0) and f (gn) under whi
h the images andpre-images of the numbers less than n are all less than mn.2. The kn's go to in�nity3. gn(n − 1), gn+1(n − 1) di�er somewhere, and4. g = the limit of the gn's is Cohen-generi
 over Lα0 .Then g is not E1-equivalent to g0 by 3.The sequen
e of gn's 
an be built in Lα as α0 is 
ountable in Lαand any two isomorphi
 stru
tures in Lα are also isomorphi
 in Lα.Using 1, 2 and 4, f (g0) ≃ f (g).But this 
ontradi
ts the assumption that f is a redu
tion of E1 to
≃ on Lα. �



The Hyp CaseThe di�
ulty in applying the above argument to the Hyp 
ase isthat two Hyp stru
tures 
an be isomorphi
 without being Hypisomorphi
.However this does not happen for Hyp stru
tures of low(
omputable) S
ott rank. So we at least have:TheoremThere is no Hyp redu
tion f of E1 to ≃ on Hyp su
h that for ea
hHyp x, f (x) is a stru
ture of low S
ott rank.To 
omplete the argument for Hyp, we use a method for 
onvertingarbitrary stru
tures to stru
tures of low S
ott rank.Let ≡α denote elementary equivalen
e for senten
es of Lω1ω ofrank less than α.



The Hyp CaseTheoremSuppose that α is a 
omputable ordinal.Then there is a Hyp fun
tion A 7→ A∗ on 
ountable stru
tures Asu
h that:(a) A ≃ B → A∗ ≃ B∗.(b) A∗ ≡α B∗ → A ≡α B.(
) For ea
h A, A∗ has S
ott rank at most α.(In fa
t, (b) 
an be made into an equivalen
e.)Now if f were a Hyp redu
tion of E1 to ≃ on Hyp we 
ould 
hoosea 
omputable α so that f redu
es E1 (on enough of Hyp) to ≡α.Use the Theorem to ensure that the range of f 
onsists solely ofHyp stru
tures of low S
ott rank, whi
h by the previous Theoremyields a 
ontradi
tion.



Con
lusionCompleteness of isomorphism on the X (α, n)'s is therefore
hara
terised as follows:Say that (α, n) is a relevant pair if either n 6= 0 andX (α, n) 6= X (α, 0) or X (α, n) = X (α, 0) 6= X (β, 0) for β < α.Clearly only relevant pairs are relevant.TheoremSuppose that (α, n) is a relevant pair. Then ≃ is in
omplete onX (α, n) i� n = 0 and α is either admissible or the limit ofadmissibles.And we have seen that if (α, 0) is relevant and α is eitheradmissible or the limit of admissibles then even the Hyp equivalen
erelation E1 does not Hyp-redu
e to ≃ on X (α, 0).



QuestionsBut when (α, 0) is relevant and α is a limit of admissibles, one haseven more:E1 does not redu
e to any equivalen
e relation resulting from aBorel a
tion of a Polish group where both the a
tion and group are
oded in Lα.Is there a Hyp analogue of this result?Finally, one 
an ask about the 
ompleteness of ≃ on X when X isnot of the form X (α, n).If X is 
losed under Hyp-redu
ibility then one obtains thein
ompleteness of ≃ on X as above.But what if, for example, (g0, g1, . . .) is a sequen
e of reals generi
for Cohenω over the arithmeti
al sets and X 
onsists of those realsarithmeti
al in �nitely-many gi 's; is ≃ on X 
omplete?


