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ABSTRACT: We formulate a diamond-like principle for singular cardinals based on the notion of mutual
stationarity due to Magidor and prove that it holds in L.

In a joint work with Foreman [1], Magidor used the notion of mutual stationarity to show that Pyx
is not AT-saturated unless kK = A = w;. We use it here to formulate a diamond-like principle for singular
cardinals.

Definition 1. For 1 < n < w, let S,, C N,, be such that Vo € S, (cf(a) = wy). Then (S, : 1 < n < w) is
mutually stationary if for each structure 20 = (A, ...) for a countable language such that R, C A there is a
B < 2, with B = (B,...) such that

Yn(l<n<wAR, € B—sup(BNYN,) € S,).
Definition 2. A sequence (X, : a < R, Acf(a) = wi A X, C @) is a mutual diamond sequence (-sequence)

if for each X C R,,, the sequence (S, : 1 < n < w) is mutually stationary, where S, = {a: a« < N, Acf(a) =
wi A X Na=X,}. © holds if there is a mutual diamond sequence.

Theorem 3. V=L — &

Proof: We construct by induction a sequence (X, : a < N, A cf(a) = wy) witnessing ¢. An ordinal S is
good if
Lg=“ZF~ +V =L+ R, is largest cardinal ”.

If « is not a cardinal let B(«) be the largest limit ordinal 8 such that Lg = “ « is a cardinal ”, if such g
exists, and f(a) = « otherwise. For each good 8 < W, 11 we construct a sequence

(XB:LgkE“a<®,Acf(la) =w ”)
which will be a potential witness for ¢ in Lg. So fix a good 3 and suppose that for all good 3 < f3
(XZ:Lsl“a <X, Acf(a) =w )
has been constructed. If Lg = “a =w; 7, set X? = (). Otherwise fix o < 3 such that
LgkE=“a<N,Acf(a) =w”
and B(a) is defined and less than 3. If 3(«) is not good, let X2 = (). If B(a) is good and
XO@ = (XE Ly b ¢ a <Ry Acf(@) =wi 7)

is a O-sequence in Lg(,) let X7 = 0. If B(a) is good but XA is not a &-sequence, let (A, X) with

X C Nﬁﬁ(“), be <r-least such that, in Lg(,), 2 is a witness that (Sg(a)(X) 11 < n < w) is not mutually
stationary where
P (xX)={a:a<N, Acf(@) =w AX Na = X2,
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In this case let X? = X N «. This finishes the construction.
Now
Ly, | “ZF~ +V =L+, is largest cardinal ”.

So N,,+1 is good and, by the construction, we have the sequence XNet1, Let
X = XRot = (Xt < Ny, Acf(a) = wy).

We show that X is a ®-sequence. By way of contradiction, suppose not and let (A, X) be the <-least
witness for this; then 2l € Ly_,,. Let Np be the least Y < Ly_,, such that A X, X €Y. Let Nqt1 be
the least Y < Ly, ,, such that Ny U{N,} C Y. For limit A, let Nx = {J,.) Na- Let N =, ,,, No and
for 1 < n < w, let a,, = sup(N NR,) and note that cf(a,) = wi. Let B = N N A and note that B is an
elementary submodel of 2 and «,, = sup(B NR,,). Then there is an n, with 1 < n < w, such that R,, € B
but o, & Sp(X). We work toward a contradiction. Let

N, ] = Hull™e+1 (N UR, ;).

Claim 4. sup(N[X,_1]NR,) =sup(NNN,)

Proof: Clearly
NNRX, CN[R,_1]NR,,

S0
sup(N NN,,) < sup(N[R,_1] N R,).

For the reverse direction let 5 < sup(N[R,—1] N R,). For m < w, vy € NN, & € N consider
f(y,m, @) =sup{d : § <R, A is E,,-definable from Z U ~}.

Then f(v,m,Z) € N and f(y,m, %) < sup(NNR,,). But now 8 < f(vy,m, Z) for sufficiently large vy € NNX,,,
Ze N, m<w. Sof <sup(NNY,) and the claim is proved.

In fact a, = N[®,,—1] N N,,. Now let m : N[X,_1] ~ Lg be the transitive collapse. Then 7(R,) = au,,
SO ay is a cardinal in Lg and § is certainly good. To show that 8 = S(a,) we need to show that for
some m < w, a, fails to be a cardinal in Lgi,,. To this end let Nj be the least ¥ < Lg such that
(), m(X),7(X) € Y. Let N1 be the least Y < Lg such that N/, U{N,} CY. Let Ny = {J,., N, for
limit A and N" = {J, .., N, Now by induction we get Vo < wi(7 [ N : No = N/) and N ~ N'. Since
N’ C Lg, R,y C Lg, we can define N'[R,,_;] = Hull®#(N" UR,,_;). And we get N[X,, 1] ~ N'[X,_1].
So N'[N,,_1] = Lg and NE? = N[Rp_1] MR, = oy and (N, : @ < wy) is definable in Lgys. So over Lgio
we can define a cofinalizing sequence for a,, of length w;. This shows that 8 = S(«,). Now by uniform
definability of the construction w(X) = X#(@n) and 7((, X)) = (x(), 7(X)) is the <-least witness that
XB(an) is not a $-sequence in Lg(,,). But by definition 7(X) N, = X,, and since N[R,, 1] N R, = ay,
X Na, =m(X)Na, = Xq,. And this is a contradiction since we assumed X N «,, # X, . This proves the
theorem. O
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