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ABSTRACT. Developing a new forcing notion for adjoining self-coding
cofinitary permutations, we show that consistently there is a ITi-definable
maximal cofinitary group of cardinality y, where X1 < u < ¢. Here TI3
is optimal and so the result appears a natural counterpart to the co-
analytic Cohen indestructible maximal cofinitary group from [14], as
well as the Borel maximal cofiniatry of Horowitz and Shelah from [17].
Our theorem has its maximal almost disjoint families analogue, which
extends a long line of results regarding the definability properties of mad
families in models of large continuum.

1. INTRODUCTION

We will be interested in subgroups of S, the group of all permutations
of the natural numbers which have the additional property that all of their
non-identity elements have only finitely many fixed points. Such groups are
referred to as cofinitary groups, while permutations which have only finitely
many fixed points are referred to as cofinitary permutations. A cofinitary
group which is not properly contained in another cofinitary group, is called
a mazimal cofinitary group, abbreviated MCG. The existence of maximal
cofinitary groups follows from the axiom of choice, which leaves many ques-
tions open regarding their possible cardinalities and their descriptive set-
theoretic definability.

The study of the the spectrum of maximal cofinitary groups, i.e. of the
set of different sizes of MCG'’s,

spec(MCG) := {|G| : G is a maximal cofinitary group}

was of interest since the early development of the subject. Adeleke [I] proved
that every maximal cofinitary groups is uncountable, Neumann showed that
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there is always a maximal cofinitary group of size ¢, while Zhang [23] showed
whenever w < k < ¢, consistently there is a maximal cofinitary group of size
k. A systematic study of spec(MCG) is found in [5], a study which was later
generalized to analyze also the spectrum of the k-maximal cofinitary groups
(see [7]), where k is an arbitrary regular uncountable cardinal. In [I5] it was
shown that the minimum of spec(MCG), denoted ay, can be consistently of
countable cofinality.

Definition 1.1. We refer to maximal cofinitary groups of cardinality pu,
as witnesses to p € spec(MCG) and to values u € spec(MCG) such that
Ny < p < ¢ as inlermediate cardinalities (or values).

Note that any two distinct elements of a cofinitary group are eventually dif-
ferent reals and so cofinitary groups can be viewed as particular instances of
almost disjoint families. Exactly this similarity was one of the major driving
forces in the early studies of the definability properties of maximal cofini-
tary groups. While there are no analytic maximal almost disjoint families, a
well-known result of A. R. D. Mathias, see [20], in the constructible universe
L there is a co-analytic maximal almost disjoint family (see [21I]). Regard-
ing the definability properties of maximal cofinitary groups, Gao and Zhang
(see [16]) constructed in L a maximal cofinitary group with a co-analytic
set of generators, a result which was later improved by Kastermans [19],
who showed that in L there is a co-analytic maximal cofinitary group. The
existence of analytic maximal cofinitary groups was one of the most inter-
esting open questions in the area, a question which was answered in 2016
by Horowitz and Shelah [I7], who showed that there is a Borel maximal
cofinitary groupE] Further studies of the definability properties of maximal
almost disjoint families can be found in [3], 10, 13} 22]. Note that in all of
those instances, the maximal almost disjoint family of interest is always of
cardinality ¢ (except in [22]).

The situation regarding maximal cofinitary groups is similar. Even though,
there is a large volume of literature concerning the definability properties of
witnesses to either Ry or ¢ in spec(MCG), there is very little known about
the definability properties of witnesses of intermediate size. The present pa-
per is motivated by the question: What can we say about the definability
properties of mazimal cofinitary groups G such that ¥y < |G| < ¢? Clearly a
Borel maximal cofinitary group must be of size continuum and a X} maxi-
mal cofinitary group must be either of size 8; or continuum, since a 33 set
is the union of N; many Borel sets. This observation states in particular,
that the lowest projective complexity of witnesses to intermediate values in
spec(MCG) is II3. This leads us to the notion of good projective witness
(see Deﬁnitio, which will allow us to summarize many of the results

1 Another interesting dissimilarity between MAD families and MCGs is the fact that
consistently 8 = w1 < ay = w2 (see [I8]), while the consistency of 8 = w1 < a = ws is a
well-known open problem.
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regarding the definability properties of various combinatorial sets of reals in
models of Ny < ¢. Our main theorem states:

Theorem 1.2. Let2 < M < N < Ng be given. There is a cardinal preserving
generic extension of the constructible universe L in which

ag=b=0=N <c=Ry
and there is a 11} definable mazimal cofinitary group of size Ny.

Remark 1.3. Providing a model in which there is a maximal cofinitary group
of cardinality p where Ny < p < ¢ and either N, < ¢, or even X, < u are
possible using Jensen coding, however for the sake of clarity we have chosen
in this paper to work with values of the continuum below N,,.

The cardinal characteristics b and 9 referred to in the above theorem are
the bounding number and the dominating number. For readers unfamiliar
with them, we review definitions of all cardinals characteristics mentioned in
this paper in the next section. Our techniques allow us to have also M =1,
i.e., to construct a model in which a; =9 =Ny < ¢ = wy and in which a4 is
witnessed by a I13-maximal cofinitary group. The projective definition to the
witness of a4 though in this model is perhaps not optimal. The consistency
of a; =0 =V < ¢ with a II} witness to a, is work in progress of the first
and third authors (see [12]).

The main result of the paper, should also be compared to [14], where
the authors construct a co-analytic, Cohen indestructible maximal cofinitary
group in L. Thus, consistently a; = w; <0 = ¢ with a [}-witness to ag. The
methods of [14] and the current paper differ significantly. While the result
of [14] is rooted in the preservation properties of a specially constructed
cofinitary group in L, and so necessarily of cardinality Ny, the techniques of
the current paper allow us to control the value of a; beyond R;.

There are two further challenges, which we needed to overcome in obtain-
ing the above theorem:

(1) adjoining a new generator to an uncountable group, while requiring
that all new permutations satisfy a self referential recurrence leading
eventually to the I1}-definition of the final generic group;

(2) providing enough eventually different reals at initial stages of the
forcing construction, which allow (1) and which are not excluded by
the generic hitting property of the cofinitary group iterands;

Resolving the first problem, resulted in a carefully designed forcing notion
which we present in Section 3 of the paper. Even though this new poset
can be compared to earlier forcing notions adjoining generic generators to a
given cofinitary group, it is far more intricate and allows for a much finer
control over the group members. The second problem was eventually resolved
by a very careful arrangement of the entire forcing iteration (see items 4.a
and 4.b of the road-map given in the beginning of Section 4) and gives a
very necessary flexibility of the entire construction, without which our final
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goal could not be achieved. These new technical developments not only
suggest more elegant proofs to already existing theorems, but also present
promising and robust techniques to address existing open problems. Some
of the many naturally occurring remaining open questions are discussed in
our final section.

Our techniques easily modify to the study of maximal almost disjoint
families and provide the following result:

Theorem 1.4. Let2 < M < N < Ng be given. There is a cardinal preserving
generic extension of the constructible universe L in which

a=b=0=Ny <c=Ny
and there is a 11} definable mazimal almost disjoint family of size Nyy.

The results discussed in this section lead to the following notion:

Definition 1.5. A good projective witness to u € spec(MCG) (resp. pu €
spec(MAD)ﬂ) is a mcg (resp. mad family) of cardinality u in a model of
N1 < ¢ which is also of lowest projective complexity.

While earlier results show that good projective witnesses to N; and ¢
being members of spec(MCG) (resp. spec(MAD)) exist, our main theo-
rem states that good projective witnesses for intermediate values can exist.
For example, the co-analytic Cohen indestructible maximal cofinitary group
from [14] is a good projective witness to 8; € spec(MCG), while the Borel
maximal cofinitary group of Horowitz-Shelah is a good projective witness
to ¢ € spec(MCG). A good witness to ¢ € spec(MAD) is constructed by
Brendle and Khomskii in [3], while a Cohen indestructible co-analyitc max-
imal almost disjoint family in L is a good witness to 8y € spec(MAD). The
study of projective witnesses does not limit to mcgs and mad families. Let
spec(IND) denote the set of possible cardinalities of maximal independent
families. One of the main results of [4] shows that N; € spec(IND) has a
good projective witness, while the existence of a good projective witness to
¢ € spec(IND) is still open.

Structure of the paper: In section 2 we introduce relevant notation and termi-
nology used throughout the paper. Section 3 presents a new poset, which ad-
joins self-coding permutations to a given cofinitary group. Section 4 presents
the entire forcing construction leading to our main result. Our main result
is established in Section 5. List of open problems is given in Section 6.

2. SOME NOTATION AND TERMINOLOGY

Given an index set A, we will call a mapping p : A — S such that im(p)
generates a cofinitary group, a cofinitary representation. In particular, given
a freely generated cofinitary group with generating set {g, : a € A}, the

2Here spec(MAD) denotes the set of cardinalities of maximal almost disjoint families.
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mapping p : A — S sending each a to g, is a cofinitary representation.
Given such a cofinitary representation p and an index a which does not
occur in dom(p), we denote by W, 1,1 the set of all words w of the form
w=am. .. a{l where for each [ such that 1 <1 < n we have a; € dom(p) U
{a}, i € {1,—1} and no cancellations are allowed; or n = 0 and w = (f
An injective partial function s : N — N will be referred to as a partial
permutation. Given a word w € W), 1,3 and a (possibly partial) injective
mapping s, we denote by w[s] the (possibly partial) injective mapping w|s]
obtained by substituting each occurrence of & where b € dom(p) and j €
{—1,1} with p(b)’ and @’ where j € {—1,1} with s/. Now, given a word
w € Wiy, w = a%"'--ajil, where j; € {—1,1} and a (possibly partial)
injective mapping s, the evaluation path of a given integer m under w[s] is
the sequence (my, : k € W'), where mg = m, for each k if k = nl + i, then

Jils] o o0al[s] o w™[s])(m),

my = (a;
where ' is either w, or denotes the least natural number for which m,, is
not defined.

Following the notation of [I4], we denote by use(w, s, m) the set of natural
numbers appearing in the evaluation path of m under w[s].

Another notion naturally appearing in the analysis of the fixed points and
evaluation paths associated to a given word w, is the notion of a circular shift
of a word (see [14]). More precisely, given a word w = wy, - - - wq, where w; =
afi, ji € {—1,1} for each i, and a permutation o : {1,--- ,n} — {1,--- ,n}
such that o(i) = i + k mod n for some k € N, we will refer to wy(,) - - - we(1)
as a circular shift of w. Thus, in particular, for each n there are only finitely
many circular shifts of a given word.

Finally, for wo, w1 € W), (41 we say w; is a proper conjugate subword of

wo if wo = w™lwyw for some word w € W, (43 \ {0} and wy # 0.

We review definitions of the well-known cardinal characteristics a, ag4, b,
and 0 (for an introduction to cardinal characteristics, see [2]). An almost
disjoint family is a collection of infinite subsets of w any two of which have
finite intersection. A mazimal almost disjoint (short MAD) family is an
almost disjoint family which is not a proper subset of an almost disjoint
family.

Write w® for the set of functions from w to w. Given f, g € w* write f<*g
to mean that {n: f(n) > g(n)} is finite. Now

a =min{|A|: A C P(w), Ais an infinite MAD family},
ag =min{|G| : G Cw®, G is a MCG},

b = min{|F| : F C w*, (vg € w*)(3f € F) £ £ g},

0 =min{|F|: F Cw”,(Vgew”)3f € F) g <" f}

where of course |z| denotes the cardinality of x.

3Such words are referred to as reduced words.
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3. ADDING COFINITARY GROUPS OF CODING PERMUTATIONS
Fix a recursive bijection
YiwXwWw—w.

Suppose that p : A — Sy is a cofinitary group presentation and let a
be an index not included in A (i.e., we ask a,a™! ¢ A). Write G for the
group generated by im(p), W = W, ¢,y for the set of reduced words in the
alphabet dom(p) U {a,a"1}, WD for the set of words from W in which a or
a~! occurs at least once, and WS for the set of words w € WD without a
proper conjugate subword.

Further, suppose that we are given

o F={fme:m€w,& € w},afamily of almost disjoint permutations
(i.e., the graphs are pairwise almost disjoint subsets of w x w) so that
fme ¢ im(p) and (im(p), fm¢) is cofinitary for each m € w,§ € wy.

e For cach w € WS, a family Y* = {Y, : m € w} of subsets of wy,

e For each w € WS a subset 2% of w.

Write F for (F : w € WS), Y for (Y* : w € WS), and z for (z* : w € WS).
We will define a o-centered poset, denoted Qf’{fb’}z, which adjoins a generic
permutation g such that the mapping p : AU {a} — S, which extends p

and sends a to g is a cofinitary representation; moreover, for each w € WS

e the permutation w(g| codes (in a sense about to be defined) the real
Zw’
e for each m € vg], w(g] almost disjointly via the family F™ = {f, ¢ :
€ €wp} codes V.
In order to define the poset we must discuss how each z% will be coded
and introduce some related terminology. To this end, let Sy be the unique
function from WS into the set of words in the alphabet {a,a™!,y,y~'} which
in each word replaces each letter from A with y (and inverses of letters from A
with y~1). Moreover, fix a function S: WS — w such that for all w, w’ € WS:
o S(w) =S(w'") <= So(w) = So(w),
e lh(w) < lh(w') = S(w) < S(w'), and
e S(w) > 1.

Definition 3.1 (Coding). Let a sequence y € 25* be given. Suppose o is a
partial function from w to w and w € WS.

(1) We say (w, o) codes x with parameter m if and only if
(3.1) (Vk < 1h(x)) o E+D (m) = x (k) (mod 2).

(2) Suppose now that lh(y) < w. Write w = wiwy where wy is shortest
so that its leftmost letter is a or a™!. We say that (w,o) ezactly
codes x with parameter m if (w, o) codes x and in addition

wow* ™M) [5](m) is undefined,

that is, if the path of m under w|o] terminates as soon as possible.
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(3) We say that m’ is a critical point in the path of m under (w, o) if this
path terminates with m’ and has length S(w)(k + 1) — 1 for some k.

Note that clearly (w, o) can only ezactly code x if the latter is finite and

1

o is not a bijection (i.e., o or o~ is a partial function).

Finally given F,),Zz, p,{a} as above we define Q = Qf’{{’}z. First we

define an auxiliary forcing Qo; it consists of all tuples p = (sP, FP mP, sP*)
where:

(1) sP is an injective finite partial function from w to w;

(2) FP is a finite subset of WS which is closed with respect to taking
subwords;

(3) mP = (mh, : w € dom(mP)) with dom(mP) C FP and each m}, € w;

(4) sP* = (sl 1 w € dom(sP*)) is a finite partial function from FP to

{fimge:mev[w[s]], £ € Yl

The extension relation for Qg is defined as follows: ¢ = (s, F'7,m?, s9*) <y
p = (sP, FP mP sP*) if and only if
(A) s? end-extends sP, F'?7 D FP,
(B) for every w € FP if m € fix(w[s?]), then there is a non-empty subword
w’ of w such that letting w = wyjw'wy and letting (. ..mq, mg) be the
(w, s9)-path of m, my, € fix(w'[sP]) where k is the length of wy; i.e.,
the path has the following form:
w1 w’ wo
M M <— M <— M
(C) s7* D sP* and for all f € sP*, s9\sP N f =0.
(D) m? [ (dom(m?) Ndom(m?)) = mP | (dom(mP) N dom(m?))
Finally, Q is defined to be the set of p € Qp which in addition to items
(1)) above also satisfy

(5) for each w € dom(m?) there exists a (unique) [ which we denote by

I4, such that (w,s) exactly codes x,w |l with parameter mb;;

The ordering on @, which we denote by < is just <o N (Q x Q).

Proposition 3.2. Let G be a Q-generic filter and let
o = U{s : 3F,m, s* s.t. (s, F,m,s*) € G}.

The permutation o€ has the following properties:

(A) The group (im(p) U {c¥}) is cofinitary.

(B) If f is a ground model permutation, f ¢ (im(p)), ({f} Uim(p)) is
cofinitary and f is not covered by finitely many permutation in F,
then there are infinitely many n such that f(n) = o%(n) and so

(im(p) U{a%Y U {f}) is not cofinitary;
(C) For each w € WS there is my, € w such that w[c] codes the char-
acteristic function of 2z with parameter m.,.
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(D) For each w € WS, for all m € ¢[w[cF]], for all € € wy
(w[oC]N frnel <w iff € €YY,

We shall now show these properties to hold, in a series of lemmas. It
is most convenient to start with the most involved of the series; it has a
precursor in [I4, Lemma 3.12] and in conjunction with the following lemmas,
it proves Property (C).

Lemma 3.3 (Generic Coding). For any w € WD and any | € N, let fojle
denote the set of ¢ € Q such that w € dom(m?) and for somel' > 1, q exactly
codes z¥ | I' with parameter m,. Then Dﬁ??e 15 dense in Q.

Proof. Suppose p € Q and w € WS are given. If w ¢ dom(mP) it is clear
that we can choose m large enough so that letting

q = (s, F¥,m” U{(w,m)},s"")

we obtain a condition ¢ € Q with [, = 0 (i.e., that we can chose m so that
(w, sP) codes the trivial string () with parameter m).

So suppose w € dom(m?). Write m for mk, and [ for If,. Tt suffices to find
s 2 sP such that letting

q= <57Fp>mp78p,*>

we obtain a condition ¢ € Q with I, =1+ 1.

Let mg be the terminating value in the path of m under w and suppose the
next letter in w that should be applied is a® for i € {—1,1}. Let Wy denote
the set of words w’ in dom(m?) whose path from m!, also terminates with
mo and with next letter also a’ (we cannot avoid extending coding paths of
words in Wy and have to ensure exact coding for all of them). Note that
this path has length I, - S(w’) if the right-most letter of w’ is a or a™! and
P, - S(w') + 1 otherwise.

For each w' € Wy let g(w') € im(p) U {0} be the rightmost letter if this
letter is not @ nor a~!, and g(w') = () otherwise. Then

mo = gu)u/ > [ (m).
The next point in the path at which we must meet a coding requirement
for a word w’ € Wy will be reached after applying (w’)(®") to g(w’)~!(my).
Write W (w') for the set of initial segments of (w’)(®") and consider the tree
T= | W)
w'eWy
ordered by end-extension. We make finitely many extensions of sP, each
time extending a coding path starting with mg by one step, working along

all words in 7" by induction on their length.
So suppose w’ € T and we have already extended s? to s’ so that

w'[s')(mo) = m’,
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and that for no extension w” of w’ in T is w”[s'](mg) defined, and fix a word
a’w' € T where j € {—1,1}. For each w* € W denote by I(w*) the length
of the path of m? . under (w, s’). We shall now find s” extending s'.
Let
E = dom(s') Uran(s") U ran(mP)
and let F' consist of all subwords of circular shifts of words in FP. Find m”
satisfying the following requirements:

32)  m" ¢ | Jffix(uls) 1 u e F\{0}},

33)  m" ¢ | Jffix(go ' ols) : wo,wa € F 0 (im(p)) \ {0}, 90 # 91},
34)  m" ¢ | J{gW[N[E] i, € {-1,1},u e F,g € Fn(im(p))},
and if m/ is a critical point in the path under (w*,s’) of mk,,,

n_—_ w* l(w*> +1
(3.5) m' =z <S(w*)lh(w*)> (mod 2).
Note that all but the last requirement exclude only finitely many values for
m/”. To see that m” as above can be found, we show that m’ is a critical
point in the path under (w*,s’) of mb,, for at most a single w*. Therefore
we can chose m” to be any large enough number with the parity prescribed

by .

Claim 3.4. There is at most one word w* € Wy such that the path of mt .
under (w*,s') terminates at m’ and l(w*) +1 = (. +1) - S(w*) - Ih(w*),
i.e., so that we must respect the coding requirement (3.5)) for w*.

Proof. Suppose there are wj # w] with the above property. Depending
on whether g(w}) = 0 or g(w}) € im(p) we have l[(w]) = k - lh(w}) or
l(w}) =k -1h(w]) — 1 for each i € {0,1}. First assume the words are not of
equal length, w.l.o.g. Th(wj) < lh(w]). But then

S(ws) - h(wy) < S(w}) - h(w)) — 1

so for at most one i € {0, 1} can the length of the path from mg to m’ under
(wy, s") be of length S(wf) - Ih(wf) or S(wg)-1h(wi) — 1. If on the other hand
Ih(w§) = lh(wy) then since w§ # wi the path of my under (w§,s’) must
diverge from its path under (wj, s’) before reaching m’: These paths diverge
at some my, where w( and w] disagree at the next letter since by induction,
s’ was chosen to satisfy Requirements and each time we made
an extension; and these paths are long enough to witness a disagreement
between w( and w} because S(w;) > 1 (this is necessary and sufficient to
deal with words where the only difference is in the first letter and this letter
is from im(p)). Claim [.4] [J

Let " = s U {(m/,m")}; the next two claims shall show that p’ =
(s", FP mP, sP*) is a condition in Qp below p (that is, a condition in Q
except for the requirement of exact coding).
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Claim 3.5. For any w € dom(mP)\ Wy, the path of mk, under (w, sP) is the
same as under (w,s").

Proof. This is obvious by Requirement (3.4) above. Claim 3.5 O
The next claim shows that p’ <g p.

Claim 3.6. For every w € FP and m € fix(w[s"]) there is a non-empty
subword wy of w such that letting w = wwow” and letting (...m1,mg) be
the (w, s")-path of m, my, € fix(wg[s']) where k is the length of w"; i.e., the
path has the following form:

w’ wo w'
m<— mg <— Mg <— M.
Proof. Fix w € FP. Assume that mg € fix(w[s"]) \ fix(w[s']). As the (w, s)-
path of mg differs from the (w, s”)-path, the latter must contain an applica-
tion of a to m’ or of a~! to m”. Write this latter path as

w// a] w/
(3.6) - ME(3) — Mp(2) — Mp(1) — Mi0) = Mo
where j € {—1,1} and myq) = n when j = 1, my) = n’ when j = —1;

moreover we ask that w’,w” € W are the maximal subwords of w such that
from my o) to my(1) and myg) to my3), the path contains no application of
a to m’ or of a! to m” (allowing either of w’, w” to be empty). Thus, w’
and w” correspond to path segments where s’ and s” agree:

w/[s//] (mk(o)) = w/[sl] (mk(o)) = Mk(1)s
w”[Sﬂ] (mk(Q)) = w”[S/] (mk(2)) = Mp(3)-
It is impossible that w = w”a/w’ and my = my3) (for then
m" = (w'w") I [s")(m),

again contradicting the choice of m”). Therefore, at step k(3) again a is
applied to m’ or a~! to m” by maximality of w”. Write the path as

4 1 /

a‘j w U/‘j w
N M (3) — M (2) — ME(1) — M) = Mo
with j/ € {—1,1} and observe:

1. mym) = mys); for otherwise, m” = (w”)![s'|(m) for some i €
{—1,1}, contradicting the choice of m”.

2. Thus, w” # (), since on one side of w” we have a and on the other
a~! and w is in reduced form.

3. As m” ¢ fix(w"[s']), we have that myg) = my3) =m'.

So m’ € fix(w"[s]) proving the claim. Claim .6l [

Repeating the above argument for each relevant word in 7' we obtain a
condition ¢ < p also satisfying the exact coding condition and such that
for each w* € Wy, I, = %, + 1 as promised. Lemma [3.3 [J

The next lemma shows that g is permutation of w.
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Lemma 3.7. For each n € w the sets D,, = {q € Q : n € dom(s?)} and
D" ={q € Q:n eran(s?)} are dense in Q.

Proof. To see D,, is dense, let p € Q be given and find ¢ € D, q¢ < p.
If n occurs as the last value in a coding path, the previous lemma applies.
Otherwise let W* be the set of subwords of circular shifts of words in FP

and pick n/ arbitrary such that

n' ¢ (J{ fix(w'[s"]): w' € W*\ {0}},
n géU {w'[sP)(n): i € {~1,1},w’ € W*}, and
n' ¢ ran(sP).

Let 8 = sU{(n,n)} and ¢ = (s, FP,mP,sP*). Then ¢ € Q and q < p by
exactly the same argument as in Claims and above. The case D" is
symmetrical and is left to the reader. O

Property (A) above is established by the previous lemma and the following
one.

Lemma 3.8. For each w € W, (1, the set
Dy ={q€Q:qlF [fix(wog])| < oo}
1s dense in Q.

Proof. First note that ¢ IF |fix(w[og])| < oo if w € F%: This is because such
q forces—by the definition of the ordering on Q—that any fixed point of
wlog] must arise from a fixed point of w’'[s?] where w’ is a subword of w and
there are only finitely many such points.

Therefore clearly D,, is dense, since we may always add the shortest con-
jugated subword of any word w to F'? to form a new condition, and of course
w[o®] has the same number of fixed points as its shortest conjugated sub-
word. 0

The next lemma shows Property (B) above. Moreover, Property (D) is
a direct corollary to this lemma and the almost disjoint requirement in the
extension relation of our poset.

Lemma 3.9. Suppose we are given m € w, w € WS and 7 € S.
(1) If T ¢ (im(p)), (im(p), ) is cofinitary, and T is not covered by finitely
many elements of F, the set D! = {q € Q : (In > m) w[s?)(n) =
7(n)} is dense.
(2) If T € F, 7= f}\e, and £ ¢ Y, then too is the set DI dense.
(3) If T € F, 7= fle, and § € Y] the set D U{p e Q:n e plw[sP]]}
is dense in Q.

Proof. Let 7 and m as in the lemma be given. Note that in all three cases
T ¢ (im(p)) and (im(p), 7) is cofinitary and we can assume 7 ¢ s*P (for in
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the third case, otherwise n € ¥[w[sP]]) and therefore that

(3.7) |7\ U P = w.
Let E' = dom(sP) Uran(sP) Uran(mP), and find n € w \ m such that
ngr! [U{ﬁx(w[s]); we F*\ {@}}},
n¢ ! [U {g7"w'[s)[E): i € {~1,1},w' € F*,g € F*n <im(p)>}},
n ¢ U { fix(1 g7 w'[s]): i € {~1,1},w’ € F*,g € F*N (im(p))}, and
7(n) # f(n) for each f € sP*.

The first two requirements obviously exclude only finitely many n; the same
holds for the third requirement since 7 ¢ (im(p)) and (im(p), 7) is cofinitary.
Since the last requirement holds for infinitely many n by , we can pick
n satisfying all the requirements.

It follows that letting n’ = 7(n) and E = {n}Udom(s?)Uran(s?)Uran(m?),
n' satisfies the requirements from (3.2)—(3.5). Therefore as in Lemma 3.3 we
can let s = s? U {(n,n')} and q = (s, FP,mP, sP*) is a condition below p
satisfying ¢ € DY . O

Finally we show the following.
Lemma 3.10. The forcing Q is Knaster.

Proof. 1t is straightforward to check that if p,q € Q are such that s? = s¢
and mP agrees with m? on dom(mP) N dom(m?) then

r= (", FP UFY,mP umi, sP* U st™)

is a condition in Q and r < p,q. Therefore Q is Knaster by a standard
A-systems argument. O

4. THE FORCING ITERATION

Since the proof is long and involved, we present a short road-map which
may also be used as a reference for notation. We proceed in several steps:

(1) We start with the constructible universe L as the ground model.
We chose a sequence (S5 : 0 < wyy) of stationary subsets of wps—1
and force to add a sequence (Cs : 6 < wyy) such that Cy is a club
in wyr—1 which is disjoint from Sj, “killing” the stationarity of Ss.
Then we force to add a sequence (Y5 : § < wyy) such that Y5 C wy
and Y “locally codes” Cs. By “locally coding” we mean the property
(% * %), below. For this purpose we also have to add a sequence
W = (W9 : vy € Lim(wy)) of auxillary subsets of wi where WY will
serve as a code for the ordinal ~.

The forcing that adds (Cs : § < ways), the auxillary sets W, as well
as (Y5 : § <wyp) is denoted by P, and the (P§, L)-generic extension
is denoted by Vi. Tt will be the case that P(w)"* = P(w)".
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(2) We force over V; to add a sequence
C= <C$/ v € Lim(war))

of reals such that czv codes WS. We denote the forcing that adds C
by P(C) and the (V1,P(C))-generic extension by Va.

(3) We increase 2* by adding wy-many reals forcing with Add(w,wn).
Write V3 for the (V, Add(w,wn))-generic extension.

(4) We now force to add the definable MCG. This is done in an itera-
tion P(G) := (PY,QY : o € wyy) of length wys over V3. The final
(V3,IP(G))-generic extension is denoted by L[G].

We denote the (V3,PY)-generic extension by V3[GY]. At step a <
wyy in the iteration we force over V3[GY] with Q, = Pr, * IP’ESL * P9
where:

(a) The first forcing P/ adds a family JF, of size w; consisting of
cofinitary permutations of w. We do this so that in the final
model L[G] the graphs of any two elements of |J Fo will

be almost disjoint.

(b) The next forcing ngla adds a real ¢/ which almost disjointly
codes F, via a definable almost disjoint family F* € L which
remains fixed throughout the iteration.

(¢) Finally PY is the forcing discussed in the previous section adding
a single generator of our MCGQG, using all the machinery added in
the previous steps to ensure definability of the resulting group.

Step is described in Section below. In this part we do not add
countable sequences. Steps and are described in Section Finally
Steps 7, in which we force to add a MCG of size less than 2“, are
described in Section [£.3]

a<wpr

4.1. Preparing the Universe. We will work over the constructible uni-
verse L. Fix 2 < M < N < w arbitrary. We will show that consistently
ag =wpy < ¢=wy with a H% definable witness to a,.

Let S = (S5 : § < wy) be a sequence of stationary costationary subsets
of wps_1 consisting of ordinals of cofinality wys;_2 and such that for § # ¢,
S5 N Ss is non-stationary. We also ask that S be definable in L,,-
element of the intended IIi-definable maximal cofinitary group will witness

Every

itself by encoding a pattern of stationarity, non-stationarity on a segment
(a block of the form [y, + w) for v € Lim(wys)) of S. To achieve this, the
following terminology will be useful.

Definition 4.1. A suitable model is a transitive model M such that M F
ZF~, (war)™ exists and (wpr )M = (wM)LM (by ZF~ we mean an appropriate
axiomatization of set theory without the Power Set Axiom).

For each ordinal v € Lim(wys) write W, for the L-least subset of wyr—q
such that
<’Y7 <> = <W’Yv €>
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For each m = 1,--- ,M — 2, let S™ = (S? 1 €& < wp—m) be a sequence
of almost disjoint subsets of wps_,,—1 which is definable Ly;_,,—1 (without
parameters). Successively using almost disjoint coding with respect to the
sequences S™ (see [I1]), we can code each W, into a set W2 C w; such that
the following holds:

If wy; < B < wp and M is a suitable model with wy! = 3, {WS} Uw; C M,
then M FE “Using the sequences {5’7”}23‘/[_2, the set W,? almost disjointly
codes a set W such that for some v < wyy, (v, <) = (W, €)”.

Write PY for the forcing which adds W = <W$ : v € Lim(wpr)). It is
easy to see that this forcing preserved stationarity of each S5 for § < wyy,
preserves cofinalities, and does not add countable sequences (see again [11]).

Fix (until the last paragraph of this section) some § < wys. Using bounded
approximations adjoin a closed unbounded subset Cs of war—1 such that
Cs N S5 = (. The forcing ]P"(;1 which adds Cs preserves stationarity of .S, for
each n € wys \ {0}, has size wy;_1, preserves cardinals and cofinalities, and
doesn’t add any countable sequences.

Following the notation of [II], for a set of ordinals X, Even(X) denotes
the subset of all even ordinals in X. Furthermore reproducing the ideas
of [I1], in L[Cs] we can find subsets Zs C wps—1 such that

(%)s: If B < wpr—1 and M is a suitable model such that wy o C M,
(wayr—)M = B, and Zs N B € M, then M E 0(wy_1,Zs N B), where
O(wrr—1,X) is the formula “Even(X) codes a triple (C,W,X) where W,
X are the L-least codes of ordinals v, § < wys respectively such that - is the
largest limit ordinal not exceeding d, and C' is a club in wy;_; disjoint from
Ss'".

Using the same sequences S™ as when coding Wj into W(g, we code the
sets Zs into subsets X of w; with the following property (again using the
construction from [I1]):

(¥%)s: Suppose that w; < < wa, M is a suitable model with wy! = 3, and
letting ~ be the largest limit ordinal below 4, it holds that {W?, X5} Uw; C
M. Then M E cp(WS,X(;), where (W, X, m) is the formula: “Using the
sequences {Sm}ﬁiyﬁ, the set W almost disjointly codes W° C wy/_; and
X almost disjointly codes a subset Z of wy;_1 whose even part codes the
triple (C,W, X) with W = W° and where W, X are the L-least codes of
ordinals 7, § < wys such that § = v +m and C is a club in w1 disjoint
from Ss”.

Note that ¢ is a statement about (wps—1)™ and ({STIM=M=H)M e
about the interpretation of their definition in M (indeed of course these
objects are generally too large to be a parameter in ).
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The forcing P$Y over LW)][C;s] described above which codes Zs into X
preserves stationarity of preserves stationarity of .S, for each n € wys \ {0},
has size wys_1, preserves cardinals and cofinalities, and doesn’t add countable
sequences.

Next, suppose 6 = v+ m for v € Lim(wys). We will force over L)W]|[X5]
(which is the same as LW)][C5][Xs]) to achieve localization of the pair of
sets WS, X5 (see [I1, Definition 1]). Let ¢ be as above.

Definition 4.2. Let W, X be subsets of w; such that (W, X, m) holds in
any suitable model M with (w;)™ = (w;)” containing both W and X as
elements. Denote by L(W, X, m) the poset of all functions r : |r| — 2, where
the domain |r| of  is a countable limit ordinal such that

(1) if £ < |r| then £ € X iff r(3-€) =1,

(2) if £ <|r| then £ € X' iff r(3-£+1) =1,

(3) if £ < |r|, M is a countable suitable model containing r[{ as an

element and ¢ = wi"!, then

MEeWNEXNE m).
The extension relation is end-extension.

For each v € Lim(wys) and m € w we use the poset /J(WS, Xy4m,m) to
add the characteristic functions of a subset Y, ,, of wy such that:

(% % *)ym: If B < wi, M is suitable with wi = 8, WO N B € M, and
Y,im N B €M, then MFE cp(W,(Y) Nnpg, Xy NB,m).

With this the preliminary stage of the construction is complete. We let
PO denote the forcing
1 d
P x H P§ « 5T % LW 5), X5, m(3)).
SEwWM
where () is the greatest limit ordinal below § and m(9) is the unique m such

that 0 = v(d) +m and where the product is with the appropriate support as
in [II]. Denote by Vj the resulting model. Note that Vo N [w]¥ = L N [w]®.

4.2. Adding reals. Fix (for the rest of the proof) a constructible almost
disjoint family

Fri={a;je:icw,je2{cw -2}
which is ¥1 (without parameters) in L, and such that a; ;¢ € L, whenever
L, F |¢] = w. Next force with the finite support iteration

P(C) := (P¥,Q§ : 6 € Lim(was)}
where for each 9, Q§ adds the real ¢}/ which almost disjointly via the family
F* codes WP. Let V3 be the (P(C), Vp)-generic extension .
Using the standard forcing Add(w,wy) (finite partial functions from wy x

w into 2) adjoin wy-many reals to V5 to increase the size of the continuum
to wy and denote the resulting model to obtain a model V3.
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4.3. Adding the MCG. We shall now define a finitely supported iteration
P(G) := (PY,QY : o € wyy) which adds a self-coding MCG to the model V5.

Along the iteration, for each a € wy; we will define a Pg—name ja -
[Bas Ba+1) for a set of ordinals, such that at stage « of the construction we
adjoin reals encoding a stationary kill of Ss (that is, a real locally coding Cy)
for 6 € I,. We then show that there is “no accidental coding of a stationary
kill” in Lemma 5.1

In order to define P(G) := (PY,QY : a € wyy), first fix primitive set
recursive bijections

PrwXw—ow

and ¥’ : w; X w X w — wy. The function ¢’ will be used to identify the family
Fo which we add at stage o with a subset of w;.

Suppose now by induction we are in the (Vg,IP’g)—generic extension by
V3[GY]. We presently define Q, = Pz, * P‘j_ija *PY.

For the definition of Pr, assume by induction that at previous stages we
have added families F for 8 < o consisting of cofinitary permutations. We
now adjoin a family

F* = (frme:meEw,§ €wr)

of permutations such that [f¢ N ff,] < w when 8 < a or £ # &'. For this we
can use a finite support iteration of the o-centered posets with finite condi-
tions defined in [I5]. Denote this forcing by Pz, and by V1 the resulting
model.

Next let P(ngx be the forcing to add a real ¢, which almost disjointly via
the family F* (see Section codes

' U {w-&+mp x el
E<wi

a subset of w; which via ¢’ codes F,. Let V,, 2 be the extension of V, ; which
f

contains c, .

Finally, working in V,, 2 we define PY, the forcing which adds a new group
generator.

Suppose by induction that PY has added a cofinitary representation py. Its
image generates a cofinitary group G,. Suppose by induction that dom(p,) =
{Be}e<a and write CD, = {fBy}y<a, the set of generators used at a stage
before ov. Moreover suppose pq(f¢) = g¢ for each £ < a. Our next forcing
will add the generic permutation g, thus enlarging our group to G,41, the
group generated by G, U {ga}-

If o is a limit, let

Ba = SUP{BS 1§ < a}
and otherwise, let
Ba = Ba-1+ ’CV : w‘
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(we mean ordinal addition of course). This is the ordinal generator to which
we associate the generic generator g, so that

Pa+1 = Pa U {(IBa’goc)}

is a cofinitary representation.

Every element of the group freely generated by CD, U {a} corresponds to
a reduced word in the alphabet CD, U {a}, where a = 3,. Let WD,, be the
set of such words in which a occurs. Note that the set WD, corresponds to
the new permutations in the group G,+1. More precisely, every permutation
in Go41\Ga is of the form w[g,] (which is the same as p+1(w) by definition)
for some w € WD,,.

As before write WS, for the set of words in WD, which do not have a
proper conjugated subword. Let iy : WS, — Lim(|a|) be a bijection sending
a to 0; we shall use i, to associate the ordinal B, + i (w) to each w € WS,,.
We note that those elements of G,4+1 \ Go which correspond via p;_lH to
words in WS, will be associated to ordinals in [B4, fa+1), and in fact g,
is associated to 3, (elements of G,41 which are not of the form p,(w) for
w € WD\ WS we can ignore for now) .

For each w € WS, it is the pattern of stationarity on the block of S
consisting of the next w ordinals after 8, + io(w) that will code w. Let for
such w € WS,

M ={2"meclJu{3m:me C?iﬂ'a(w)}
and define
zZ=(z":1we WS,).
Further, define
Yy = Y,BaJria(w)er
for each w € WS, and let
Y=(YW:weWS,,meuw).
With the notation from Section Bl we now define
Q=0
In Proposition we have seen that Qg adjoins a new generator g, such
that the following properties hold:
(A,) The group (im(pas) U {ga}) is cofinitary.
(B,) If f € VPa\G, is a permutation which is not covered by finitely many
members of F,, and (G, U {f}) is cofinitary, then for infinitely many
k, f(k) = ga(k). This property, will eventually provide maximality
of Gy, -
(Cq) for each w € WS, there is m,, € w such that for all k¥ € w,
w?*[ga](mw) = Xew(k) mod 2. That is, every new permutation

w[ga] encodes F, via the real ¢ as well as WgaJria(w) via the real

w
Cﬁa +ia (’LU) '
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(D) for each w € WD, for all m € w[w[ga]], for all £ € wy
[wlga] N finel <wiff § €Y

That is, w[gs] encodes Y, for each m € ¥~ (w[ga]).

As we are going to see in the next section, property implies that the
new permutation w(g,] encodes itself via a stationary kill on the segment
(S5 : Ba +ia(w) < < By + ia(w) + w). Furthermore, this stationary kill is
accessible to countable suitable models containing w[gq].

Let fa be a Iﬁ’gﬂ—name for

I, = {ﬁa +ig(w)+m:w e WSy, m € w[w[ga]]}.

Thus I, denotes the set of indices of the stationary sets for which we explicitly
adjoin reals encoding a stationary kill at stage « of the iteration. Note that
B = sup I,. With this the inductive construction is complete.

5. DEFINABILITY AND MAXIMALITY OF THE GROUP

Forcing with P(G) over V3 we obtain a generic G over L for the entire

forcing
P:=Py*P(C) x Add(w,wn) x P(G)

recalling that Pj was the product which added the sets W2 and Y4, and
P(C) added a real ¢/ “locally coding” the ordinal « for each o € Lim(wpy);
Add(w,wn) made 2¥ = wy; and finally P(G) added a generic self-coding
subgroup of S.,. Also recall that all the forcings after P are Knaster, and
IP; did not add any countable sequences.

Work in L[G] from now on. We shall now show that in this model there
is a MCG of size Ny. First we must show that no real codes an “accidental”
stationary kill.

Lemma 5.1. For each § which is not in
I=| [, :v € Lim(wum)}

there is no real in L|G] coding a stationary kill of Ss, i.e., there is no r €
P(w) N L|G| such that L[r] E Ss € NS.

Proof. The argument closely follows [11, Lemma 3]; for the readers conve-
nience we give a brief sketch. Let I be a name for I and suppose that for all
v € Lim(wyy) we have pIF 0 ¢ I. In the (L, P")-generic extension, write

)
Pgé = H Pgl * Pgd * [’(Ws?lpfﬂlimv X£>
Ecwar\{d}

and
P = P§ « P§Y « L(W0, X, m).

where v is the greatest limit ordinal below § and m is the unique m such
that § = v+ m.
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Use that P = PV x (IP’E;'é % P%) to decompose the Pg-generic Gy as follows:
Go=G" = (G2’ x GY).
Working in L|Go] = L[G™][G7°)[GY] let
P = (Add(w,wn) «P(G)) [ p

be the quotient P/} below p, it is easy to verify that P’ € L[G"] [Ggéﬂ since
the iteration never uses Y. Thus letting G’ be shorthand for the P’ generic,
we may decompose G = (G™ * G7% x G') x Gf.

Let r be any real in L[G] = LIGW][GZ°)[¢')|GY] and write

V. = LIGM][G]’]

Then in fact r € Vi[G'] = L[GW][Gf)éé] [G'] since P) adds no countable se-
quences over V, and since P’ is Knaster and so Pg also adds no countable
sequences over V,[G’]. But since P P79 xP’ preserves stationarity of Sz, the
latter is still stationary in V,[G'] = L|G"V] [Ggé(s] [G'] and hence in L[r]. O

Let G be the group generated by {ga : @ € wapr} = Uyoy,, im(pa). Given
w € WDy, we write w® for ps(w), i.e., for the interpretation of w that
replaces every generator index 3, by the corresponding generic permutation

G-
Lemma 5.2. The group G is a mazimal cofinitary group.

Proof. By property (Ag) of the iterands Qg the group G is cofinitary. It
remains to show maximality. Suppose by contradiction that G is not max-
imal. Then there is a cofinitary permutation h ¢ G such that the group
generated by GU {h} is cofinitary. Find 8 such that h € V3[G]. Then there
is ' € {B, 5 + 1} such that h is not a subset of the union of finitely many
members of Fg: For otherwise by the pigeonhole principle we find f € Fg
and f' € Fpqq1 such that |f N f/| = w, contradicting the choice of Fg and
Fay1- Letting o = ' + 1, by property (By) of the poset Qq in V3[Gy], the
generic permutation g, infinitely often takes the same value as h, and so
ga © h~ 1 is not cofinitary, which is a contradiction. O

It remains to show that G is II3.

Lemma 5.3. Let g € S° N L[G]. Then g = w® for some w € J
if and only if there is v € Lim(wy) and k € w such that

a<wp WSO‘
(5.1) lg) = {m € w: Llg] F Sy € NS} =

{mew: (IreP(w)) Llr| E Sy+m € NS}
Proof. Suppose g = w® for w € WS, and w has no proper conjugated

subword. We prove the lemma for v = 4 + iq(w). By property (Cy) of the
poset Qy the real g codes 2z and therefore

FBotia(w) € Llg]-
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By property (D,) of the poset Q, the real g codes almost disjointly via the
family F, codes Y3, 1, (w)4m for each m € 1[g]. However Y ;. (w)+m codes
XB,+ia(w)+m Which implies that for every m € ¥[g], the real g codes the
closed unbounded subset Cg, 1, (w)+m, Which is disjoint from Sg_ i, (w)4m-

If m ¢ 1lg], then By + iq(w) +m ¢ I, and so by Lemma there is no
real r in L[G] coding the stationary kill of Sz, 5, (w)4m (i-e., such that in
L[r], S, i, (w)+m is no longer stationary).

Now, suppose there is 7 € Lim(wy/) and k € w such that the following
holds for all n € w: L[g] F Sy4m € NS if and only if m € v[g]. Then by
Lemma , Ylgl = {n € w:y+n ¢ I} = Y[wY where w is such that
Ba + ia(w) = v for some o < wyr. So g = w(ga] = wC. O

Lemma 5.4. Let g = w® for some w € WS, with o < wyy. Then for
every countable suitable model M such that g € M there is a limit ordinal
v < (wp)M such that

(LwCM F lg] = {m € w: L[wC] F S,4 € NS}.

Proof. Let M be a countable suitable model and let g € M. Let v = i, (w).
@ encodes 2¥ (by property (Cy) of Q4) we have that

{foe mew,§< (w1)™M} e M

Since w

and W9 N (w))M € M. By property (D,), w® almost disjointly codes
Yyim N (w1)M for each m € 9[gs] and hence Yyim N (w)™ € M and also
Xoim N (W)™ € M. These sets belong also to L[g]™. Then for each
m € ¥[g], by (* * ¥)m we have that L[g]™ F gp(W$ N B, Xy1m N B) where
B = (w1)™. This means:

Using the sequences {gk}',ziw_2, the set WS N B almost disjointly codes
WO C wy_1 and Xy 4+m NP almost disjointly codes a subset Z of wys—1 whose
even part codes the triple (C, W, X) with W = W and where W, X are
the L-least codes of ordinals 7, § < wys such that § =4 +m and C is a club
in wy—1 disjoint from Sx.

In particular, in the above ¥ =7, § = v +m and C is a club disjoint from
Sytm. As m € ~1[g] was arbitrary, v indeed witnesses that the lemma
holds. O

Lemma 5.5. Let g be a real such that for every countable suitable model M
containing g as an element there is v < (war)™ such that

(LIg)M E ¢lg) = {m € w: L[g] £ Sy 1m € NS}.
Then for some a < wyr, ¢ = wS where w € WS,.

Proof. By Léwenheim-Skolem take a countable elementary submodel Mg
of Ly,,, such that ¢ € My and let M be the unique transitive model
isomorphic to My. Then by assumption

(L[g))M E (37 € Lim(wnr)) ¥[g] = {m € w : Sy4. is non-stationary}
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so by elementarity the same holds with (L[g])™ replaced by L [g], and

WM+1
hence for some v € Lim(wyy)

Llg) = lg) = {m € w: Llgl & S, € NS}
But at some stage o < wys we adjoined a generic permutation w® such that
Ba + ia(w) = v and by we have
YwC] = {m €w: (Ir € P(w) L[r] E Sy4m € NS}.
Since there is no accidental coding of a stationary kill (Lemma Plg]

-
Y[w®], and so g = w&. O

Lemma 5.6. The MCG G is 11} in L|G].

Proof. Recall that we denote by gg the first generator added by IP’(IJ = Qog over
V3. Note first that g € G if and only if there is k € w, a < wyy, and w € WS,
(i.e., w has no proper conjugated subwords) such that (go)¥g = w®.

By the previous lemmas, g € G if and only if g € Sy and the following
statement ®(g) holds: For every suitable countable model M if for some

gs €E MN Sy
Lig M E lg] = {m € w: S, is stationary}
then for some k € w
L{(g)kgM E (3v € Lim(wp)) w[(g*)kg] = {m € w: S,y is stationary }.
It is standard to see ®(g) can be expressed by a I1} formula. O

Thus we obtain our main result:

Theorem 5.7. Let2 < M < N < Ng be given. There is a cardinal preserving
generic extension of the constructible universe L in which

ag=b=0=Ny <c=RNy
and in which there is a 113 definable mazimal cofinitary group of size ag.

Proof. The construction outlined in steps (1) — (4) and developed in detail
in Sections 4 and 5, provide a generic extension in which there is a II3-
definable maximal cofinitary group of cardinality Nj;, while ¢ = Xy. To
guarantee that in the same model there are no maximal cofinitary groups of
cardinality strictly smaller than Nj;, we slightly modify the definition of Q,
from step (4) to Pr, «PE « PY D, where I is Hechler’s forcing for adding a
dominating real. Thus in the final model, there is a scale of length wys and
s0 b =0 = Ny;. Since b < a; we obtain a; = Nj;. O

6. QUESTIONS

In this section, we state some of the remaining open questions.

(1) Can one construct in ZFC a countable cofinitary group which can
not be enlarged to a Borel MCG? Note that in L, every countable
group can be enlarged to a II} MCG.



22

(1]

2]
13
4
/5
16
17
g
19

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
18]

[19]

[20]

FISCHER, FRIEDMAN, SCHRITTESSER, AND TORNQUIST

(2) Can we add a countable cofinitary group which cannot be enlarged
to a II MCG using forcing?

(3) Is there a model where 2¥ > wy and every cofinitary group Gy of size
< 2% is a subgroup of a definable MCG of the same size as Go?

(4) Suppose that a < 2¢ is a cardinal and there is a 1 MCG of size a.
Is there a I} MCG of size a?

(5) Is there a model where there is a projective MCG of size a with
wy < a < 2¥ but there is no MED family of size a?
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