
Generalisations of Gödel's LDesirable features of Gödel's L:a. De�nable wellordering (strong form of AC)b. GCH
. Jensen's ♦, 2 and MorassThe theory ZFC + V = L is mathemati
allystrongProblem. For many interesting ϕ in set theory:ZFC+ ϕ proves Con(ZFC)But ZFC+V = L does NOT prove Con(ZFC)ZFC+ V = L is 
onsisten
y weak



Large 
ardinal axioms (LC's): Ina

essible, mea-surable, strong, Woodin, superstrong, . . .Empiri
al fa
t: ZFC+LC's is 
onsisten
y strong:For any ϕCon(ZFC+ LC) → Con(ZFC+ ϕ)for some large 
ardinal axiom LC. In fa
t:Con(ZFC+ LC+ ǫ) → Con(ZFC+ ϕ) →Con(ZFC+ LC),for some large 
ardinal axiom LC and small ǫQ1. Can we 
ombine the mathemati
al powerof V = L with the 
onsisten
y power of LC's?Q2. Are large 
ardinals needed solely for theanalysis of 
onsisten
y strength, or do they fol-low from basi
 logi
al prin
iples?



Q1: Large 
ardinals and L-like modelsInner model program: Show that any modelwith large 
ardinals has an L-like inner modelwith large 
ardinals.Contributors: Gödel, Silver, Dodd, Jensen,Mit
hell, Steel, Neeman and others.Example 1: Ina

essible 
ardinalsEasy: If κ is ina

essible, then
L � κ ina

essible.Example 2: Measurable 
ardinalsS
ott: L � There is no measurable 
ardinalWhat inner model shall we use?



Relativised L: LE
α = (LE

α ,∈, Eα), α ∈ Ord
LE

0 = (∅, ∅, ∅)

LE
α+1 = (Def(LE

α ),∈, Eα+1) (in fa
t Eα+1 = ∅)
LE

λ = (
⋃

α<λ LE
α ,∈, Eλ),Desired inner model is L[〈Eα | α ∈ Ord〉] =

L[E]. But what is E?First: What is a measurable 
ardinal?
∃ measurable i� ∃ j : V → M[ j is an elementary embedding from (V,∈) to
(M,∈) for some inner model M , j is not theidentity℄Idea: Approximate the 
lass embedding j : V →

M by set embeddings Eλ.



Theorem 1. Suppose that there is a measurable
ardinal. Then there exists E = (Eα | α ∈ Ord)su
h that:1. For limit λ, Eλ is either empty or anembedding Eλ : LE
α → LE

λ for some α < λ.2. L[E] � There is a measurable 
ardinal.3. E is de�nable over L[E].4. Condensation: With mild restri
tions,
M ≺ LE

α implies M is isomorphi
 to some LE
ᾱ .5. L[E] � ♦, 2 and (gap 1) Morass3 → de�nable wellordering4 → GCHTheorem 1 has been generalised after greate�ort to stronger large 
ardinal properties.Why is the Inner Model Program so di�
ult?



Condensation: M ≺ LE
α = (LE

α ,∈, Eα) implies
M is isomorphi
 to some LE

ᾱ = (LE
ᾱ ,∈, Eᾱ).With Gödel's methods, M is isomorphi
 tosome LF

ᾱ = (LF
ᾱ ,∈, Fᾱ)Goal: LF

ᾱ = LE
ᾱOnly known te
hnique: Comparison methodLet M̄ , N̄ denote LF

ᾱ , LE
ᾱ . Constru
t 
hains ofembeddings

M̄ = M̄0 → M̄1 → M̄2 → · · · → M̄λ

N̄ = N̄0 → N̄1 → N̄2 → · · · → N̄λuntil Mλ = Nλ. Then 
on
lude that M̄ = N̄ .Where do the embeddings 
ome from?



M̄ = (LF
ᾱ ,∈, Fᾱ), where F = 〈Fβ | β < ᾱ〉Choose β ≤ ᾱ. Then

Fβ : LF
β̄

→ LF
β .Extend Fβ to

F ∗
β : LF

ᾱ → LF ∗

ᾱ∗ .Now adjoin the predi
ate Fᾱ to get
F ∗

β : M̄ = (LF
ᾱ ,∈, Fᾱ) → (LF ∗

ᾱ∗ ,∈, F ∗
ᾱ∗) = M̄∗.

F ∗
β : M̄ → M̄∗ is the ultrapower embeddingof M̄ via Fβ.Thus the 
hains

M̄ = M̄0 → M̄1 → M̄2 → · · · → M̄λ

N̄ = N̄0 → N̄1 → N̄2 → · · · → N̄λare obtained by taking iterated ultrapowers



Key question: Is M̄ iterable, i.e., are themodels M̄ = M̄0 → M̄1 → M̄2 → · · · → M̄λwell-founded?If so, 
omparison works and Condensation 
anbe proved!Iterability problem. Show that there are iter-able stru
tures M = (LE
α ,∈, Eα) whi
h 
ontainlarge 
ardinals.Still open; solved only up to a Woodin limit ofWoodin 
ardinals.



Outer model program. Show that any modelwith large 
ardinals has an L-like outer modelwith large 
ardinals.Are there any (proper) outer models?Treat V as a 
ountable transitive model ofGB (Gödel-Bernays 
lass theory)Outer model of V = a 
ountable transitivemodel of GB whi
h 
ontains all the sets and
lasses of VBy for
ing, V has many outer modelsThe inner model program has rea
hed Woodinlimits of Woodin 
ardinals.But the outer model program has goneall the way!



Theorem 2. Suppose that there is asuperstrong 
ardinal. Then there exists anouter model L[A] of V (obtained by for
ing)su
h that:1. A is a 
lass of ordinals.2. L[A] � There is a superstrong 
ardinal.3. A is de�nable over L[A].4. Condensation: With mild restri
tions,
M ≺ (Lα[A],∈, A ∩ α) implies M is isomorphi
to some (Lᾱ[A],∈, A ∩ ᾱ).5. L[A] � ♦, 2 and (gap 1) Morass3 → de�nable wellordering4 → GCHWhat is a superstrong 
ardinal?



Suppose j : V → M .Criti
al point of j = least ordinal κ su
h that
j(κ) 6= κ.
j is α-strong i� Vα ⊆ MSuperstrong = j(κ)-strongHyperstrong = j(κ) + 1-strong
n-superstrong = jn(κ)-strong
ω-superstrong = jω(κ)-strong
jω(κ) + 1-strong is in
onsistent!
ω-superstrong is at the edge of in
onsisten
y
κ is n-superstrong i� j is n-superstrong(similarly for hyperstrong, ω-superstrong)



Hyperstrong → 2 failsTheorem 3. With 2 omitted, Theorem 2 holdsfor ω-superstrongCon
lusion:
L-like is 
onsistent with superstrong
L-like without 2 is 
onsistent with all large 
ar-dinals



Q2: The inner model hypothesisInner model hypothesis. If a senten
e ϕ holdsin an inner model of some outer model of V(i.e., in some model 
ompatible with V ), thenit already holds in some inner model of V .The IMH implies that there are no large
ardinals in V :Theorem 4. The IMH implies that for somereal R, there is no transitive set model of ZFC
ontaining R. In parti
ular, there are noina

essible 
ardinals and the Singular CardinalHypothesis is true.



The IMH implies however that there are large
ardinals in inner models:Theorem 5. The IMH implies the existen
e ofan inner model with measurable 
ardinals ofarbitrarily large Mit
hell order.The IMH is 
onsistent relative to large 
ardi-nals:Theorem 6. The 
onsisten
y of the IMH fol-lows from the 
onsisten
y of a Woodin 
ardinalwith an ina

essible 
ardinal above it.



The strong inner model hypothesisFa
t: The IMH with arbitrary ordinalparameters or with arbitrary real parameters isin
onsistent.The parameter p is (globally) absolute i� thereis a parameter-free formula whi
h has p as itsunique solution in all outer models of V withthe same 
ardinals as V up to h
ard (p), the
ardinality of the transitive 
losure of pStrong inner model hypothesis. Suppose that
p is absolute, V ∗ is an outer model of V withthe same 
ardinals ≤ h
ard (p) as V and ϕ isa senten
e with parameter p whi
h holds in aninner model of V ∗. Then ϕ holds in an innermodel of V .



The SIMH solves the 
ontinuum problem:Theorem 7. Assume the SIMH. Then CH isfalse. In fa
t, 2ℵ0 
annot be absolute andtherefore 
annot be ℵα for any ordinal α whi
his 
ountable in L.The SIMH implies that there are very large 
ar-dinals in inner models:Theorem 8. The SIMH implies the existen
e ofan inner model with a strong 
ardinal.Is the SIMH 
onsistent relative to large
ardinals?



GödelReferring to maximum prin
iples in set theory,Gödel said:�I believe that the basi
 problems of abstra
tset theory, su
h as Cantor's 
ontinuumproblem, will be solved satisfa
torily only withthe help of axioms of this kind.�I think that Gödel would have liked the InnerModel Hypothesis!But will the IMH be adopted by the set theory
ommunity?Time will tell...


