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ABSTRACT. We study the Generalized Kurepa Hypothesis introduced by Chang. We
show that relative to the existence of an inaccessible cardinal the Gap-n-Kurepa hypoth-
esis does not follow from the Gap-m-Kurepa hypothesis for m different from n. The use

of an inaccessible is necessary for this result.

1. INTRODUCTION

In this paper we study the Generalized Kurepa Hypothesis introduced by Chang (see
Chapter VII of [1]). We show that relative to the existence of an inaccessible cardinal the
Gap—n—Kurepa hypothesis does not follow from the Gap—m—Kurepa hypothesis for m
different from n. The use of an inaccessible is necessary for this result.

Definition 1.1. (a) For infinite cardinals A < k, KH(k,\) is the following principle:
There exists a family F of subsets of k such that:

(i) Card(F) > kT,

(i) for all z € [k]*, Card(F|z) < A\, where Flz = {t Nz :t € F}.

(b) For infinite cardinals A < k, KH(x,< A) is the following principle: There exists a
family F of subsets of x such that:

(i) Card(F) > k™,

(i) for all z € [k]<*, Card(F|z) < Card(z) + No.

(c) Let n > 1. By the Gap—n—Kurepa hypothesis we mean the following statement: for
all infinite cardinals x, K H(x™", k) holds

Remark 1.2. If V = L, then KH(r,< AT) (and hence K H(k,\)) holds for all infinite
cardinals A\ < k, k regular (see [1], Chapter VII, Theorems 3.2 and 3.3).

In this paper we prove the following theorem:

Main Theorem. Let n > 1. The following are equiconsistent:
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(a) There exists an inaccessible cardinal,

(b) GCH+ the Gap—m—Kurepa hypothesis holds for all m # n, but the Gap—n—Kurepa
hypothesis fails.

Remark 1.3. Our proof shows that if A\ < & are infinite cardinals, x regular and K H (x, \)
fails, then x* is inaccessible in L (see Lemma 2.5).

Remark 1.4. (b) can be strengthened to the Gap—m—Kurepa hypothesis holds for all

m # n, but KH(X,,Rg) fails (see Lemma 2.4).

2. PROOF OF THE MAIN THEOREM

Con(a) implies Con(b). Fix some n > 1. we show that if there exists an inaccessible
cardinal, then in a forcing extension of L, the Gap—m—Kurepa hypothesis holds for all
m # n, but the Gap—n—Kurepa hypothesis fails.

From now on assume that V' = L, and let x be an inaccessible cardinal. We consider two
cases:

Case 1. n =1.

Let P = Col(wr, < ) be the Levy collapse with countable conditions which converts &
into wy, and let G be P-generic over V.

Lemma 2.1. The following hold in V[G]:

(a) KH(Rq,Rp) fails,

(b) The Gap—m—Kurepa hypothesis holds for all m > 2.

Proof. (a) is a well known result of Silver (see [7]).

(b) Let m > 2, and let A be an infinite cardinal in V[G]. Let u = (A\*™)VIE). By remark
1.2, there is a KH(u,\) family F in V. We show that it remains a KH(AT™,\) family
in V[G]. Clearly Card(F) = ptV = (AT™+t)VICL Suppose 2 € ([u]*)V[¢]. By Jensen's
covering lemma if A > Ry, or by w; —closure of P if A = Ry, there is a set y C A in V such that
2 C y and z and y have the same cardinality in V[G]. If A # Ry, then y has V —cardinality
A, hence in V,Card(F | y) < A. It follows that in V[G], Card(F | z) < Card(F | y) < A. If
A =Ry, then y has V—cardinality less than x, hence in V, Card(F | y) < k. It follows that
in VIG], Card(F | y) < ¥y, and hence in V|G|, Card(F | z) < Card(F | y) < Ny = A O

Case 2. n > 2.
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For each 4, 0 < i < n, fix an injection J; : [w,]S* — w,,. Let R = P x H Q;, where
the forcing notions P and Q;, 0 < i < n, are defined as follows. o
o P = Col(wy, < k) is the Levy collapse with conditions of size < w,, which converts
K into wp41.
o A condition p is in Q;, 0 < i < n, iff p = (X,, Fp, gp), where

i-1) X, is a subset of wy, of size < w;,

(i-1)
(i-2) F, is a subset of X#2 of size < w;,
(i-3) gp is a 1-1 function from a subset of k into F),,

(i-4) F, is w;-closed in the following sense: If t € X»2 and (X¢ : £ < w;_1) is a sequence of

subsets of X, with X = U X¢ such that for all £ < w;_1, Ji(X¢) € X, and t| X, € Fp| X,
E<wi—1
then there is s € F}, such that s|X = t|X and s|(X, — X) = 0|(X, — X) (=the zero function

on X, — X).

For p,q € Q;, let p < ¢ (p is an extension of q) iff
5) X, 2 X,
i-6) Fy C Fp|Xg,

)

)

1_
i-7) dom(gp) 2 dom(gg),

(
(
(
(i-8) for all & € dom(gy), gq() = gp(a)| Xy.

We show that in the generic extension by R, the Gap—m—Kurepa hypothesis holds for
all m # n, but the Gap—n—Kurepa hypothesis fails.

Lemma 2.2. (a) P is w,-closed,

(b) P satisfies the k-c.c,

(¢) Let 0 < i < n. Then Q; is w;y1-closed modulo J; in the following sense: If (pe : £ < A),
A < wjy, is a descending sequence of condition in @Q; such that for all £ < A, J;(X,,) € X,
then there is a condition p € Q; which extends all of the p¢’s, £ < A. Furthermore if A < w;,
then p can be chosen to be the greatest lower bound of the p¢’s, £ < A.

(d) Let 0 < i < n. Then Q; has the w;;2-c.c.

Proof. (a) and (b) are well known results of Levy (see [2], Lemma 20.4 ). We prove (c)
and (d).

(¢) Fix 0 < ¢ < n, and let (pe : &€ < A) be as above. To simplify the notation let

pe = (X, Fe, g¢), £ < A\. We consider two cases.
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Case 1. )\ < w;.

Let p = (X, F, g), where

[} X = U X&
E<A
e F is the least subset of X2 such that:
—ift €X 2 and for all £ < \, t|X¢ € Fy, thent € F,

— F' is w;-closed in the sense of (i-4),

o dom(g) = | dom(ge),
£<A
o for all a € dom(g), g(a) = U{ge(a) : € < X\, € dom(ge)}.
It is easy to show that p € Q; and that p is the greatest lower bound for the sequence
(pe 1 E<A) .
Case 2. \ = w;.

Let p = (X, F, g), where

o X =X
E<A
o dom(g) = ] dom(ge),
E<A

o for all a € dom(g), g(a) = U{ge(a) : € < X\, a € dom(ge)},
e I =ran(g).

Then it is easy to show that p € @Q; and that p is a lower bound for the sequence
(pe 1 €< A).

(d) Fix 0 < i < n. Suppose that Q; does not satisfy the w;ys-c.c. Let A be a maximal
antichain in Q; of size w;1+2. By a A-system argument we can assume that:

o The sequence (X, : p € A) forms a A-system with root X.
o The sequence (dom(gp) : p € A) forms a A-system with root D.

Let 6 be large regular, and let M be an elementary submodel of H(f) of size w;iq
which is closed under w;-sequences and such that X, D, A € M. Pick ¢ € A — M and let
qM = (Xg| M, Fy| M, gg| M), where

o XyM=X,NM,

o FyM = {t|(X,NM):teF,},

o dom(gq|M) = dom(gq) N M,

o for all a € dom(gq|M), (g4l M) () = gq(a)|(Xq N M).
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Then ¢|M € Q; N M. Extend this condition to a condition p € Q; N M which extends
an element 7 € A and such that Fj, — ran(g,) has size w;. It is easy to see that p and ¢
and hence r and ¢ are compatible. But this is impossible since r,q € A. It follows that Q;
satisfies the w; 9-c.c. O

Let K = G x H H; be R=Px H Q; generic over V. It follows from the above

0<i<n 0<i<n
lemma that:

° w;/[K] :le for all 7 < n.

. w:ﬁflq =rV.
Lemma 2.3. In V[K], the Gap—m—Kurepa hypothesis holds for all m # n.
Proof. Using remark 1.2 it suffices to show that KH(R,,R;) holds in V[K], for all
0 < i < n. This follows from the next claim:
Claim 2.3.1. Let 0 < i < n. Forcing with Q; adds a family F C “~2 such that:
(a) Card(F) =k
() for all X € [wy]“, Card(F|X) <N,
Proof of the claim. By Lemma 2.2, Q; is a cardinal preserving forcing notion. It is
easy to prove the following (where H; is assumed to be a Q;-generic filter over V):
o U{X, :p€ H;}=uw,,
« U{dom(g,) : p € Hy} = ,
o for all X € [w,]¥, there is some p € H; with X, D X,

o if @ < K, then g(a) : w, — 2, where
g(a) = H{gp(a) : p € Hy, oo € dom(gp) }

o if a < B < Kk, then g(a) # g(0).
Then F = {g(a) : @ < K} is as required. This completes the proof of the claim and hence
of lemma, 2.3. O
Lemma 2.4. KH(R,,R) fails in V[K].
Before going into the details of the proof of lemma 2.4, we introduce some notions. Let
A be a regular cardinal, X,, < A < k. Define the following forcing notions:
o Py = Col(wn, < A),

o Q; » =the set of all p € Q; such that dom(g,) C A,
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o Ry =P, x H Qi x
0<i<n
Also let K, = G X H H; \ be Ry-generic over V. Define 7y : R — R, by
0<i<n

(b (X3 Fiyge) 10 < i < ) = (plA, (X0, FiygolX) 0 < i < )

Then it is easy to prove the following
Claim 2.4.1. 7, is a projection, i.e.
(a) mA(1r) = 1g,,
(b) 7y is order preserving,
(¢)if p e Ry, ¢ € R and p < wx(q), then there is some r < ¢ in R such that m)(r) < p. O

Let
(R : R)\) = {<p7 <(Xquiagi) <1< n>> eR: 7T,\(<p, <(X“angz) << 7’L>>) S K)\}

It follows from Lemma 2.2 (¢) that

Claim 2.4.2. (R :R)) is countably closed modulo the J;’s, 0 < i < n, in the following
sense: if ((Dm, (Xim, Fim,gim) : 0 < i < m)) : m < w) is a descending sequence of
conditions in (R : Ry) such that for all 0 < i < n and m < w, J;(X; ) € X m+1, then this
sequence has a lower bound in (R : Ry). O

Now, we are ready to prove Lemma 2.4.

Proof of Lemma 2.4. Assume on the contrary that K H(R,,, Xo) holds in V[K]. Suppose
for simplicity that 1g|~"F is a KH(R,,Ro)-family .

Let F = FIK], and let A = (F|X : X € [w,]*). Choose A < x regular such that
A € V[K,]. Let b € F be such that b ¢ V[K,].

From now on we work in V[K,] and force with (R : Ry). Let b be an (R : Ry)-name for

b, and let 7o € (R: Ry), 70 = (po, {(Xi,0, Fi0,9i,0) : 0 <i <)), be such that
roll-"b € F and bg V7

It is easy to prove the following;:
Claim 2.4.3. For each r < rg, r = (p, ((X;, F}, 9;) : 0 < i < n)), there are two conditions
re = <p1,<(Xi’1,F7;11,gi71) 0<1 < TL>>, ro = <p2, <(X7;72,F1'72,gi72) 0<1 < 7’L>> and some

& < wy, such that:



INDEPENDENCE OF HIGHER KUREPA HYPOTHESES 7

(a) 1,72 <,

(b) Ji(X;) € X forall 0 <i<mnand m=1,2,

(¢) r1||-TE € bV iff ro||—TE £ b7 O

Using the above, we can construct a sequence (rs = (ps, (Xis, Fis,9is) : 0 < i <m)):
s € <¥2) of conditions in (R : R)) and a sequence (&, : m < w) of elements of w,, such that
the following hold:

® roum < 1y, for each s € <¥2 and m < 2,
o Ji(Xis) € X sum foreach s € <¥2, m<2and 0<i<n,
° rs*0||—r§vm € biff rs*IH_rgm ¢ b7, where m is the length of s.

Let X = {&, : m < w}, and for each f €¥ 2, using claim 2.4.2, let ry € (R : Ry) be an
extension of all of the 7y,,’s, m < w. For each f as above, we can find some ¢y < 7y and
some by € V[K,] such that

gr|-"bN X = by

Note that for f # ¢ in “2, we have by # by, and hence F|X must have size at least 2%o
which is in contradiction with our assumption.

It follows that K H(X,,,Ng) fails in V[K]. This completes the proof of Lemma 2.4. O

Con(b) implies Con(a). Now we show that if n > 1, and the Gap—n—Kurepa hypothesis
fails, then there exists an inaccessible cardinal in L. In fact we will prove the following more
general result:

Lemma 2.5. Suppose that A < s are infinite cardinals such that x* = x and K H(x, \)
fails. Then s is an inaccessible cardinal in L.

Proof. Assume not. Thus we can find X C & such that:

e V and L[X] have the same cardinals up to k™,

It follows that a K H(k, A)-family in L[X] is a real K H (k, A)-family, and hence K H(k, \)
fails in L[X]. The following lemma gives us the required contradiction.

Lemma 2.6. Suppose that V = L[X], where X C k. Then K H(x, A) holds.

Proof. Our proof is very similar to the proof of theorem 2 in [3]. We give it for com-

pleteness. For each x € [r] let

M, = the smallest M < L,[X] such that xU{z} U (A +1) C M.
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Let F = {t C k:Vx € [k}, tNx € M,}. We show that F is a K H(x, \)-family. It suffices
to show that Card(F) > x*. Suppose not. Let C = (t, : v < k) be an enumeration of
F definable in L.+[X]. By recursion on v < k, define a chain (N, : v < k) of elementary
submodules of L,+[X] as follows:

Ny = the smallest N < L,+[X] such that NNk € &,

N,+1 = the smallest N < L,+[X] such that NNk € kK and N, U{N,} C N,

Ny = U N,, if § is a limit ordinal.

v<d

For each v < k set &, = N, N k. Using condensation lemma for L[X], we obtain an

ordinal 8, and an isomorphism o, such that
oy (Ny,e, Ny NX) > (Lg, [ X Nayl,e, X Nay).

Then

o, < ﬂu < op41,

ou(k) = ay,

o, (X)=XNay,

oyla, = id|ay,

Ls,[X Nay] ="y is a regular cardinal, and «, is the largest cardinal ™.
Let t = {3, : B, € t,}. Clearly t # t, for all v < k, and hence t ¢ F. Let z € [k]* be
such that:
etNx & M,,
e o = sup(x) is minimal.

It follows that ¢ Nz is cofinal in «, and hence a = a,, for some 1 < k. We have
tNe={B, €x: 0, <oy and p, ¢t, Nay}

and thus t Nz is definable from x, (8, : v <n) and (t, Ny, : v < 7). It is clear that:
exrc M,
e (8, : v <) is definable in Lg, [X N ay).
¢ 0,(C) = (t,Nay, : v <), and hence (t, Nay, : v < n) is definable in Lg, [X Nay].
Clearly X N, € M,. We show that 3, € M,. It will follow that ¢t Nz € M, which is a

contradiction. The proof is in a sequence of claims. Let M = M,.



INDEPENDENCE OF HIGHER KUREPA HYPOTHESES 9

Claim 1. P(a,)) N M & Lg, [X Nay).
Proof. Suppose not. Since cf(a,) = cf(x) = c¢f(\) < k, there is a € M such that
a C oy, is cofinal in «,, and has order type less than a,,. Then a € Lg, [X N )], and hence
vy is not a regular cardinal in Lg, [X Nay]. A contradiction. 0
For | < v < K set:
oo =(a,: 1< V),
o W) = (B, 1<),
oo, =00, (Lg[XNa),e,XNa,) — (Lg, [X Naw)e, X Naw),
oo™ ={(o,:1<T<V).
Then it is easy to prove that:
Claim 2. v € M N7 implies a®), 30 ) € M. O

We note that

<<L,3L [X N O[J, g, XN aL>L<’I’]7 <ULV>L<V<7]>

is a directed system of elementary embeddings, and if

<<U7 Ev Y>7 <gL>L<77>

is its direct limit, then
o (U.E)Y)~ (Lg,[X Nayl,e, X Nay),
og :(Lg[XNawle, XNa,) — (U EY),
oIf f:(U,E,Y) ~ (Lg,[X Nayl,e, X Nay), then 0, = fg..
Now let 7 : (M,e, M N X) ~ (Ls[X],&, X), where X = 7[M N X]. Let

o & = 7(a),

veMNn
o= 8",

veMnNn
0 = U &™),

veMnn

Then
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° BL = W(ﬁ'n*l(L)):
o 5'”, = 71'(0'7‘.71(0’7,71(,,)).
Now

<<LBL [X N db]? g, X N dL>L<7T(’I7)7 <5—LV>L<D<7T(77)>

is a directed system of elementary embeddings. Let

<<Ua E» i/>’ <gL>L<7T(7])>

be its direct limit. Then
©j.:(Lg[XNa)eXna)— (UEY),
e There is an elementary embedding h such that the following diagram is commu-

tative:

<L5w—1(z,) [X maﬂ*l(L)]’g’Xmaﬂ'*l(Lﬁ 97;1(;) <U’E7Y>

17 Th
(L5 (X N e, X 1) S GBY)
It follows that (U, E) is well founded. Let

f:(U,EY)~ (Lg[X],e,X).

Also let
00, = f~§L : <LBL[X ﬂdL],é,X ﬂONIL> — <LE[Y],€,Y>,
o 7 = fhfl: (L5[X],e, X) — (L, [X Nayle, X Nay).

Then &,, = 7,15, for « < 7 < 7(n), and the following diagram is commutative:

<L5«—1(‘,) [Xﬂa.,r—l(b)],é,XﬁaﬂfuL)) iji)’" <L5n [Xﬂan],E,Xﬁan>
71'_1 T T *
(L X Na,e, XNa,) 2, (L5(X],2.X)

Let @ be such that LE[Y} = @ is the largest cardinal 7. Then it is easy to show that:
Claim 3. (a) 7(ay) =@,

®) (@) = a,

(¢) m*|a = id|a. O
Next we have

Claim 4. If a C@ and a € LE[Y] N Ls[X], then 7*(a) = 7~ '(a).
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Proof. Since a C @, 7*(a), 7 *(a) C «,, and hence 7*(a) = U m™(a)Nv =
veMnNn
U 7 (aNv) clagm3 U 7 Hanv)=n"a). O
v<m(n) v<m(n)

Claim 5. § > 3.

Proof. Suppose not. Then § < 3 and 7*7 maps M into Lg, [X Nay), and by claim 4,
n*n(a) = a for a C ay, a € M. It follows that P(a,) N M C Lg [X N ay], which is in
contradiction with claim 1. O

It follows that 3 € Ls[X] and hence 3 € Ls[X]. Similarly & € Ls[X]. Tt is easily seen
that:

Claim 6.(a) 7 }(a) = (o, : ¢ < 1),

() 7(3) = (B, 1 <),

(c) 77 Y(5) = (o, L < v <n). O

Now note that:

o L5[X] is the direct limit of L (X N&,), 6o, <v<n(n),

o 11X = X Nay,

e ' [XNa)=XNa,
and hence by elementarily of 71, L. -1 3 [X Ny is the direct limit of Lg, [X Na,], 00,0 <
v <.

It follows that 7=*(3) = 3, € M. We are done. O

3. OPEN PROBLEMS

We close the paper with some remarks and open problems.

By the results of Vaught, Chang, Jensen (see [1], Chapter VIII) and Silver (see [7]), it is
consistent, relative to the existence of an inaccessible cardinal, to have the Gap—1—transfer
principle with the failure of the gap—2—transfer principle. The answer is unknown for n > 1.

Question 3.1. Let n > 1. Is it consistent to have the Gap—n—transfer principle with
the failure of the Gap—(n + 1)—transfer principle?

Another related question is

Question 3.2. Let n > 1. Is it consistent to have (x,n)—morasses for each uncountable

regular k, but no (wy,n + 1)—morasses?
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Remark 3.3. Assuming the existence of large cardinals, it is possible to build a model
of set theory in which there exists a (k, 1)—morass for each uncountable regular x, but there
are no (wy, 2)—morasses.

In the literature the canonical counter-example to the Gap—1—transfer principle is the
non-existence of Special Aronszajn trees (see [5]). T. Raesch, in his dissertation (see [6]),
showed that this principle can fail in the presence of such trees. On the other hand the
canonical counter-example to the Gap—2—transfer principle is the non-existence of Kurepa
trees (see [7]). Inspired by the work of Raesch, Jensen produced, relative to the exis-
tence of a Mahlo cardinal, a model in which the Gap—2—transfer principle fails, while the
Gap—1—Kurepa hypothesis holds (see [4]). However the following is open.

Question 3.4. Is it consistent relative to an inaccessible cardinal to have the Gap—1—Kurepa
Hypothesis but a failure of the Gap —2—transfer principle?

Remark 3.5. In our model, for n = 2, the Gap—1—Kurepa hypothesis holds, while in it
there are no (wsy, 1)—morasses.

Question 3.6. Let n > 1. Is it consistent with GCH to have KH(X,,Rg) but not
KH(XN,,8)?

Question 3.7. Let n > 1. Is it consistent with GCH to have K H(X,,,X;) for all i < n,
but not KH (XN, < R,)?
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