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Abstract

We introduce two generalized condensation principles: Local Club
Condensation and Stationary Condensation. We show that while
Strong Condensation (a generalized Condensation principle intro-
duced by Hugh Woodin in [19]) is inconsistent with an w;-Erdds car-
dinal, Stationary Condensation and Local Club Condensation (which
should be thought of as weakenings of Strong Condensation) are both
consistent with w-superstrong cardinals.
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This article is a contribution to the outer model programme (see [11]), whose
aim is to show that large cardinal properties can be preserved when forcing
desirable features of Godel’s constructible universe. The properties GCH,
¢, O, definable wellordering and gap-1 morass were discussed in [8, 11, 7,
4, 5, 1]. In this article we consider Condensation. The central result of
this paper is Theorem 25, which shows that Local Club Condensation is
consistent with the existence of w-superstrong cardinals, the “strongest” of
large cardinals (for the definition of w-superstrong cardinals see definition 5
below); its main auxiliary theorem is Theorem 22, a quite different proof of
which can be found in the second author’s doctoral dissertation ([13]). This
work is also relevant to a result of Itay Neeman ([17]) regarding the large
cardinals required to force PFA over L-like models (see the final section of
the present paper).

Condensation Principles:

Godel’s universe L of constructible sets satisfies Condensation in a very
strong form. There exists a sequence (L, : o € Ord) such that:

The authors wish to thank the Austrian Research Fund (FWF) for its generous
support of this research through Project P 19898-N18.



(a) L = U, La, Lq is transitive, Ord(L,) = o, o <  — L, € Lg, and
Ly =, Lo for limit A

(b) For each a: If (M, €) is elementary in (L,, €) then (M, €) is isomorphic
to some (Lg, €).

We will give definitions of various generalized forms of Condensation;
those definitions apply to models M of set theory with a hierarchy of levels
of the form (M, : a € Ord) with the properties that M = | J,c,q Ma, each
M, is transitive, Ord(M,) = «, if @« < [ then M, € Mg and if v is a
limit ordinal, then M, = {J,., M. We will often use M, to also denote
the structure (M,, €, (Mgz: § < «)), where context will clarify the intended
meaning. If B has domain B and is elementary in some M,, we say that B
condenses or that B has Condensation iff (B, €, (Mg: § € B)) is isomorphic
to some (Mg, €, (Mgz: < @)). We also say that B condenses or that B has
Condensation in this case.

In [19], Hugh Woodin defines the principle of Strong Condensation,
which may be reformulated in the context of models with a hierarchy of
levels as follows:

Total Strong Condensation is the statement that for every a, there is
a structure A = (M,, €,(Mg: § < a),...) for a countable language such
that each of its substructures condenses. *

Strong Condensation is the same statement with o ranging only over
cardinals and with the additional assumption that for every cardinal «,
M, = H,, the collection of sets whose transitive closure has cardinality less
than a.

Strong Condensation for o is the statement of Strong Condensation
for a single (fixed) cardinal « together with the assumption that M, = H,
for all cardinals k¥ < a.

Total Strong Condensation is the strongest fragment of Condensation
which we will consider in this paper. Strong Condensation follows from

LAs we may assume that A is Skolemized, we could replace “substructure” by “ele-
mentary substructure” in the above. Similar remarks will apply to the definitions of all
further generalized Condensation principles below.



Total Strong Condensation by Lemma 1 below. A natural weakening of
Total Strong Condensation is given by the following:

Stationary Condensation is the principle that for each o and infinite
cardinal k < «, any structure A = (M,, €, (Mz: 8 < a),...) for a countable
language has a condensing substructure B with domain of size k, containing
K as a subset.

As we will show later, Strong Condensation is inconsistent with the
existence of an wi-Erdos cardinal. Since our main focus lies on condensation
principles in the presence of very large cardinals, this notion is thus too
strong for our purposes. We will show that Stationary Condensation is
consistent with the existence of an w-superstrong cardinal. But there is a
much stronger generalized condensation principle which we will show to be
consistent with the existence of an w-superstrong cardinal as well:

Local Club Condensation is the statement that if a has uncountable
cardinality x and A = (M,, €, (Mp: § < «),...) is a structure for a count-
able language, then there exists a continuous chain (B,: w < v < k) of
condensing substructures of A whose domains B, have union M,, each B,
has cardinality card -y (the cardinality of v) and contains 7 as a subset.

Whenever we want to work with any of the above notions, we will be in
the situation that M = (L[A], A) for some A C Ord and (M,: « € Ord) =
(Lo[A]: a € Ord). In this case, we say M is of the form L[A] and note that
(B,€,A) < (M,,€,A) implies (B, €,(Mz: f € B)) < (M,, €, (Mg: § < a))
and if (B, €, A) is isomorphic to (Ms, €, A) then (B, €, (Mg: f € B)) is
isomorphic to (Mg, €, (Ms: 8 < @)).

Acceptability is the statement that, assuming M is of the form L[A], for
any ordinals vy > 4, if there is a subset of § in M. 41 \ M, then HM+1(5) =
M, .1, where HM+1(5) denotes the Skolem hull of 6 in M,y = L, 1[A]
using the predicate AN (y+ 1).

Note: The above property might also be referred to as “Weak Accept-
ability” as in the literature, “Acceptability” is often used for the following,
closely related notion: If there is a subset of ¢ in M., 4; \ M., then there is a



surjection of § onto M, in M, ;. We will stick to the term “Acceptability”
for our above-defined notion though.

Lemma 1  Total Strong Condensation — Local Club Condensation —
Stationary Condensation — GCH. In fact, if Stationary Condensation
holds, then for all infinite cardinals xk, H, = M, has cardinality k.

Proof: We only prove the last statement, as the other implications are
immediate. Suppose (M,: a € Ord) witnesses Stationary Condensation.
Let A = (M,, €, (Mg: 5 < ), fo) with f, a bijection from carda to a.
Let B be the domain of a condensing substructure of A of size carda,
containing card o as a subset, as provided by Stationary Condensation. As
fo is contained in the structure A, it follows that a C B, and hence that
B = M, has size card .

Thus if @« < k™, M, C H,+ by transitivity of M,, hence M,+ =

Upcrt Mo € Hy+ for all infinite cardinals x. Now if x € H,+ choose
onto

some « such that x € M,. Let f: k — tcl({z}) and apply Stationary
Condensation to the structure (M,, €, (Mz: 8 < «), f) to obtain & < k"
such that x € My C M,+. Therefore H.,+ C M,+; it follows that H, = M,
for all infinite cardinals x. O

Strong Condensation:

Definition 2 A cardinal k is o-Erd6s iff K — (a)<¥, i.e., for any F :
[K]<¥ — 2, there is a subset H of k of ordertype o such that F' is constant
on [H]™ for each finite n.

Fact 3 (see [14]) Let k be the least a-Erdds cardinal, o a limit ordinal.
Then k is strongly inaccessible and if C' C k is CUB and A is a structure
for a countable language whose universe includes k, there exists I C C of
ordertype o such that I is a good set of indiscernibles for A, i.e., whenever
a,b are finite increasing sequences from I of the same length, then a,b have
the same type in A, allowing parameters less than min(a U b).

Theorem 4
If there is an wi-Erdbs cardinal then Strong Condensation fails.?

2A stronger result, with wi-Erdés replaced by weakly wi-Erdés, easily follows from
proposition 9 of [18], which was proven independently.



Proof: Suppose that x is the least wi-Erdés cardinal. We show that Strong
Condensation for x fails. Assume for a contradiction that Strong Conden-
sation for k is witnessed by A. We may assume that A is skolemized. Let [
be a good set of indiscernibles for A of ordertype w; with I contained in the
CUB set C of & < k such that My is A-closed. For any limit initial segment
J of I let X; be the A-closure of J.

Claim. (a) J is cofinal in X; N Ord.
(b) If Jo C J; are limit initial segments of I then X ; N Ord is an initial
segment of X ; N Ord.

Proof of Claim: (a) For any a in J, Xjn, is a subset of M, as J is a
subset of C. So X; = H{Xjna:a € J} CU{My: a € J} = Mgy so
X,;NOrd C Mg, NOrd = Sup(J)

(b) Suppose a = t4(j) with j increasing from Ji, a < sup(Xy, N Ord) =
sup. Jo, t a term in the language of A. Write j as Jo U]l where jj is the part
of 7 in Jy. Choose jl in Jy above « so that j' = = Jo U]1 is 1ncreasmg with
the same length as j Then by goodness, o = tA( J) = t““( ") € X - Oclaim

It follows that (X7, €) is isomorphic to (M,,,€) = (H,,,€). Let m be
an isomorphism from (M, ,€) onto (X, €). As M,, is an element of X;
we can choose a in M, such that w(a) = M,,. Choose a real R not in a.
Then 7(R) does not belong to w(a) = M,,. But as w+1 is contained in X7,
m(R) = R so R does not belong to M,,, a contradiction to Lemma 1. O

Stationary Condensation:

Definition 5 Suppose that j: V — M is an elementary embedding with
critical point k. Define j°(k) = K, "1 (k) = j(1"(K)), j(K) = U, <, 1" (k).
We say that j is an a-superstrong embedding iff Hje) € M, and k is
a-superstrong iff k is the critical point of an a-superstrong embedding.

Fact (see [15]): There are no elementary embeddings j: V. — M with
critical point & such that H e (.))+ € M. The existence of an w-superstrong
embedding is not known to be inconsistent.

Theorem 6 Stationary Condensation is consistent with the existence of an
w-superstrong cardinal.



Proof. Suppose that k is w-superstrong. By Theorem 2 of [11], we may first
force the GCH, preserving the w-superstrength of k. Now for each infinite
cardinal o add a Cohen subset of a™ by a reverse-Easton iteration. Let
A, C [a,a™) be the a-Cohen set added (shifted up to «) and let A be the
union of the A,’s. Then V[A] equals L[A], as any ground model set is coded
into one of the A,’s. We claim that Stationary Condensation is witnessed
by the M,’s, where M, = L,[A] for each a € Ord.

The forcing is cofinality-preserving and o-closed. Also, by the argument
of the proof of Theorem 2 of [11], the w-superstrength of k is preserved.

Claim: For each infinite cardinal k, any set of ordinals in V[A] = L[A] of
cardinality x is covered in V' by a set of ordinals of cardinality .

Proof of claim. Let & be a name for a set of ordinals of cardinality . First
suppose that k is regular. Then z is forced to belong to an extension of V'
by a forcing of size k (the iteration below k) and the result follows easily.
If kK =|J{Ka: o < cof k} is singular (with each &, regular and greater than
cof k), then inductively extend a given condition without changing it below
cof k, to obtain a ground model cover of size k, for the first s, elements of
x; after cof k steps, the resulting condition covers & by a ground model set
of size k. Dclaim

Now let k be an infinite cardinal, v an ordinal of cardinality at least s
and S = (L.[A],€,A,...) a name for a structure in V[A] for a countable
language. We may assume that S is Skolemised (and therefore any sub-
structure of S is isomorphic to (Lg[A], €, 4, ...) for some & < a, A C a).
We show that below any condition p there is a condition ¢* which forces
Condensation for the universe of some substructure of S of size x which
contains k as a subset. For any condition p let p(x) denote the x™-Cohen
condition specified by p, whose domain we write as [k, [p(k)|). We construct
a decreasing sequence (p;: i < w) of conditions with py = p and greatest
lower bound ¢q. Let zyg = k. Given p;, choose p;11 < p; forcing that some
zi41 € V of cardinality & contains the set of ordinals in the S-closure of
x; U |pi(k)| as a subset, and that A N x; has a P,-name, i.e. a name which
depends only on the generic below x. The latter is possible using the fact
that the forcing P factors as P, * P[k,00) where Pk, 00) is k*-closed. Let
r = J,, Tn. Then ¢ forces that x is the set of ordinals of a substructure
of S and ANz is forced to have a P,-name. Therefore we are free to extend
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the x-Cohen condition ¢() to ¢*(x) so that (S-closure of z, €, A) is forced
by ¢* to be isomorphic to (Ljg(e([4], €, A).> Thus we have forced Conden-
sation for the S-closure of z, the universe of a substructure of S of size &,
containing k as subset, as desired. Oipeorem 6

Remark. Actually, more than Stationary Condensation holds in the model
witnessing the previous theorem. One has that for any uncountable x < «,
k regular, any club subset C' of [M,]<" has a condensing element M. (Sta-
tionary Condensation implies this only for uncountable successor cardinals
k.) But instead of verifying this, we show next that the stronger principle of
Local Club Condensation both holds in the known fine-structural inner mod-
els for large cardinals and can be forced consistently with an w-superstrong
cardinal.

Local Club Condensation:

Lemma 7 Local Club Condensation is equivalent to the following, seem-
ingly weaker statement: If a has uncountable cardinality , then the struc-
ture A = (Mg, €,(Mp: B < ), F) has a continuous chain (B,: v € C) of
condensing substructures with domains B., UWEC B, = M,, C C k is club,
C consists only of cardinals if Kk is a limit cardinal, each B, has cardinality
cardy and contains 7y as subset, where F' denotes the function (f,x) — f(x)
whenever f € M, is a function and x € dom(f) N M,,.

Proof: Suppose (M,: a € Ord) witnesses the above-described, seemingly
weaker property. First note that for any infinite cardinal x, H.+ C M,+: If
not, let A > k be the least cardinality of some « such that x € H,+ belongs
to M,. But then z belongs to the domain of some condensing B < A of
cardinality < A which contains k as subset and a function from s onto tclz
as element, i.e. which contains tclx as subset, using closure under F'. Thus
x belongs to My for some & < A, contradicting leastness of A.

Now we prove that Local Club Condensation holds by induction on k:
Assume « has uncountable cardinality x and €& = (M,, €, (Mg: § < a),...)
is a structure for a countable language. As € € H,+, we may choose o/ > «
of cardinality s s.t. £ € M,. We obtain a continuous chain (B,: v € C) of

3We use here that |g(x)] = 2 N x* and that ¢* may decide the values of the generic
predicate A in the interval [z N k™, |¢*(k)|) according to the values of AN x above k™.
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condensing substructures of A" = (M, €, (Mg: f < o), F) with domains
B, as described in the statement of the lemma. We may assume £ € B, .
Then we obtain a continuous chain (D, : v € C) of condensing substructures
D, = (D,,€,(Mg: B € D,),...) of & such that J .o D, = M,, each D,
has cardinality cardy and contains 7y as subset by setting D, = £[B,,, using
the fact that F' is part of the structure A’.

Now if kK = 67, § an uncountable cardinal, then by reindexing we can
assume that C' = [0, k), choose a so that (Ds, €, (Mg: 5 € D)) is isomorphic
to (Mg, €,(Mg: B < @&)) and define D, for v < ¢ by applying Local Club
Condensation inductively to &. If x is a limit cardinal, we let (v;: i < ot C)
be the increasing enumeration of C' and fill in (D,: v € C) to (D,: w <y <
k) by applying Local Club Condensation inductively. O

Theorem 8
In known L[E] models (see [20]), Local Club Condensation holds.

Proof-sketch: We verify the form of Local Club Condensation stated in
Lemma 7, taking M, to be L,[E]. Suppose that o has uncountable cardi-
nality A and let Lg[E] = Jg[E], § at least v, ¥ project to A. For CUB-many
ordinals A < A, the X; hull in Ls[E] of A with p, the first standard param-
eter for Lg[E], contains the witnesses for the ordinals in p. Moreover we
can guarantee that this ¥; hull condenses to a mouse with ¥y projectum A\,
as either \ is a limit cardinal, in which case we can choose each \ to be a
cardinal, or \ is a successor cardinal, in which case we can choose each A to
be a limit point of {y < A: v =ANX; hull of vy U {p} in Lg[E]}. It follows
that the 32; hull of A with p in Ls[E] condenses to an initial segment of L[E]
and therefore we may take By to be the intersection of this hull with L,[E].
O

Forcing Local Club Condensation:

Lemma 9 Assume (f,: v € [k, k7)) is so that each f, is a bijection from
K, a reqular uncountable cardinal, to v and 8 € [k,kT). There is a club of

d < Kk such that f,[0] = fs[0] N« for all a € f3[d] \ k.

Proof: Note that whenever X > [ is transitive below x and elementary in
(He+, €, F) with F(a,v) = fa(y) for v < k and k < o < k7, then X Nk
is as desired, which is easily seen using elementarity. The claim follows as
{XNk: X< (He, €, F)} contains a club in k. O
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Definition 10 If P is a notion of forcing and n is a cardinal, we say that P
is nt-strategically closed iff Player I has a winning strategy in the following
two player game of perfect information: Player I and Player II alternately
make moves where in each move, each player plays a condition of P. Player
I has to start and play 1p in the first move. Player 11 is allowed to play any
condition stronger than the condition just played by Player I in each of his
moves. Player I has to play a condition stronger than all previously played
conditions in each mowve, Player I has to make a move at every limit step
of the game. We say that Player I wins if he can find conditions to play in
any such game of length nt (arriving at n*, the game ends, no condition
has to be played at stage n™).

Now we will show how to force Local Club Condensation while preserving
w-superstrong cardinals. We assume that the universe V we start with
satisfies GCH, that R is a predicate well-ordering V and work in the model
(V, R). Note that the definition of the forcing iteration given below depends
on the predicate R and we will see in the proof of Theorem 25 that a careful
choice of R will be important for large cardinal preservation.

Definition of basic objects: For each ordinal «, fix f, as the R-least
bijection from the cardinality of a to . Let S denote the forcing poset
consisting of the conditions {1,0,1} where 0 <g1,1<g¢ 1,0 Lg 1. An S-
generic filter simply decides for either 0 or 1. For two compatible conditions
sp and s1 in S, let sg U s; denote the stronger of both. Whenever card a is
regular and g C (a + 1), let C,(g) denote the following forcing poset®:

If card av is a successor cardinal, card a = 67, ¢** is a condition in C,(g) iff
e ¢** is a closed, bounded subset of [¢,07) and
o Vi € ¢ g(ot faln]) = g(a).

If card « is inaccessible, ¢** is a condition in C,(g) iff
e ¢ is a closed, bounded set of cardinals below card o and

o V€ q” glot fan]) = g(e).
Conditions in C,(g) are ordered by end-extension (in both cases).

4We identify sets with their characteristic functions and vice versa in the following

(ie. 9(f) =1=p €g).
°For suitable g, Cy(g) will ensure that g(a) is coded by glcard . This “canonical
function coding” was first introduced in [2] and [3].
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Definition of the Forcing: We will force with P, a reverse Easton-like
iteration of Q(«), @ € Ord. If @ < w, Q(«) denotes the trivial forcing. If
card @ = w or card « is singular, Q(a) = Q(a)(0) = S. If card a is regular,
Q) = Q(a)(0) * Q(a)(1) with Q(a)(0) = S and Q(a)(1) = Ca(gat1),
where g,41 denotes the generic predicate obtained from the generic for P¥
(where PP = P, x Q(«)(0), with P, denoting the iteration P below «) as
follows: gat1lw = 0. For any ordinal # € [w,al, ga+1(0) is either 0 or
1, depending on whether the P®-generic G decides for either 0 or 1 at
Q(5)(0), i.e. gar1(B) = 1 iff Ip € G? p|BIFp(B)(0) = 1. To complete the
definition of P, we need to specify the supports used; before doing so, we
introduce some further notation:

For any notion of forcing in some forcing extension, we let 1 denote the
standard name for its weakest condition 1. Assume p is a condition in
some® iteration of (Q(a): a € §) for § € OrdU{Ord}. If card « is regular,
we write p, instead of p(a)(0) and we write p£* instead of p(a)(1). If card «
is singular or card & = w, we write p, instead of p(a) and say that p:* = 1
for notational simplicity. We call {y: p, # 1} the string support of p and
denote it by S-supp(p), we call {y: pI* # 1} the club support of p and
denote it by C-supp(p).

P is a standard iteration. For every v, p € P, iff for all 8 < v, p[3 € P, if
v = [+ 1 is a successor ordinal, I-p, p(5) € Q(F) and:

1. if v is regular, S-supp(p) is bounded below =,
2. C-supp(p) C S-supp(p) and
3. if cardy is regular, card(C-supp(p) N [cardy, 7)) < card 7.

P is the direct limit of the P,, v € Ord. Note that by 2, supp(p), the
support of p, is equal to S-supp(p).

For o« < 3, pla, 3) denotes pl[a, 3) and Pla, 3) denotes the iteration P
restricted to the interval [, ). Whenever we use such notation, we will
tacitly assume that « is a cardinal (which will not necessarily be the case for
B) and whenever we talk about properties of P|a, 3), we will tacitly assume
that we are in some generic extension after forcing with P, (with generic G,
and generic predicate go: go(y) = 1iff Ip € G4 plvIFpy, =1). We will later

Sthe full support iteration for example
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show that forcing with P, preserves cardinals, cofinalities and the GCH. If
card (3 is regular, we will write p[a, £)?® to denote p[a, 5)"p(58)(0). Pla, )%
denotes Pla, 3) * Q(3)(0). If p € Pla, 3) or Pla, 3)®, we also write p|~y for
pla,7) and p[y® for pla,7)®.

We will usually assume any condition p to satisfy the following properties
(possible as a dense subclass of conditions does):

Al. Vy 1p IFp, € S.

A2 v7 ]_PﬁyéB H_pi';* c C’Y(g"/'i'l)'

A3. ¥y ((py=1) V (1p, Ikp, #1)).

We will at some points have to temporarily cease from assumption A2
above. We will explicitly mention whenever we do so.

Fact 11 Ifp || q in P (or any of its restrictions), then they have a greatest
lower bound in P.

Proof: Each iterand of P has canonical greatest lower bounds for its com-
patible conditions (namely their union), thus the same holds for P. O

Claim 12 (String Extendibility) Work in a P,-generic extension. As-
sume > « and f is a function with domain d C |« 3) which is bounded
below every reqular cardinal s.t. for every v € d, f(v) is a Pla,vy)-name and
1pjaqyIF f(7) € {0,1}. Then any given p € Pla, 3) with S-supp(p) Nd =
can be extended to ¢ < p s.t. ¢, = f(y) whenever v € d. O

Definition 13 (upper part of a condition) Given a cardinal n € [« )
and p € Plo, B), we define u,(p) € Pla, 5) as follows:

1 ifa<y<ny
Dy otherwise

+ (o) = {

1 ifa<y<n®
py*  otherwise

o () = {

and call u,(p) the n*-strategically closed part of p. We let u,(Plo, 3)):=
{u,(p): p € Pla, 5)} and call it the n*-strategically closed part of Ple, 3).

11



Note:
e The fact that u,(p) € Pla, 3) heavily uses assumptions Al and A2.
e If n = w or 7 is a singular cardinal, then u,(P[n, 3)) = Pln, ).

e We may think of u,(p) as the condition extracting from p its string of
bits in the interval [, n") and everything at and above n*.

Definition 14 (lower part of a condition)
Ifn € [a, B) is a cardinal and p € Pla, 3), we define 1,(p) as follows:

o ={ ) Bz

py otherwise

° (ln(p))** _ { 1 ifB >~ 2> 77+

v py"  otherwise

where vy ranges over the interval [, 3) and call 1,(p) the n-sized part of p.
Note that 1,,(p) is in general not a condition in Plo, 3). Note also that l,(p)
complements u,(p) in the sense that it carries exactly all information about
p not contained in u,(p).

Notation: Assume (s': i < §) is a decreasing sequence of conditions in S.
Then (s': ¢ < d) is eventually constant and we denote its limit by (J,_4 s".
Given a decreasing sequence of conditions in Pla, 3) of limit length 6, we
say that r is the componentwise union of {p: i < §) iff for every v € [a, ),

Ty = LJpZ7 and 1" = U(p’):*

1<0 <0

r is usually not a condition in Pla, 3),” but S-supp(r) and C-supp(r) can
be calculated as if r were a condition by letting S-supp(r) := {y: r, # 1} =

Uics S-supp(p’) and C-supp(r) := {: r2* # 1} = J,; C-supp(p).

Definition 15 (stable below ™) Assume (p': i < ) is a decreasing se-
quence of conditions in Pla, 3) of limit length 6 < n*, n € [o, () is a
cardinal. We say that (p': i < 8) is stable below n* iff

"Unless ((p')z*: i < ) is eventually constant, 7** will not be closed.
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o (1,(p"):i < d) is eventually constant or

e 1) is singular and for every cardinal p < n, (1,(p"): i < 8) is eventually
constant.

Fact 16 If (p': i < §) is a decreasing sequence of conditions in Pla, ) of
limit length 6 < n™ which is stable below n™ where 1 € [a, B) is a cardinal,
then the componentwise union of (p'In™:i < &) is a greatest lower bound
for (p'InT:i<d). O

Definition 17 (greatest lower bound) Given a cardinal n € [«, 5) and
a decreasing sequence (p': i < 8) of conditions in Pla, ) of limit length
d < nT which is stable below n™, form their componentwise union r. Observe
that S-supp(r) is bounded below every regular cardinal and C-supp(r)N[d, 6)
has size less than 0 for every regular 6.

We want to form q € Pla, 8) by setting, for every v € C-supp(r), v > nt:

(1) Got g, supry) = 7"

(2) ¢ =3 U{supri*}.
(3) qe = ¢ for every & € S-supp(r), ¢i* = ri* for every § <n™.

All other components of g should have value 1. If such q exists, we say that
q is the greatest lower bound for (p': i < §).

Fact 18 Given a cardinal n € [o, 3) and a decreasing sequence (p': i < §)
of conditions in Pla, ) as in definition 17, if we can form their greatest
lower bound q as above, then q is a greatest lower bound (in the usual sense)
for (p':i<4). O

Note: Definition 17 equally makes sense and Fact 18 equally holds within
Pla, 8)¥ (instead of Pla,3)). It often will be the case in the following
that when we give a definition or prove a statement concerning Pla, [3),
an analogous definition or statement will make sense or hold for Pla, 3)%,
which we will not mention in general.

8Whenever we want to do this, we will be in a situation where each sup 3" will have

been decided to equal an actual ordinal value (and is not just a name for an ordinal).
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Definition 19 (cardinal predecessor)
If 0 is a successor cardinal, @ = \*, 0~ := X. If 0 is inaccessible, 0~ may be
chosen to be any cardinal less than 6. If I consists only of regular cardinals,

we say that (0~ : 0 € I) is a predecessor sequence iff whenever 0y < 0 are
both in I, 81_ Z 90.

Definition 20 (information at 0) )
If p € Plo, ) and 0 € [a™,3) is regular, § < ¢, we let ( := min((,07),
(4 1:=min(¢ + 1,0%) and define

ig(p) = {C,pIC+ 1} U (C-supp(p) N [6,¢)) ,

io(p) == iy (p).

Definition 21 (suitable genericity) Let p € Pla,f3), ¢ € [a,f], 0 €
[a*, ¢) reqular and assume card(i5(p)) < 6~ < 6. Assume (M*: i < §) is an
increasing sequence of length 6 < 6 of domains of elementary submodels of
(H,, R) for some large, reqular v and each M; is of size less than 0, transitive
below 0, i5(p) U {0, (M;: i < &)} C Ms. Assume q < p, t € Pla,3). We
say t < q is suitably generic for Pla, () at 0 over (M*: i < §) below p w.r.t.
0~ iff:

la. If { < B, then t meets every dense subset of ug-(Pla,()) which is

definable in M° using parameters in i5(p) U {0~ (M':i < 8)}, in the
sense that for each such dense set D, there is s > t[(C such that s € D.

1b. If { = ( = f3, then t meets every dense subset of ug- (P, €)®) which
is definable in M° using parameters in ig(p) U {0, (M': i < 6)}, for
every £ < (, £ € M°.
2. If0 =card 8 and = ( = v+ 1 is a successor ordinal, us-(t) forces
that sup(t:*) > sup(S-supp(p) N 0).
Remarks:

e [3is to be read off from p in definitions 20 and 21 above.

e Note that when we require that ¢ is suitably generic for Pla, () at

6 over (M": i < §) below p w.r.t. = in the following, we implicitly
require that ig(p) U {0~, (M?: i < 6)} € M?, that each M’ has size
less than 6, is transitive below  and that card(i§(p)) < 6~ < 6.
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e Observe that if ¢ is suitably generic for Pla, () at 6 over (M": i < §)
below p w.r.t. = and ¢’ < ¢, then ¢’ is suitably generic for P[a, () at
6 over (M*: i < §) below p w.r.t. 6.

Theorem 22 Suppose w < a < n < «a, with a,n € Card.
Then the following hold:

1. [Greatest Lower Bounds]

Assume (p': i < ) is a decreasing sequence of conditions in Pla, a)
of limit length v < n™ which is stable below n*. Let ((;: 1 < 7) be
such that for each i < v, ¢ is least s.t. p ¢, o) = p'[G, ). Let
S; = (0;: C-supp(p') N [0,07) # 0, 6 < (;) be a predecessor sequence
for every i < 7. Assume that for every 0 € [nT,a): if 7 < 7y is
least such that C-supp(p’ N [0,01)) # 0, then (M}: 7 < i < ) is an
increasing sequence of domains of elementary submodels of (H,, R) for
some large (w.r.t. ), regular v with union My = \J,;., My, such that
for each i € [j,7), if 0 < (;, then p™* is suitably generic for Pla, ()
at 0 over (MF: k <i)° below p* w.r.t. 0; .

Then the sequence (p': i <) has a greatest lower bound.

2. [Smallness of the iteration/
If o is regular, u,(Pla, o)) has a dense subset of size . Otherwise
u,(Plav, ) has a dense subset of size o .

3. [Genericity]

Let p € Pla,a), ¢ < a and I C [aT,() so that I consists only of
reqular cardinals and is bounded below every inaccessible. Assume S =
(0=: 0 € 1) is a predecessor sequence, card(i5(p)) < 07, § < min]
and (M} : i < §) is an increasing'® sequence of domains of elementary
submodels of (H,, R) for some large (w.r.t. ), reqular v,** s.t. each
Mj is of size less than 6, transitive below 6 and i§(p) U {6~ (M}: i <
&)}y € Mg for all 0 € I. Then for every q < p, there is t < q
s.t. t is suitably generic for Pla,C) at 6 over (Mi:i < §) below p
w.r.t. 0= for every 0 € I and luinn~(t) = lminn)-(q). If supl &1,
tlsup I, ) = gq[sup I, «), otherwise t[(sup )", a) = ¢[(sup I)*, a).

9Let M¥ =0 in case k < j (and thus M} was not defined).

10We also allow for a proper initial segment with constant value 0.

UTn particular, v should be large enough so that every p € D,, (as defined in the proof
of 2) can be represented in H,.
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4. [Strategic Closure]
u,(Pla, ) and u,(Pla, o)®) are both 0" -strategically closed.

5. [A stronger form of Genericity]

Letp € Pla,a) and I C [at, «) so that I consists only of reqular cardi-
nals and is bounded below every inaccessible. Assume S = (0~: 0 € I)
is a predecessor sequence, (Ip: 0 € I) is such that Iy O ig(p) and
card(ly) < 0~ for all 0 € I, 6 < minl and (M}: i < §) is an in-
creasing'® sequence of domains of elementary submodels of (H,, R)
for some large (w.r.t. ), reqular v,'* s.t. each M} is of size less than
0, transitive below 6 and Iy U {0, (M}: i < §)} C MY for all § € I.
Then for every q < p, there is t < q s5.t. lminn)~(t) = lminn- (),
t meets every dense subset of ug- (P&, «)) which is definable in M
using parameters in Iy U {0~ (M}: i < &)}. 12

6. [Early Club Information]
Pla, ) has a dense subset of conditions p for which p[i® forces that
pi* has a Pla, cardi)-name for each i € C-supp(p).

7. [Chain Condition]
Assume n is reqular. If J is an antichain of P|a, o) such that whenever
p and q are in J, uy(p) || uy(q), then |J| <.

8. [Early names]

o Assume n is reqular. Let f be a Pla, «)-name for an ordinal-
valued function with domain n. Then any condition in Pla, «)
can be strengthened to a condition q with the same n-sized part
forcing that for every i < m, there is a mazximal antichain of size
at most n below q deciding f(z), where for every element a of
that antichain, u,(a) = u,(q). In particular, q forces that f has
a Pla,~)-name for some v < n*.

o Assume 1 € [a,a] is singular. Let f be a Pla,a)-name for an
ordinal-valued function with domain n. Then for any ¢ < n, any
condition in Pla, ) can be strengthened to a condition q with the
same (-sized part, forcing that for everyi < mn, there is a mazimal
antichain of size less than n below q deciding f(z), where for every

12Note that if ¢ is as described, then ¢ is suitably generic for Pla,«) at 6 over (Mg: i <
) below p w.r.t. 0~ for every 6 € I.
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element a of that antichain, u,(a) = u,(q). In particular, q forces
that f has a P,-name.

9. [Distributivity/
For any 6, P[0, «) is 0-distributive.

10. [Preservation of the GCH/
After forcing with P,, GCH holds.

11. [Covering, Preservation of Cofinalities]
For every cardinal 0, for every p € P, and every P,-name x for a set
of ordinals of size 0 there is a set X in V of size 0 and an extension
q of p such that qlF& C X.

Therefore forcing with P, preserves all cofinalities.

12. [Factorization]
Whenever o > «, Pla, a*) is isomorphic to a dense subset of P|a, o)

Plo, o).

13. [Club Extendibility]
If I C [a,«) is such that card(I N0) < 6 for every reqular 6, I C
U reguiarl@: 07) and (6: i € I) is s.t. §; < cardi for every i € I, then
for every p € Pla, «), there is ¢ < p s.t. Vi € I qli® IFmax g™ > ¢;.

Proof: By induction on «.

Proof of 1: Assume (p': i < 7) is as in the statement of the theorem,
using predecessor sequences S; and models M. We want to show that
(p": i < v) has a greatest lower bound. Let r be the componentwise union
of the p’. Let ¢ be largest such that for each i < v and each £ < ( there exists
J > ¢ such that ¢; > {. We may assume that ( = « as the claim follows
inductively otherwise. We obtain the following, using suitable genericity,
for every 6 > n™ with C-supp(r)N[6,07) # 0: sup(S-supp(r)NE) = MyN0o;
C-supp(r) N [0,07) = My N [0, min(0", «)); if 6 is inaccessible, card My =
sup(S-supp(r) N ) = My N 4.

If 3 € C-supp(r), B > nT, choose j < 7 such that § € Mgardﬁ. Then
(p'1B: j < i < 7) satisfies the hypothesis of 1 (at stage [3), using the
predecessor sequences (S;: j <1 < ~) and models (M}: j <i < ). Let ¢°
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denote the inductively obtained greatest lower bound of (p‘[3: i < ), let
(¢°)® denote the inductively obtained greatest lower bound of (p'[3%: i <
)-

Assume 7™ < & € C-supp(r), card§ = 6. Then (¢*)® forces that suprg* =
sup(S-supp(r) N 6)."* Furthermore f¢ is a bijection between 6 and &, by
elementarity of My thus fe[(My N @) is a bijection between My N # and
My N & Thus if we let mp denote the collapsing map of My, it follows
that (¢*)® forces that my(§) = ot(fe[suprg*]). If 6 is inaccessible, mp(&) >
My N 6 = sup(S-supp(r) N 8) = card My, thus for any & # & in C-supp(r)
with card §y = 6y and card & = 6y, mg,(£0) # e, (1) and we can build ¢ out
of r by setting, for every £ € C-supp(r), £ > nt:

e ¢ =1 U {sup rg‘*},

® dm(e) = T¢

letting g¢ = r¢ for every & € S-supp(r) and ¢f* = r* for every { < n¥,
once we know that ¢¢ forces re to have a Pyp(s-supp(r)ng)-name whenever
nt <6 =card§, & € C-supp(r).

To see this is the case, choose i < 7 such that ¢ € C-supp(p’) and ¢; > &. D=
{p € uy-(Pla,§)): plk(p*)e has a Pla, sup(S-supp(p) N ))-name} is dense
in u,- (P&, §)) using 8 inductively and definable in M} from parameters in

i$'(p") U {67 }. The statement follows by suitable genericity of pit!.

Note: ¢, as obtained above, will usually not satisfy property A2. But we
may replace ¢ by an equivalent ¢ satisfying A2, where we say that ¢ and ¢’
are equivalent iff ¢’ < ¢ and ¢ < ¢.

Proof of 2: Assume for simplicity of notation that n = & is singular
and hence u,(P[a, o)) = P&, a). Other cases are similar. We prove that
D, :={p € Pla,a): Y03y S-supp(p) N [0,07) = [#,v)} has an equivalent
dense subset E, of size « if « is regular and of size o™ if « is singular, in
the sense that for every p € D, there is p’ € E,, such that p < p’ < p. Note
that D, itself is dense in Pla, «).

BIf ¢4+1 = a, sup r¢* > sup(S-supp(r) N#) follows using clause 2 of suitable genericity.
Otherwise, supr¢* > sup(S-supp(r)N0) follows by easy density arguments and clause 1 of
suitable genericity. sup(S-supp(r) N#) > supr¢* uses similar density arguments together
with 6 inductively, clause 1 of suitable genericity and 2 inductively.
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Regular Cardinals: If « is regular, conditions in P[&, a) have bounded
support below «, thus the claim follows by 2 inductively.

Successor Ordinals: Assume p € D,, a = 3+1 and Dg has an equivalent
dense subset Ej of size ot inductively. pg can be identified with an antichain
of E3 below p[. Since for any two elements ag, a; of such an antichain,
Ucard a(@0) || Ucarda(@1), such an antichain will have size at most card « using
7 inductively, thus there are a"-many possible choices for pg. pj can be
identified with a collection of less than card e-many antichains of £z below
plB, each elementwise paired with ordinals below card «, thus using similar
arguments as before, there are at-many possible choices for pj . Hence D,
has an equivalent dense subset of size o™ .

Singular Ordinals: If « is singular and p € D,, we can modify p to
an equivalent p’ such that for every v < «, p'|v € E,. Hence D, has an
equivalent dense subset of size [[_, 7" < a™.

Proof of 3:

Case 1: ( <«
3 immediately follows inductively from 5. We may thus assume in all sub-
sequent cases below that ( = a.

Case 2: « is a successor ordinal, o = 3+ 1

It follows inductively from 5 that, given ¢ < p we can find ¢ < ¢ which
satisfies clause 1 of being suitably generic for Pla, () at 6 over (M}: i < §)
below p for every 6 € I. It is easy to strengthen ¢’ to ¢ which also satisfies
clause 2 of suitable genericity.

Case 3: M’ . is bounded in «

Let i := card a, let a* := sup(Miﬂoz), let (Mg)* be the smallest elementary
submodel of (H,, R) which contains M9 U{a*} as a subset and is transitive
below p, let (ME)* := M} if 0 # p or i # § and apply 3 inductively to obtain
¢’ < qla* such that ¢ is suitably generic for Pla, o*) at 6 over ((M})*: i < )
below p w.r.t. 8~ for all # € I. Then t := ¢ ¢g[a*, a) is as desired. Note
that case 3 covers the cases a regular and cof o = card .
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Case 4: « is a singular cardinal

Let (0;: i < &) enumerate [ in increasing order. We build a decreasing
sequence (p': i < &) of conditions in P[@,a) with p® = ¢ so that given p’,
pt1is suitably generic for Pla, ) at 6; over <M9jl_: j < 9) below p w.r.t. 6;",
lo- (") = o, (p") and p™0;7, a) = P17, ). If i <& is a limit ordinal,
note that we may choose p' to be the greatest lower bound of (p?: j < i) as
(pP(¢): j < i) is eventually constant for every ¢ € [a,a). If E =y +1isa
successor ordinal, t := p” is as desired. If ¢ is a limit ordinal, ¢ := p¢ is as
desired.

Case 5: cof a < card o, v ¢ Card

Let p = card a. Let p® be suitably generic for P[a, ) at § over (M}: i < )
below p w.r.t. 6~ for every 6§ € I\ {u}.'* If u & I, we are done by letting
t = p°. Assume p € I. We may assume that sup(M/‘j Na) = «, as we
may use case 3 otherwise. Let (a;: i < cof @), be a cofinal, continuous and
increasing sequence with limit o and ay > pu. We construct a decreasing
sequence (p’: ¢ < cof a) of conditions in P[@, ) with greatest lower bound
t = p®'® which has the desired properties of the claim:

Choose pu* > cof o, pu* € ]\/[3 15 Given p*, choose a predecessor sequence
07 :0 € (u,p],C- supp( N 6,67) # 0) so that each 6; > card(iy (p?)),
6, > p* and choose (Nj: 0 € (u*, u], C-supp(p*) N [0, 9+) 7& ) so that each
Ne is of size less than @, transitive below 8, contains i§*(p') U {6;, (N} : j <
i)} and |, Ng as subsets, such that N} < (H,, R). Apply 3 1nductive1y to
obtain (p')’ < p' which is suitably generic for Pa, o;) at p over (M} : i < 0)
below p w.r.t. p* such that [, (p"™) = 1, (p*). Apply 3 inductively once more
to obtain p"*! < (p’)’ which is suitably generic for Pla, a;) at § over (N]:j <
i) below p* w.r.t. 8 for every 0 € (u*, ] with C-supp(p’) N [0,67) # 0 such
that 1, (p"tt) = 1,- (( ). Note that at any limit stage j < cof o, we obtain
a greatest lower bound of the (p: i < j) by 1, using that (I,+(p"): i < cof )
is constant.

Proof of 4: Choose some large (relative to «), regular v. Let p €
u,(Pla, @)). Given p, choose a predecessor sequence (f; : C-supp(p') N

14This is possible using 3 inductively, as p® < p is suitably generic for P[a, «) at 6 over
(M} i < 6) below p w.r.t. 0~ for every 6 € I\ {u} iff p°|u is suitably generic for Pla, 1)
at @ over (Mg: i < §) below plu w.r.t. 0~ for every 6 € I\ {u}.

5This is possible as cof a € M.
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[0,67) # 0) so that every 6; > card(ip(p')), 6; > n and choose (M}:
C-supp(p’) N[0, 07) # 0) s.t. each M} < (H,,R) is of size less than 6, transi-
tive below 6 and contains ig(p’) U{6~, (M3 : j < i)} and Uj<i Mj as subsets.
Assume ¢' < p’ and choose p'tt < ¢ s.t. ptt € w,(Pla, «)) is suitably
generic for Pla, a) at 6 over (M} : j < i) below p w.r.t. 6; for every # with
C-supp(p’) N [0,07) # 0, using 3. Note that at any limit stage < n*, we
may obtain a greatest lower bound of the p* up to that stage using 1.

Proof of 5: Let p € Pla,a), g < pandlet S, I and (Iy, M}: 6 € I,i <)
be as in the statement of 5. Let (6;: i < £) enumerate [ in increasing order.
We build a decreasing sequence (p’: i < &) of conditions in P[a, o) with p° =
q: Given p’ so that i +1 < &, let p := (6;)~. Choose a predecessor sequence
(07 : 6 € (1, ), C-supp(p’) N [0,0") # 0)!° so that each 0 > card(ig(p")),

0- > pand Choose (N}: 0 € (u, ), C-supp(p’) N1, 0%) # @) so that each N}
is of size less than 6, transitive below @, contains is(p’) U {6;", (N} : j < z)}
and Uj<l. Ng as subsets, such that N} < (H,, R). Use u*-strategic closure of
u,(Pla, a)) to find (p')’ < p* which hits every dense subset of u,(Pla, a))
which is definable in M, from parameters in Iy, U{(6;)", <MGJ 1 <0)} st

L((p")) = 1,(p"). Use 3 to obtain p"*' < (p')" which is suitably generic
for Pla, a) at 6 over (Nj: j < i) below p' w.r.t. §; whenever C-supp(p’) N
[0,07) # () and 6 > p. Assume ¢ < ¢ is a limit ordinal. If cardi is regular,
(learas(p?): 7 < i) is eventually constant,'” if cardi is singular, for every
p < cardi, (1,(p?): j < i) is eventually constant and thus we we may, in
each case, choose p' to be the greatest lower bound of (p’: j < ¢) using 1. If
& = v+ 1 is a successor ordinal, ¢ := p7 is as desired. If £ is a limit ordinal,
t :=pt is as desired.

Proof of 6: Let p’ € Pla, a). Choose some large (relative to ), regular v.
We construct a decreasing sequence of conditions (p': i < w) with greatest
lower bound p, which will be as desired. Given p’, choose a predecessor
sequence (6; : C-supp(p’) N [0,07) # 0) so that every 67 > card(ip(p’))
and choose (M}: C-supp(p') N [#,07) # () s.t. each M} < (HV,R) is of size
less than 0, transitive below § and contains ig(p?) U {6, , (M} : j < i)} and
U< M as subsets. Choose pt' < p’ such that pi*! meets every dense

16To avoid possible sources of confusion, note that (6;)~ and 0, are distinct objects.
""We use here that (6;), > sup{f;: j < i} and for any regular cardinal &, card{i: 6; <
K} is less than k.
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subset of “eg(P[@a «)) which is definable in M} from parameters in iy(p) U
{0, (M) j < i)} for every 6 with C-supp(p’) N [0,6F) # 0, using 5. Since
if £ has cardinality 6 and £ € C-supp(p’), D¢ = {t € Pa,£)®: tIFpg* has a
Pla, ¢)-name for some ¢ < 6} is dense in ugif(P[@, €)?) using 8 inductively
and is definable in M} using parameters in ip(p') U {6; }, it follows that p is
as desired.

Proof of 7: Apply 2 inductively to obtain a dense subset Pla,n)* of
Pla,n) of size n and apply 6 to obtain a dense subset P[n, a)* of P[n, a) of
conditions as described in the statement of 6. Assume for a contradiction
that [J| > n for some antichain J of P[a, n)**P[n, a)* (we use 12 inductively
here). As P[a,n)* has size 0, pla,n) is the same for n-many conditions
p € J, hence there is p € Pla,n) and J' C Pln,«)* such that plkJ’ is
an antichain of P[n,a) of size n*. Work in any P,-generic extension with
p contained in the P, -generic. As GCH holds by 10 inductively, by a A-
system argument, there is W C J' of size n* and a size less than n subset
A of nt s.t. C-supp(p) N C-supp(q) N [n,nT)=A whenever p # ¢ are both in
W. Again using GCH, there are only n-many possibilities for (p;*: i € A)
for p € P[n,«)*. Hence for n*-many conditions p in W, (pi*: i € A) is the
same (modulo equivalence). But - using the assumption that u,(p) || u,(q)
- any two such conditions are compatible, thus W (and hence also .J) is not
an antichain.

Proof of 8: Let p € Pla,a). First assume f is a P[a,a)-name for an
ordinal-valued function with domain 7 € [@, o) regular. Let I := {f(i): i €
n} Ui, (p), with f(i) being any name for the evaluation of f at i for each i.
Let M < (H,, R) of size n, transitive below n* for some large (relative to a),
regular v such that I C M. Let ¢ < p such that ¢ meets every dense subset
of u,(P[&, a)) which is definable in M using parameters in I, using 5. As
D; = {t € uy(Pla,a)): there is a mac of size at most 7 of conditions s in
Pla, o) with u,(s) = u,(t) deciding f(i)} is definable in M from parameters
in I and dense in u,(P[a,«)) for each i < 7 using 4 and 7, ¢ is as desired.
To be more precise, the fact that D; is dense in u,(P[a, «)) is seen using a
construction to reduce the decision about f(i) to the 7-sized part of Pa, a)
as follows:
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Let p° € u,(P[a,a)). Choose ¢° < p° in P[a, o) such that ¢° decides f(i).
At stage j + 1, let p’ ! < p° be any condition in P[@, ) incompatible to all
¢*, k < jst. u,(pP™) = u,(¢?) (if such exists) and choose ¢/*! as follows:

o P <Pt
o ¢/t decides f(i) and

e u,(¢’™) is chosen with respect to the strategy for n*-strategic closure
of u,(Pla, @) below (u,(¢*): k < j), using 4.

At limit stages j < T, let p/ < p° be any condition in P[a, &) incompatible
to all ¢*, k < j s.t. for all k < j, u,(p?) < u,(q") if such exists. Note that a
p’ satisfying the latter condition can always be found by the strategic choice
of the u,(¢*). Choose ¢/ < p/ deciding f(i) with u,(¢’) < u,(p?).

Proceed with this until arriving at some stage j where no condition p’ as
above can be chosen. By 7, this will be the case for some j of cardinality < 7.
We can then find ¢ € u,(Pla,«a)) s.t. t < u,(q") for every k < j. Hence we
may strengthen every ¢* to @* such that w,(q%) = u,(t) and 1,,(g*) = 1,,(¢").
Then {7*: k < j} is a maximal antichain of P[a, ) below t deciding f(i).

Now assume f is a P[@, a)-name for an ordinal-valued function with do-
main some singular cardinal n € [@, a] and ¢ <n. Let n = U, o5, 7 With
each n; regular and 7y greater than both cof n and (. Let [; := {f(j) J €
nit Uiy+(p). Let p € Pla,a). Let (M;: i < cofn) be a sequence of ele-
mentary submodels of (H,, R) for some large (relative to «), regular v such
that each M; has size n;, is transitive below n;” and contains I; as a subset.
Let ¢ < p be such that ¢ meets every dense subset of u,, (P[a, «)) which is
definable in M; using parameters in [; for every ¢ < cof n, using 5. Similar
to the regular case above, it follows that ¢ is as desired.

Proof of 9: Assume 7 is a P,-name for a sequence of ordinals of length
less than . Then by 8, below any p € P, there is ¢ < p forcing that & has
a Py-name.

Proof of 10: P, has a dense subset of size at most ot by 2. Thus IFp, 20 —
0t for 0 > a. If 0 = «, the claim holds using 8 and 2. For 6 < «, note that
P, = Pys x P[0F, ), where P+ preserves 29 = 0+, If 0% = «, we are done.
Otherwise, the result follows by 9.
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Proof of 11: As P, has a dense subset of size at most a™ by 2, this is
immediate for § > a™. If « is regular, P, has a dense subset of size o and
hence this is immediate for § = « in that case. If 6 < o and 6+ < «, this
follows inducively, using that P[#", «) does not add new sets of size 6. If
a = 6%, we use 8 to obtain ¢ < p forcing that for every i < 6, there exists
an antichain of size at most @ below ¢ deciding the i*" element of &, thus ¢
forces that we can cover & by some X € V of size 0. If § = « is singular,
note that the “singular case” of 8 also holds in the case that 7 = o and thus
we may apply 8 as above to obtain ¢ < p forcing that for every ¢ < 6, there
exists an antichain of size less than 6 below ¢ deciding the i*" element of .
O

Proof of 12: Note that whenever (p, &) € P[a, a)* Pla, a*), then p forces
that C-supp(d)N[a, at) has size less than «, that C-supp(d)N[a™, a’™) has
size at most «, that S-supp(¢) N [, @t) has size « and that each of those
supports can be covered by a set of the same size in the ground model.
We may strengthen p to ¢ such that ¢ decides those covering sets. Let
D C Pla,a) * Pla,a*) be the dense set of such conditions (g, &) as above.
Now it can be seen as in the proof of the Factor Lemma (see [14]) that
Pla, a*) is isomorphic to D, using the fact that P, has a dense subset of
size at most a™ by 2.

Proof of 13: Assume [ is as in the statement of the claim and for a given
sequence of ordinals (&,: v € I), we want to find ¢ < p such that for every
vyel, qy®IF I 5. We may assume that p,, # 1 for every v € I. Choose
a predecessor sequence (7 : I N[A,07) # ) so that each 6§~ > card(ig(p))
and a sequence (My: I N[0,67) # 0) of domains of elementary submodels
of (H,, R) for some large (relative to «), regular v, so that each My has size
less than 6, is transitive below 6, contains (IN[0,01))Uis(p) as a subset and
A= (0,: v € I) and 6~ as elements. Let ¢ < p be such that ¢ meets every
dense subset of ug- (P[@, «)) which is definable in My from parameters in
(IN[0,67))U{A}Uig(p)U{0} for every 6 with IN[6,0") # 0. As for every
vel, D, ={t€up(Pla,a)): tlylFmaxt:* > 6.} is dense in uy- (Pla, o))
and definable in Mj from parameters in (I N[0,67)) U{A} Uig(p) U {0},
q is as desired.

The fact that D., is dense in uy- (P[a, ) is immediate if v > a*. If v <
a’, by an easy density argument, for € either 0 or 1, S, := {{ < a: G4(&) =
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€} intersects every unbounded ground model subset of & unboundedly often
below a. Let e € {0,1} be s.t. plylkp, = €, choose § > ¢ such that
ot f'y [5] € Se and set q:;* = pi;* ) {5} Dof Theorem 22

Corollary 23 P preserves ZFC, cofinalities, cardinals and the GCH.

Proof: Note that whenever k is singular, P[k, 00), the iteration starting from
Kk, is k1-strategically closed. To verify this, we need variants of Theorem
22, clauses 1 and 3, using, instead of a single v which is large w.r.t. o, a
sequence (vy: 6 € Card) so that each vy is large w.r.t. §. Those variants are
proven most similar to clauses 1 and 3 of Theorem 22. Then we can show
that P[k, 00) is kT -strategically closed most similar to the proof of Theorem
22, clause 4, using the sequence (vp: 6 € Card) instead of a single v.

As Plk,o0) is kT -strategically closed, it is kT-distributive for definable se-
quences of dense classes. Now it can be seen easily from [10], Section 2.2 that
this suffices to show that P is tame and thus preserves ZFC. Preservation
of cofinalities, cardinals and the GCH is immediate. O of coroltary 23

Note: For every i of regular cardinality, UpeG pi* is club in card ¢ for any
P-generic GG. This is immediate from Theorem 22, clause 13 above.

Claim 24 P forces Local Club Condensation.

Proof: Let G be P-generic. Let A be the generic predicate obtained from
G,ie. a € A—3Tp e G plalkp, = 1. Note that V|G| = L[A] as any set of
ordinals in V is coded into A. We claim that (M, : a € Ord) witnesses Local
Club Condensation in V[G] with M, = L,[A]. If « has regular uncountable
cardinality s then Local Club Condensation is guaranteed by the forcing P:
Note that for each § € o'\ k we have A(f) = A(ot f3[d]) for all ¢ in the club
Upea P C k- It follows that for a club C of § < x, A(B) = A(ot f5[d]) and
moreover fg[d] = f,[0] NG for all B € f,[0]\ k; this is seen using Lemma 9.
Let, as in Lemma 7, F' denote the function (f,z) — f(z) whenever f € M,
is a function with x € dom(f). Now let M} = (M,,€,(Mz: B < a),F,...)
be a Skolemized structure for a countable language and for any X C « let
M (X) be the least substructure of M containing X as a subset. Consider
the continuous chain (M (f.[d]): 6 € D), where D consists of all elements &
of C's.t. § C fu[d] = ME(fu[6]) NOrd and f,[6] Nk € Ord. Then MZ(f.[d])
condenses for each § € D.
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Finally we must verify Local Club Condensation for o when « has singular
cardinality k. Suppose that 3 > o and S € V is a Pg-name for a structure
(M, €, (Mg: < a),R,F,...) for a countable language in L[A] such that
the S-closure of & is all of M,, with I as above, R the given well-ordering
of V (from which in particular the canonical functions (f;: i € Ord) were
chosen). We show that any condition p € Pj3 has an extension ¢* which forces
that there is a continuous chain (Y,: v € C) of condensing substructures of
S whose domains (y,: v € C) have union M, such that (y, N Ord: v € C)
belongs to the ground model, where C' is a closed unbounded subset of
Card Nk, each y, has cardinality v and contains « as subset. Choose C' to
be any club subset of Card Nk of ordertype cof x whose minimum is either
w or a singular cardinal and is at least cof k. Write C' in increasing order as
(7i: i < cof k). Choose some large (w.r.t. 3), regular v.

Let p° = p. We may assume that C-supp(p°) N [y, ™) # 0 for every
i < cof k. Given p', let S; = (7 : § > min C, C-supp(p’) N [#,07) # 0) be
a predecessor sequence such that each 6 > card(ig(p’)) and > min C and
let (M}: 6 > minC, C-supp(p’) N [#,07) # () be a sequence of domains of
elementary submodels of (H,, R) such that each M} has size less than 6, is
transitive below # and contains ig(p') as subset and p’, 6", S and <Mg D<)
as elements. Moreover make sure that whenever 6 < 61, M C M and
that whenever ~ is a limit point of C, M;'+ = Usecn, Ms. The latter is
possible as min C' > cof k and we may thus sufficiently enlarge the M.,

0 € C'N~, after choosing M;jr D) U(SeCrw M}, in the first place.

Choose p't! < p' following the strategy for wi-strategic closure of Pg such
that p**! meets every dense subset of uy- (P3) which is definable in M}, using
parameters in ig(p’)U{6;, S, (M} j < i)} whenever C-supp(p*)N[6,67) # 0
and 6 is inaccessible. If § is a successor cardinal and C-supp(p*)N[0, 67) # 0,
we require that p"™ meets every dense subset of uy- (Pg) in M;.'®

Finally, let r be the componentwise union of the (p’: i < w), let ¢ be their
greatest lower bound. Let y, := |J,_,, M;'+ for every v € €. We have
obtained the following properties for every v € C"

(1) y, is transitive below 77,

(2) yy N [y,7") = S-supp(r) N [v,77),

18

i.e. every dense subset of uy- (Pg) definable in M} using parameters in M}
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Ny*y ) = C—SUpp(?‘) N[yt at),

(1) is immediate as each of the M, is transitive below v*, (2) and (3) follow
by suitable genericity. For (4), it suffices to show that the S-closure of M;;
intersected with the ordinals is forced by ¢ to be contained in M;f for
every i < w: We required that MW’Q € ]\/[;il Thus D = {t € u,(Ps): tIF(S-
closure of M;+) NOrd is covered by a ground model set of size v} is dense in
Ps using clause 11 of Theorem 22, contained (as an element) in Mfyil and
will thus be hit by p**2; (4) now follows as p'™2 € Mif: using elementarity,
P2 forces that we can cover the S-closure of M, Dby a set in M;f of size
v; as v C Méf, this covering set will be contained (as a subset) in Mfyiz
(5) follows similar to (4), using easy density arguments. (6) is immediate
by our requirements on the Mj.

Let 7, be the collapsing map of y,. If £ € y, N[y, 7™1), fe is a bijection
from v* to &, hence f¢[(y,Nvy") is a bijection from y,Nvy* to y,NE by elemen-
tarity, i.e. m,(§) = ot(fe[y, Ny ")), therefore ¢(m,(§)) = r(§). Now extend ¢
to ¢* such that for every & € y,, £ > v*", we have ¢*(m,(§)) = r(£); this is
possible since if v is inaccessible, sup(S-supp(r)N~y) = card y, and whenever
C-supp(r)N[0,07) # 0 and 0 is inaccessible, sup(r;*) = sup(S-supp(r)Nf) >
sup(C' N @)* for every ¢ € C-supp(r) N [f,07) by easy density arguments,
hence when we form ¢ out of r and have to set g(ot f¢[sup(r{*)]) to be equal
to ¢(¢) for ¢ € C-supp(r) N [6,07), we do not make any new requirements
in the interval [y,77") - note that ot f¢[sup(r{*)] > sup(r¢*). We thus made
sure ¢* forces Condensation for y., for every v € C. O

Theorem 25 Local Club Condensation is consistent with the existence of
an w-superstrong cardinal.

Proof: Assume k is w-superstrong, witnessed by the embedding j: V — M.
Let A be a well-ordering of V,, (viewed as a function A: k — V,;). We use
A to build a well-ordering of Vju(,) as follows: By elementarity of j, j(A)
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is a well-ordering of Mj(,) extending A. But Vjq) = Mj(.), hence j(A) is
in fact a well-ordering of Vj,). Similarly, j(j(A)) is a well-ordering of V2,
extending j(A). Going on like this for w steps, using that Vjw () = Mje (., we
obtain a well-ordering B := |, .., j"(A) of Vju(, such that j(B) = B. Now
we perform a class forcing 7' to add a predicate R extending B which well-
orders V: A condition in T is a function f from an ordinal into V extending
B; f is stronger than g in T iff f extends g. Forcing with T" does not add
new sets and adds a predicate R which well-orders V with the property that
J(R[j¥(k)) = R[j*“(k). Since no new sets are added, j is an elementary
embedding from (V, R) to (M, j(R)) with j(R) := U,com J(Rl).

Let P be the Local Club Condensation forcing relative to R as defined
at the beginning of this section, letting, for each ordinal v, f, be the R-
least bijection from the cardinality of v to 7. We want to show that forcing
with P preserves the w-superstrength of x. Let (f7: v € Ord) denote the
M-version of (f,: v € Ord) - letting each f7 be the j(R)-least bijection
from the cardinality of v in M to . Let P* denote the M-version of P
(using the definition of P in M relative to (f¥:y € Ord)). Note that
by our choice of R, f, = f for v < j*(x) and hence we made sure that
for every n < w, Pjn(y) = Pjn(ﬁ). We want to find a V-generic G C P
with corresponding predicate ¢ C Ord and an M-generic G* C P* such
that j”G C G* and V[Gljen) C© M[G*]. Let G be generic for Pj,
let G,y = Gj(n. Trivially, 7"Gr = G C Gk and thus we may lift j
to j*: V[G.] — M[Gj(,]. For simplicity of notation, we will denote j*
(and any further liftings of j*) by j again. We want to show that we can
arrange that for every n € w, j”G[j"(x),7"" (k)) has a lower bound in
P["}(k), 7""2(k)) which is contained in G[j"™(k), 7""%(x)). We will then
set G,y = Gjn(s) for every n € w. We start with J"Gk,j(K)). Let r be
such that for every v € [j(k), j%(k)),

& Ty = UpEG[n,j(m)) j(p)'Ya

o 73" = Upeam it 107"

To simplify notation, we will abbreviate this in the following as



an obvious abuse of notation, thinking of | J as the componentwise union
here. We will use similar abbreviations in similar cases. As we did earlier,
we write S-supp(r) for {y: r, # 1} and C-supp(r) for {y: rz* # 1}. We
first want to show that S-supp(r) is bounded below every regular cardinal
and that card(C-supp(r) N[0, 0%)) < 0 for every regular cardinal 6.

Assume 6 € [j(k)T, j%(k)] is regular.
S-supp(r)n6 = |J S-supp(i(p)) N6.
PEG[r,j(K))

But for every p € Gk, j(k)), j(p) € Plj(x), j*(x)), so S-supp(i(p)) N0 is
bounded below 6, hence using that P[k, j(x)) has a dense subset of size j(k)
and 0 > j(k) is regular, it follows that S-supp(r) N6 is bounded in 6.

Claim 26 C-supp(r) N [j(k),j(k)") = j"[k, kT).

Proof: Assume v € C-supp(r) N [j(k),7(k)T). Then v € C-supp(j(p)) N
[i(k),j(k)") = j(C-supp(p) N [r, £T)) for some p € Gk, j(k)).

But C-supp(p) N [k, k) has order-type less than k, thus j(C-supp(p) N
[k, k7)) = j"(C-supp(p) N [k, 7). O

We have thus shown that C-supp(r) N j(k)" has size kT < j(k).
Assume now that 6 € [j(k)™T, j%(k)) is a successor of a regular cardinal:

C-supp(r)n6@ =]  C-supp(j(p)) N#.
PEGri(K))

It follows as for the string support above that card(C-supp(r) N6) < 6-.

Having shown that = has appropriate supports, we want to form ¢* out
of r for every £ € [j(k), j%(k)] by setting, for every v € C-supp(r) below &:
o (¢*) =r2*U{supr:*} and
° (qg)otfw[sum;*] =1, if cardy > j(k).

Of course we want to set (¢°), = r, for v < &, 7 in S-supp(r) and let com-
ponents other than the above have value 1. We want to show, by induction
on &, that ¢* is a condition in P[j(k), &) for every € € [j(k), j%(x)]. In that
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case, each ¢¢ is a lower bound for {j(p)[¢: p € G[k, j(k))} and ¢ := ¢7"*) is
then the desired lower bound for j”G|x, j(k)). For each £ as above, let (¢%)®
be such that (¢°)¢ = re and (¢°)?¢ = ¢°. If ¢° is a condition in P[j(x), &),
then (¢%)® is a condition in P[j(k),&)®.

Claim 27 Vv € [r,k7) ot j(f,)[k] = 7.

Proof: If a < &, then j(f,)(a) = j(fy(a)), thus j(f,)[x] = j"f,[x], which
has order-type v as j is order-preserving. O

First assume ¢ < j(k)*. Given (¢*)®, note that it forces that sup i = k.
Let v be such that j(y) = &, v € [s,£7). Then ot fe[x] = v and (¢°)¢ = 1.
Let p € G[k,7)® such that p|y decides p,. We are free to choose ¢*™' as
desired by letting (¢*™), = 1 iff plyIFp(y) = 1. We may thus show that
@™ is a condition in P[j(k), j(k)T). Now assume & has regular cardinality
0 € [j(r)",j%(k)), £ € C-supp(r).

Claim 28 (¢°)®IFsupr* > sup(rangej N 6).
Proof: 3p € Gk, j(k)) £ € C-supp(j(p)). For every §,
Ds :={t € Plk,j(r)): Vi > 6" i € C-supp(t) — tIFmaxt;* > 4}

is dense in P[k,j(k)). Assume § < 60, f € range(j) and choose ¢ < p in
D13 NGk, j(k)). Then Vi > 6 i € C-supp(j(t)) — j(t)[i® IF max j(t);* >
3. Thus (¢*)® IFsuprg* > sup(rangej N o). O

Claim 29
If v € C-supp(r) has cardinality 0, v < &, then (¢%)® IFsup = suprg”.

Proof: Assume Ju < (¢°)® wulk- supry* < suprg*. Then there is p €
Gk, j(r)) with ulF max j(p);* > supr>*. We may assume v € C-supp(j(p)).
D = {t < p: ¥nV¥§ € C-supp(p) N [n,n") tIFmaxt;* > sup{maxp*: i €
C-supp(p) N [n,nT)}} is dense below p. Choose t € D N Gk, j(k)). Then
(¢*)® < j(t)1€% IFmaxj(t):* > j(p)¢*, hence ul-maxj(t):* > supri*, a
contradiction. Assuming that Ju < (¢%)® wlksup ry* > suprg” analogously

leads to a contradiction. O
Claim 30 If~y € C-supp(r) has cardinality 6, v < £, then

(¢) 1ot fy[sup 3] < ot fe[supre7].
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Proof: Choose p € Glk,j(k)) with 7, & both in C-supp(j(p)). We al-
ready know that (¢%)®IFsup ry* = suprg*. Given u' < (%9, let u < o
decide sup7¢* and denote that value by s. Note that for every regular car-
dinal 7, there exists a club C, C 7 of ordinals ¢ such that for all §y < d;
both in C-supp(r) N [n,n"), ot f5,[¢] < ot fs5,[¢]. We say that C,, separates
C-supp(r) N [n,n") in this case. Let C' = (C,: C-supp(p) N [n,nT) # 0).
Then j(C) = (E,: C-supp(j(p)) N[n,nT) # 0) has the property that for
each 1, E, separates C-supp(j(p)) N [n,n"). We want to finish the proof of
the claim by showing that s € Fy and thus u forces the desired property of
the claim:

Assume for a contradiction that s ¢ Fy and thus Ejy is bounded in s by
some o < s. Choose t < p in G[k,j(k)) such that tIFa < maxj(t):* =
max j(t){* € Ey. This is possible since 3p" < p in G[k,j(x)) such that
max j(p');* > aand D = {t: VnVdy, 6, € C-supp(t) N [n,n") tI-maxty =
maxt;* € Cy} is dense in Pk, j(x)), so we may choose t € D N G|k, j(k))
below p'. t is then as desired. But wl-maxj(t)I* < supr’* = s, thus u
forces that Fy is not bounded by a below s, a contradiction as desired. O

Claim 31 (¢°)®IFot fe[sup r¢*] > sup(S-supp(r) N 6).

Proof: Note that sup(S-supp(r) N 0) is a limit ordinal and assume for a
contradiction that Ju < (¢°)® wlkot felsupr*] < a < sup(S-supp(r) N 6)
for some a. Choose p € G|k, j(k)) such that sup(S-supp(j(p)) N 0) > «
and ¢ € C-supp(j(p)). Now note that D := {t: tIFVnV§ € C-supp(p) N
[n,n") maxt:* > sup(S-supp(p) N n) and fs[maxt;*] O maxt*} is dense in
Pk, j(r)) below p. Choose t € D N G[k,j(k)). Then j(t)IFmax(j(t)s*) >
sup(S-supp(j(p)) N 6) > o and fefmax j(1)¢] 2 maxj(£). Thus (¢)° <
J()[1EFIFot felsuprf] > ot fe[max(j(t):*)] > a, a contradiction. O

Claim 32
If 0 is inaccessible, then sup(S-supp(r) N @) > card(C-supp(r) N[0, 07)).

Proof: D := {p: ¥n inaccessible sup(S-supp(p) N n) > card(C-supp(p) N
[n,m7))} is dense in P[k,j(x)). Hence

sup(S-supp(r)N0) = | sup(S-supp(i(p)) N0)

PEG[r,j(K))
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is greater or equal than

J  card(C-supp(j(p)) N [6,6™)).

PEGr,j(K))

So for every p € GIr,j(k)), sup(S-supp(r) N 0) > card(C-supp(j(p)) N
[0,07)). As Plk,j(k)) has a dense subset of size j(k), it suffices to show
that sup(S-supp(r) N @) > j(k), which is true as j(xk) € S-supp(r). O

Claim 33 ¢° forces that r¢ has a P[j(k),sup(S-supp(r) N 6))-name.

Proof: Choose p € G|k, j(k)) such that £ € C-supp(j(p)). Note that D :=
{t < p:VnV¥é € C-supp(p) N [n,n") t[ol-ts has a Pk, sup(S-supp(t) Nn))-
name} is dense in P[k,j(k)) below p. Choose t € D N G|k, j(k)). Then
J(t)[€ forces that j(t)e = r¢ has a P[j(k), sup(S-supp(j(t)) N#))-name. The
claim follows as sup(S-supp(j(t)) N @) < sup(S-supp(r) N ). O

Now by the above claims, we may set ¢ felsuprz®] = T¢ and qg* = rg* U
{supr{}, ie. given that (¢°)® is a condition in P[j(k),&)®, we get that
¢**t is a condition in P[j(k),& + 1). If £ is a limit ordinal, ¢* is a con-
dition in P[j(k),&), as for each ¢ < &, ¢°|¢ is a condition in P[j(k), ()
inductively and ¢¢ has appropriate supports. So we finally obtain ¢ €
Pl[j(k),j*(k)) which is below j"G[k,j(k)), our desired master condition.
If we choose our P[j(k), j%(k))-generic G[j(k), j%(x)) to contain ¢ we have
ensured that j”G[k,j(k)) C G[j(k),j*(k)) and we may thus lift the em-
bedding j: V[G.] — M[Gj] to j: V[Gju] — M[Gj2(). But in or-
der to be able to further lift the embedding j, we have to demand a little
more from G[j(k),7%(k)): We will define a condition ¢t € P[j(k),j%(k)),
show that ¢ and ¢ are compatible, demand that G[j(x),j?*(k)) contains
both ¢ and ¢ and show how this helps us to obtain that j”G[j(x),j(k))
has a lower bound in P[j%(k),j3(k)). This will finally enable us to lift
J: V]G] — M[Gj200] to j: V[Gj2()) — M[Gjs(y)]. The further liftings
of jup to j: V[Gje(x)] = M[Gje(s)] then work the same way (more strictly
speaking, it will be immediate to find ¢ € Pju(,) such that if we demand
that ¢ € ij(ﬁ), then j”ij(H) - ij(n)).

o Let c:=U{j(A): AC [j(r),j(r)T),|A] <i(x)},

e let d := sup(range(j) N j(k)).
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Note: Whichever G[j(k), j%(x)) we choose, if we then let
= U i)
PEGj(K),52 (K))

it will be the case that
C-supp(r) N [7%(k), j*(k)*) = ¢

and for 7 € C-supp(r) N [j2(k), 72(x)"), supr?* = d.

Definition of t: For every v € ¢, let A, be a maximal antichain in
P[j(k),j(k)T) which j-decides the bit at 7, in the sense that for every
a € A, j(a)]y decides j(a),: this is possible as the set D of conditions
p in P[j(k),j(k)") such that p decides {ps: § € C-supp(p)} and such that
v € C-supp(j(p)) is dense in P[j(k),j(x)"). But for any such p, j(p) decides
j(p)y by elementarity. Now we let, for every v € c,

tot f,[a) := {(a,€): a € Ay A j(a)lFj(a), = €}.

Similar to Claim 30, one may show that ot f,[d] is different for different
v € ¢. Welet ts = 1 for all 6 which are not as above and let t3* = (0 for
all 6. Note that each t5 is a P[j(k),d)-name, since d > j(k)*. We need
to show that ¢ has sufficiently small supports in order to be a condition in
Plj(k),j*(k)). The following is clearly sufficient:

Claim 34 card(c) < d.

Proof: For each A C [j(k),j(k)T) of size less than j(k), card(j(A)) €
range(7)Nj2(k). There are only j(x) -many possibilities for A and thus the
claim follows as d > j(k)*. O

Claim 35 t || q.

Proof: For v € ¢, ot f,[d] > d. It suffices to note that whenever § €
S-supp(q), then 6 < d. O

This allows us to demand that G[j(k), j%(x)) contains both ¢ and ¢.
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Lifting:

We want to lift j: V[Gji)] — M[Gj20)] to j: V[Gju] — M[Gjs().
Let r = UpeG[j(ﬁ)Jg(H))j(p). As before, one shows that r has appropriate
supports. We want to form ¢ out of r by setting, for every v € C-supp(r):

e ¢ =1 U{supr*} and
® ot fyfsuprze] = T if cardy > j(k).

Of course we want to set ¢, = r, for v in S-supp(r) and let compo-
nents other than the above have value 1. We want to show that § is a
condition in P[j?(k),7*(k)). In that case, ¢ is obviously a lower bound
for j"G[j(k),j%(x)). Note that since t € G[j(k),j*(k)), we have that
g(ot fy[supr:*]) = r, for every v € [j*(k), j°(k)") (to be exact, there exists
p € G[j(k),7%(k)) such that j(p)ly decides 7, and thus forces the above),
which shows that ¢[j%(x)" is a condition in P[j?(k),7%(x)"). The rest of
the proof that ¢ is a condition in P[j%(k), j3(x)) works as the proof for ¢
above.

Master condition: Continue as above for w-many steps, in this way defin-
ing a master condition v € Pju(,) with the property that v < j”Gje(.) and
choose a Pju(,)-generic Gjo(,) containing u. Let G;‘L(H) = Glog) N P]T“w(ﬁ).

Claim 36 G;“.w(ﬁ) 18 ]%*w(ﬁ)—generic over M.

Proof: Suppose D € M is open dense on P}, ) and write D as j(f)(a) where
dom(f) = Vju(x) and a € Vjnt1(,) for some n € w. We may assume that every
element of M is of this form. Choose p € Gjv(.) such that p reduces f(a)
below j"(k) whenever a belongs to Vjn(.) and f(a) is open dense on Pju (),
in the sense that if ¢ extends p then ¢ can be further extended into f(a)
without changing u;n(.)(q). The existence of p as above is shown similar
to the proof of Theorem 22, 8, using that Vj»(,) has size j"(x). Then j(p)
belongs to j"Gju(.) C Gy and reduces D below J" (k) ie. if ¢ < j(p)
then 3r < g7 € D A wjnii(g)(r) = ujnr1(e)(q).

Hence E := {q € Pjn+2(y: ¢~ j(p)[1"*(x), j¥(k)) € D} is dense below
J()17"2(K) in Pjntz(y. Since G jn+2(,y contains j(p) [ (k) and is Pjn+a(y)-
generic over M, Gjn+2(,) N E # (). Choose a condition ¢ in that intersection.
Then ¢~ j(p)[j"*(x). j°()) € DGy, O

O
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By the above, we obtain a lifted embedding j: V|G| — M[G}. ]

j“(k
As P[j¥(k),00) is j¥(k)T-distributive by Theorem 22, we may choose an

arbitrary P[j¥(k), 00)-generic G[j*(k),00), assume that j is given by an

ultrapower'® and apply lemma 3 of [11] to find a P*-generic G* extending
GJu(y) and an elementary embedding j: V|G| — M|G*] extending j: V —

M. As V[Glje) = VoG] € M[G"], j witnesses w-superstrength of
K 1n V[G] |:\theorem 25

Consequences of Local Club Condensation

It is easy to see that Local Club Condensation implies $,(E) for every
regular xk and every stationary F C . The proof is very similar to the proof
that {.(F) holds in L for every regular x and every stationary E C &, see
e.g. [9] for both that proof and the definition of $(E). ¢, in fact already
follows from Stationary Condensation.

Local Club Condensation has interesting consequences for the existence
of locally-definable wellorderings. We say that a class A of ordinals witnesses
Local Club Condensation iff the sequence (L,[A]: a € Ord) witnesses Local
Club Condensation in the sense of its original definition. The proof of
Theorem 25 shows that it is consistent to have A C Ord witnessing Local
Club Condensation in the presence of w-superstrong cardinals.

Theorem 37 Suppose that A C Ord witnesses Local Club Condensation.
Then for each limit cardinal k (including Xg) and each n € [2,... w], there
is a wellordering of H+n which is Ay-definable over H, +n with parameter
ANkt If k is inaccessible then AN kT can be replaced by AN Kk and we
may also allow n = 1.

Proof. Suppose that a™ < 3 < o™t and fg is any bijection between a*
and #. As A witnesses Local Club Condensation, we have: ( € A iff
{7y <a™: ot fz[y] € A} contains acluband 8¢ Aiff {y < at: ot fz[y] ¢ A}
contains a club. This gives a wellordering of H,++ = L,++[A] which is A;-
definable over H,++ with parameter ANa™, namely the canonical wellorder-
ing of L,++[A]. By composing these definitions we get, for any limit cardinal
k and any n € [2,...,w|, a wellordering of H,+» which is A;-definable over

1976 say that j: V — M is given by an ultrapower means that every element of M is
of the form j(f)(a) where f has domain Hj.(.) and a belongs to Hje ().
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H,.+» with parameter ANk™. If k is inaccessible, then we can apply the same
argument to show that ANx™ is A;-definable over H,+ from the parameter
ANk. O

Corollary 38 It is consistent with an w-superstrong cardinal that whenever
k 18 reqular and uncountable, H.+ has a wellordering which is Ay-definable
over H,+ with parameters. O

In [2] and [3] the previous corollary is improved to eliminate the param-
eters. It is not possible to allow x to be w as large cardinals imply that H,,,
has no definable wellordering, even with parameters. The case of singular x
is open.

Variations of the Local Club Condensation forcing

We can show the following, using a (much simpler) variant of the forcing
used to obtain Local Club Condensation above:

Theorem 39 Assume x is reqular uncountable, 2% = k™ and k<% = K.
Then there is a k-strategically closed, k*-cc forcing which forces a A;-
definable (from parameter a C k) wellorder of H.+. Moreover, one can
additionally make a given ground model subset of H.+ Ai-definable (from
the same parameter a C /<;).

Proof sketch: The idea is to construct A C k™ such that H.+ = L.+[A] and
such that A is in fact A;-definable from ANk in H.+. A will look very
much like a predicate witnessing Local Club Condensation. Our forcing
S to achieve this will be an iteration of length k% with supports of size
less than k. S will be similar to P.+, the forcing P to obtain Local Club
Condensation (as defined in the section “Forcing Local Club Condensation”)
up to ™, but we replace P, by k-Cohen and we construct the predicate A
between k and k1 ourselves, where we successively choose segments of size
k (instead of letting the generic choose segments of size 1 as we did when
we forced Local Club Condensation) and use a slightly enhanced version of
the forcings C,(g) which is capable of ensuring appropriate condensation
of those k-sized segments of the predicate into the generic below k (Cy(g)
only did this for a single bit of the predicate at o). When constructing the
predicate between x and k', we have to take care that in the final model,
H,+[A] = L.+[A]. We will describe S in more detail in the following:
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At stage 0, we force with k-Cohen forcing and let g be the generic subset
of kK, let ANk = g . The iterands of S will be trivial in the interval
(0,k). Choose, for each 3 € [k, k"), some bijection fz: k — (. If & > g,
a = k + &, we choose, at stage « of the iteration, a subset s of the interval
doms =[k-(14+&),c-(1+&+1)), let Aldoms = s and then force with
C(s, g) to ensure that we will be able to read off s from AN x:

(p*,p™) is a condition in C(s, g) iff
e p* is a subset of dom s of size less than x and
e p™* is a closed, bounded subset of k.
(q*, ¢**) extends (p*,p*™) in C(s, g) iff
°* ¢ 27,
e ¢ end-extends p** and

o Yy ep*Vne g™\ p™ glot fy[n]) = s(v).

By careful book-keeping, it is easy to ensure that all relevant subsets
of x which appear in intermediate models of the iteration S are inserted
into the predicate A at some stage, so that if a is any subset of x in some
intermediate model of the iteration S, then a is an element of L[A N a] for
some o < k. S is k-strategically closed, which is seen similar to the proof
of Theorem 22, 9. It is easy to see that S is kT-cc, using the fact that any
two conditions in S which specify the same x-Cohen condition and have
the same **-components are compatible (we can just take the union of their
*-components to obtain a condition stronger than both). Now by the x"-cc,
every subset of  in the final model after forcing with S will appear in some
intermediate model of the iteration, thus we may infer that H,+ = L.+[A].
Our forcing ensured that for any ordinal 3 € [k, k™) and any bijection fz
between r and 3, § € A iff {y < k: ot fg]y] € A} contains a club and
Be Aiff {y < k: ot fg]y] ¢ A} contains a club. Thus, as in the proof of
Theorem 37, we now conlclude that H, .+ has a Aj-definable wellorder using
the parameter A N k.

To additionally make a given ground model subset z of k™ A;-definable
from ANk within H,+, we may for example choose AN [k, k") slightly more
careful in the above so that for every v < k™, A(k- (1 +7)) =x(y). O
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Remarks:

(a) With more care, “k-strategically closed” can be improved to “k-direc-
ted closed” in the statement of Theorem 39: It can be observed by
analyzing the strategy for strategic closure of the Local Club Conden-
sation forcing given in [13] (definition 8.5 on “strategic belowness”,
the forcing is the same that we used to force Local Club Condensation
in the present paper, but the strategy witnessing strategic closure is
quite different) that our forcing S has a k-closed dense subset of con-
ditions.?’ By the nature of the extension relation on S, it is easy to
see that any k-closed subset of S is in fact k-directed closed.

(b) A technique similar to the above is used in [12], chapter IV, to make
the club filter restricted to any ground model costationary set S Aj-
definable over H,+ in a parameter, preserving the stationarity of sub-
sets of S. (This argument however needs, in addition to the hypothe-
ses of Theorem 39, the extra hypothesis that s is not the successor
of a singular cardinal or at least that k™ € I[k™], the approachability
property for xkT.)

(c) Philipp Liicke (see [16]) has obtained a version of Theorem 39 when
2% is greater than x*. Using “Kurepa tree coding” he shows that in
this case there are k-closed, k*-cc forcings which add a Aj-definable
wellorder of H,+ and which make a given ground model subset of H,+
Aq-definable over H,+.

A possible future application of Local Club Condensation:

We can show the following variation of a theorem in [17], using a variation
of the proof given in that paper:

20 A main observation is that the handling of separating clubs (see [13] for a definition) is
unneccessarily complicated in [13]. We can choose a separating club for every v C [k, k™)
of size less than s in advance, by letting, for every {ap,a1} C [k,kT), Cag,a,} be
a separating club for {ag,a1} and then for every v C [k,xT) of size less than x, let
Cy = ﬂ{ao,al}gv C{ag,a,}- This gives us the property that whenever vy 2 vg, Cyy, C Cy,.
Using this observation, it is not hard to see that the conditions p € S such that all p}
and p;* are ground model objects and CUi,esupp(p)\{o}P? > |p(0)] = supp;* for every

i € supp(p) \ {0} forms a x-closed dense subset of S.
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Theorem 40 Assume M is of the form L[A] and satisfies Acceptability,
Local Club Condensation and U1 at small cofinalities. If there is a proper
forcing extension V of M in which PFA(c*-linked) holds and 7 = wy , then
(7, (T7)M] is X2-indescribable in M.

For the definition of a ¥:2-indescribable interval of cardinals, we refer the
reader to [17], for the definition of (J at small cofinalities, we refer the reader
to [11]. It is shown in [11] how to force [J at small cofinalities and preserve
various large cardinals. A cofinality-preserving forcing will preserve [ at
small cofinalities. As a corollary, we get the following:

Corollary 41 Assume p(k) is a large cardinal property of k consistency-
wise weaker than a Y3-indescribable interval [T, 7F), such that we can force
Local Club Condensation and Acceptability by a cofinality-preserving forcing
which preserves ¢(k). Then it is consistent that p(k) holds but no proper
forcing extension satisfies PFA(c™-linked).

A positive answer to the following open question would not only be of
central importance for the Outer Model Programme but would also show
that the hypotheses of Theorem 40 and Corollary 41 are not vacuous in the
presence of very large cardinals:

Question 42 Given a model of Set Theory which satisfies GCH and has
(very) large cardinals, can we define a cofinality-preserving forcing to ob-
tain a model of Local Club Condensation and Acceptability while preserving
certain (very) large cardinals?

Note: In [13], it is shown how to force Acceptability by cofinality-pre-
serving forcing and preserve various large cardinals. In Theorem 25 of the
present paper and in [13], it is shown how to force Local Club Condensation
by cofinality-preserving forcing and preserve various large cardinals. The
question is whether it is possible to force both of these properties simulta-
neously (and witnessed by the same predicate A C Ord) while preserving
large cardinals.

Question 43 Is it possible to force a “fine structure theory”, preserving w-
superstrongs? To what extent is Local Club Condensation consistent with the
failure of the combinatorial principle O and the nonexistence of morasses (at
various cardinals)?
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