KILLING GCH EVERYWHERE BY A COFINALITY-PRESERVING
FORCING NOTION OVER A MODEL OF GCH

SY-DAVID FRIEDMAN AND MOHAMMAD GOLSHANI

ABSTRACT. Starting from large cardinals we construct a pair (Vi, V2) of models of ZFC
with the same cardinals and cofinalities such that GC'H holds in V7 and fails everywhere

in Vs.

1. INTRODUCTION

Easton’s classical result showed that over any model of GCH, one can force any reasonable
pattern of the power function A — 2* on the regular cardinals ), preserving cardinals and
cofinalities. Subsequently, much work has been done on the singular cardinal problem,
whose aim is to characterise the patterns of the power function on all cardinals, including
the singular ones. Typically in this work, large cardinals are used to obtain patterns of
power function behaviour at singular cardinals after applying subtle forcings which change
cofinalities or even collapse cardinals. This leads one to ask: Is it possible to obtain a failure
of GCH everyhwere by forcing over a model of GCH without changing cofinalities? If so,
can one have a fixed finite gap in the resulting model, meaning that 2* = A\*" for some
finite n > 1 for all A\?

In this paper we prove the following theorem.

Theorem 1.1. Assume GCH-+there exists a (k + 4)—strong cardinal k. Then there is a
pair (V1,Va) of models of ZFC such that:
(a) Vi and Vy have the same cardinals and cofinalities,
(b) GCH holds in Vi,
)

() Va |= VA, 2% = A3 7,

Remark 1.2. In fact it suffices to have a Mitchell increasing sequence of extenders of length
k1, each of them (k + 3)—strong. Thus the exact strength that we need for fived gap of 3

is a measurable cardinal k with o(k) = k™3 + k*. It is also easy to extend our result to
1
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an arbitrary finite gap n instead of 3. Then what we need is a measurable cardinal k with
o(k) = k™" + k. We focus on the case n = 3 as it is typical of all cases n > 3 (the case

n =2 is easier).

The rest of this paper is devoted to the proof of this theorem. The proof is based on the
extender-based Radin forcing developed by C. Merimovich in the papers [3], [4]. We try to
make the proof self-contained, thus we start with some preliminaries and facts from these
papers.

The first author would like to thank the FWF (Austrian Science Fund) for its support
through Project P23316-N13. And both authors would like to thank Professor Carmi Mer-

imovich for his reading of the manuscript and for his helpful suggestions.

2. EXTENDER SEQUENCES

Suppose j : V¥ — M* D V¥, crit(j) = k. Define an extender sequence (with projections)
E(0) = ((Eal0) 10 € ), (mg.0: B € 4,52, )

on k by:

o A=[kr,\),

e Va € A, E,(0) is the k—complete ultrafilter on s defined by

X € E,(0) e acj(X)
We write E,(0) as U,,.
o Va,Be A
B >; o< (> aand for some f €k, j(f)(8) =

e 3> a=mg,:k— K issuch that j(7ms,4)(8) = «

Let’s recall the main properties of this sequence (see [2])

1) (A <;) is a kT —directed partial order,

2) Va,k <«

4

(1)

(2)

(3) Uy is a normal measure on &,

(4) Yo, U, is a P—point ultrafilter over k, i.e for any f : kK — k there is X € U, such

that Vv < &, [ X N~V (v)| < &,

(5) 754 (X) € Us & X € U,
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6) Va, g, = id,
7) Vv >; B >; o there is X € U, such that Vv € X, 7, o(v) = 73,0 (7,5(v)),

(6)
(7)
(8) Vv >, a, 3 where a # 3 there is X € U, such that Vv € X, 7, (V) # 74 3(v),
(9) VB 2 @, Vv < K, m5.x(V) = Tan (5.0 (),

)

(10) Vo, B,Vv < K, T (V) = 74,:(v); we denote the latter by /.

Now suppose that we have defined the sequence (E(7') : 7/ < 7). If (E(7') : 7/ < 7) ¢ M*

we stop the construction and set
Va€ A, E, = (o, E(0),..., E(T)),... : T/ < 7)

and call E, an extender sequence of length 7 (1(E,) = 7).

If (E(7') : 7/ < 1) € M* then we define an extender sequence (with projections)

E(T) = <<E<a,E(T’)IT’<T> (T) HIOAS A>7 <7T(B,E(T’):T’<T>,(a,E(T’):T’<T) : ﬁ,Oé S Avﬁ Zj Oé>>
on V,; by:

o X € Etg p(rym<n)(T) & (a, E(T") : 7" < 1) € j(X),

o for 6 Z] o in A7W(B,E(T’):T’<T),(a,E(T’):T’<T)(<V7 d>) = <7T,3,a(y)7d>

Note that E, g(r/):7<r)(T) concentrates on pairs of the form (v, d) where v < x and d is
an extender sequence. This makes the above definition well-defined.

We let the construction run until it stops due to the extender sequence not being in M*.

Definition 2.1. (1) @ is an extender sequence if there are j : V* — M* and U such
that v is an extender sequence derived from j as above (i.e v = E,, for some o) and
p=7uv|7 for somer <1(v),

(2) k(j1) is the ordinal of the beginning of the sequence (i.e k(E,) = ),
(3) k(i) = (5(1)° (i.e K°(Ea) = K)),

(4) The sequence {fi1, ..., fin) of extender sequences is °

—increasing if K°(j11) < ... <
KO (fin),

(5) The extender sequence i is permitted to a °—increasing sequence (i1, ..., jin) of ex-
tender sequences if k° (i) < Kk°(ji),

(6) X € E, & V¢ <I(E,), X € Ey(6),
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(7) E=(E,:«a € A) is an estender sequence system if there is j : V* — M* such that
each E, is derived from j as above and Vo, 3 € A, 1(E,) = 1(Eg). Call this common
length, the length of E,1(E),
(8) For an extender sequence [i, we use E’([L) for the extender sequence system containing
i (ie B(E) = E),
(9) dom(E) = 4,
(10) Eg > Eo & 3> a.
3. FINDING GENERIC FILTERS
Start with GCH and construct an extender sequence system £ = (F, : a« € domE)
where dom E = [k, £3) and I(E) = x* such that jg : V* — M% D V7, 5. We may suppose

that E is derived from an elementary embedding j : V* — M*. Consider the following

elementary embeddings V7' < 7 < 1(E)

V' — M: ~Ult(V*, E(1)),

k‘r(j‘r(f)(Eoz FT)) = J(f)(Eoz TT)7
irt 7 (e (F)(EalT)) = jr (f)(EalT’),
(M i, 5) = lim die(M | 7 <AE), (i | 7/ < 7 < (B,

We restrict 1(E) by demanding V7 < I(E) E|T € M*.

Thus we get the following commutative diagram.

M

T

L B M = UV, E(T)

(o

T/

Note that
e the critical point of elementary embeddings originating in V* is k,
o the critical point of elementary embeddings originating in other models is k14 as

computed in that model.
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Thus we get

critips - = critky = critiy g = (57,
crit kr = crit(i, g) = (H+4)M:,
critkg = (n+4)M%.
Each of these models catches Vé‘f 3 =V ; hence compute kT3 to be the same ordinal in all
models. The larger 7 is the more resemblence there is between MY and M*, and hence with
V* towards V', ,. This can be observed by noting that
mﬁ* <j. (k) < Iij\réj <Jjr(k) < H;\rf, < Kjp <KL

We also factor through the normal ultrafilter to get the following commutative diagram

U= En(o)a

gV — N* ~Ult(V*,U),

i+ (iv(f)(K)) = J= (f)(r),
iv,g(iv(f) (k) = je(f)(K).

N* ~ Ult(V*,U) — M

U,

N* catches V* only up to V) and we have

kT < eritip, = critiy g = kT <iv(k) <kt

Definition 3.1. Let

1) RS = Col(k*8, iy (k) N,
2) Ry = Add(sT, k1) -,
3) RH? = Add(ktt, k15 e,

5) Ry = (Add(k+,ip (k)) x Add(575, iy (k) T) x Add(5+0,ip (k) 7%)) n-,

6) RAdd — Add,l y Rlz}dd,z « Ri\[dd,s y Rgdd,47

RAdd x RCOI

(1)
(2)
(3)
(4) Ry = Add(s+3, k16)
(5) R
(6)
(7) R

Definition 3.2. Let
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l .
1 RSO = COI(’Q+6517(R))M:’
Add,1 4
2) R = Add(k, k1) s,

3 Rédd& — Add(n++,ﬁ+5)M:,

(1)

(2)

(3)

(4) R24? = Add(r*3, 570) urz,
(5) R4 = (Add (k™™ j- (k) T) x Add(kT®, j- (k) TF) x Add(k7, j- (k) %)) as,
(6) Rédd — Rédd’l % R;\dd,Q x R{r\ddﬁ X Rédd’4,

(7)

7) R, = RAdd x RO

Definition 3.3. Let

Also define the forcing notion P as follows
P=P; x Py x P3 = Add(kT, k™) x Add(s*,kT5) x Add(xT3, k).
and let G = Gy x G2 x G3 be P—generic over V*. It is clear that V*[G] is a cofinality-

preserving generic extension of V* and that GCH holds in V*[G] below and at .

Remark 3.4. . We require that Go X G3 contains some special element, that we will specify

later.

Lemma 3.5. (a) Gy = (i;G1) x (ij;Ga) x (i;G3) is Py = iy (P)—generic over N*,
(b) Gr = (j.G1) x (j. Ga) x (ji Gs) is P, = j,(P)—generic over M,

NG

(c) Gg = (U,<ip) i, pGr) is Pg = jg(P)—generic over M.

Proof. (a) Suppose D € N* is dense open in Py. Let D = iy (f)(x) for some function f € V

on k. Then

D* ={a < k: f(a) is dense open in P} € U.
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Since P is kT —closed, N f(a) is dense open in P. Let p € G N[ cp~ f(@). Then

aeD*
iU(p) € GynD.
(b) Suppose D € M} is dense open in P,.. Let D = j.(f)(E, | 7) for some function f € V/

on V. Then
D* ={v €V, : f(P) is dense open in P} € E,(7).

Since P is k*—closed, (\,cp- f(7) is dense open in P. Let p € G N (\,cp- f(7). Then
jr(p) € G- N D.

(¢) Suppose D € M3 is dense open in Pg. Let 7 < 1(E) and D, € M} be such that
D =i, p(D;). By elementarity D is dense open in P;. Let p € G, N D;. Then i, z(p) €

GpND. O

The following lemma is now trivial.

Lemma 3.6. The generic filters above are such that

a) iy[G] € G,
b) j-[G] € G,
C)] [ ]CGEa

It then follows that we have the following lifting diagram.

V =V*G - Mp = Mg[Gp
/ ‘
N = N*GU—>MT/f T/%»MTfM*

Lemma 3.7. In V*[G] there are Iy, I, and I such that
(a) Iy is Ry—generic over N*|Gy],
(b) I, is R.—generic over M [G,],
(¢) Ig is Rp—generic over M%[Gg],
(

d) The generics are so that we have the following lifting diagram
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N[IU} ? MT/[IT/] ? MT[IT}

U i

Proof. We will prove the lemma in a sequence of claims.
Claim 3.8. Igdd’l =GN R%dd’l 18 Rgdd’l—generic over MF,.

Proof. Suppose A is a maximal antichain of ]R%dd’l in M%. Let X = J{dom(p) : p € A}. As
|A| < kT, we have | X| < k™, and of course A is a maximal antichain of Add(x™, X) . For
simlpicity let us assume |X| = k*. Now we have Add(x™, X)m; = Add(s™, X) and hence
A is a maximal antichain of Add(k™, X). It then follows that A is a maximal antichain of

Add(kt,kt*). Let p € Gy N A. Then p € Igdd’l NA. O
Claim 3.9. Igddz =Gy N Rgdd’z 18 R%dd’z—generic over M.

Proof. Suppose A is a maximal antichain of R%dd’g in M. Let X = J{dom(p) : p € A}. As
|A] < xTF, we have | X| < £, and of course A is a maximal antichain of Add(x"™", X)as: .
For simlpicity let us assume |X| = «**. Now we have Add(x™, X)y: = Add(s™", X)
and hence A is a maximal antichain of Add(x™", X). It then follows that A is a maximal

antichain of Add(k™*,k5). Let p € Go N A. Then p € Igdd’Q NA. O
Claim 3.10. Igdd’s =GsN R%dd’g 18 Rgdd’g—genem'c over M.

Proof. Suppose A is a maximal antichain of R%dd’?’ in M7. Let X = J{dom(p) : p € A}. As
|A| < k*3, we have | X| < k3, and of course A is a maximal antichain of Add(k*3, X) -
For simlpicity let us assume |X| = x*3. Now we have Add(k*3, X)my = Add(k*3, X) and
hence A is a maximal antichain of Add(x73, X). It then follows that A is a maximal antichain

of Add(x*?, k*6). Let p € G3 N A. Then p € I2'° N A. O

It follows from the above claims that
Claim 3.11. Igdd’l X Igdd’Q X Igdd’B i Rgdd’l X R%dd’Z X Rgdd’gfgenem’c over MF,.

Claim 3.12. I{}dd’l = (z;l]g(lgdd’l» is Rédd’l—genem'c over N*.
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Proof. Let A be a maximal antichain of Rgdd’l in N*. Then iy 5(A) is a maximal antichain

of R%dd’l in M. Since |A| < k%, and crit(iy p) = KT > kT, we have iy 5(A) = z/[/JE(A)

Then Igdd’l N i;E(A) # (0, which implies Igdd’l NA#Q. O

Now consider the forcing notion Rgddg X ]R?]dd’3 X R‘gddA X Rg"l. Working in M, this
forcing notion is kT —closed and there are only < —many maximal antichains of it which are
in N*. Thus we can define a descending sequence ((p(a,Add,2)s P(a,Add,3)> P(a,Add,4) > P(a,Col)) :
a < k1) of conditions such that I;9%? x 15943 x 15994 « 1§l = {p € RpHID? x RIS x

Add,4 . mAdd,2 Add,3
RO xR : Jor < K7, (Do, Add,2)> Pla,Add,3)> Pla,Add,a)s Pla,Col)) < P} is RpTTF x RO x
Rf“}ddA X Rg‘)l—generic over N*. Also note that this generic filter is in M7%.

, Add,2 _ pAdd,3 .
We may also note that {iy; 5(P(a,Add,2) P(a,Ada,3)) t @ < KT} C R xRE™, and since

Add,3

this forcing is x* T —closed, there is (p(ada,2y,P(add,3)) € R%dd’Q x RE such that Vo <

kT, (P(add,2) P(aad,3)) < iy, 5(P(a,Add,2) P(a,Add,3))- We may suppose that (p(ada,2), P(add,3)) €
G2 X G35 (see Remark 3.4).

Let Iy = I{}dd’l X Iédd’z X I{}dd’?’ X I{J\dd"l X IS"I. It follows from the above results that

Iy is Ry —generic over N*.

Claim 3.13. (a) [Add! = (zT_g (Igdd’1)> is RAL_generic over MY,

(b) [Add2 = (z;g (Igdd’2)> is RA442_generic over MY,

(c) 1Add3 = (z;lE—” (Igdd’?’» is RA443_generic over M.

Proof. (a) Let A be a maximal antichain of R24%! in M7. Then i, 5(A) is a maximal

o Add,1 . . . .
antichain of R in M¥. Since |A| < xF, and crit(i, ) = f-ﬁj\'é > kT, we have i, g(A) =

NG "

i, 5(A). Then Igdd’l Ni, 5(A) # (), which implies I2441 0 A £ ().

(b) Let A be a maximal antichain of R24%2 in M?*. Then i, 5(A) is a maximal antichain

1"

of R%dd’Q in M. Since |[A| < %, and crit(i, ) = /{Xf: >kt we have i, 5(A) =i_(A).
Then Igdd’Q N z:E(A) # ), which implies 12442 0 A £ 0.

(c) Let A be a maximal antichain of R2993 in M?*. Then i, 5(A) is a maximal antichain

Add,3 . . Lo . _,,
of R in M. Since |A| < 73, and erit(i, 5) = HZ}\’—;: > k13, we have i, 5(A) = i, p(A).

Then Igdd,s N z:E(A) # 0, which implies 2441 N A #£ 0. O
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As U € Mg and V1 < 1(E) E(r) € M% we have the following diagram

. U = E,(0),
Mg ) ]
£ it My — N*F ~ Ult(M5,U),

- JEMy = ME ~ Ult(My, E(7)),
N*E —— MP

it it GG () (%) = 3E(f)(x).

Recall that we have IgddA X I[(}Ol € M7 which is RéddA X RS‘“l—generic over N*E,
Claim 3.14. There is [2dd4 x [O°! ¢ M which is RAddA 5 REOL_generic over M.

Proof. We follow the idea from [3]. For this set
(1) RECO! = Col(5+, 15 () o6,

(2) RPAIE = (Add(x™, 57 (1)) x Add(x7, 7 (5)T) x Add(k™0, 17 (k) 7%)) py

E

E,Add 4 E,Col Add,4 Col : M MZ . Mr
RZ x RZ and RZ x R are coded in V, 7, ., ‘/jﬂ,:j(’i)w5 respectively. V"7 5,

B . - .
Vjﬂg(fn)_% are determined by V,XH)), V,ﬁg (and E(7), of course). As E(7) € M} and V,XH)) =

V,ﬁ% we get that RE-AddA y RE.Col — RAddA  RCol

By the same reasoning, each antichain of R2dd:4 x RC°! appearing in M is also an anti-
chain of RE-Add4 5 RE.Col 3hnearing in M*E. Hence, if 12444 x [C°! ¢ Mg is RE-Add.4 o
RE’COLgeneric filter over Mj_‘E then it is also RAdd4 x RE°!_generic over M.

Let [Add4 x 7Ol — (z’g:;(léddA x I§°")). We show that it is as required. So let D € M*F
be dense open in RE-AdL4 5 RECOl Then D = jE(f)(Eq | 7) for some function f € M on

Vi;. It then follows that in M7,
. _ L . pAdd,4 o
D* = {v €V, : f(v) is dense open in R;""" x RS} € E, (7).
It is easily seen that
B={p: {7 € D*: x°(7) = p}| < p*?} € B,(0).

Thus for each u € B we can find f*(u) such that for all # € D* with k() = p we have

f*(p) € f(v) is dense open (in M%). Hence
N*E = “ig(f*)(/i) is dense open 7.

and
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ME = 57 (F)(R) CiF(f)(Ea | 7).

So there is g € M7 such that zg(g)(/@) € (Igdd’4 x IS N zg(f*)(m) It then follows that

7P () (k) € if(I54Y* x TGN N P (f*) (k). This means that (12444 x 1S9 N GE(f)(Eq |

7) # (. The result follows.

O

Now let I, = [Add1l x [Add2 o JAdd,S o JAdd4 o JCol Tt follows that I, is R, —generic

over M*.

"

Claim 3.15. IgddA x 199! = (Ur<iim iT,E(I;,Add’4 x I€°1) s ]R%dd’4 x RE!—generic over

Mz,

Proof. Let D be a dense open subset of R%ddA X R%"l in M%. Let 7 < I(E) and D, € M;

be such that D =i 5(D;). By elementarity D, is dense open in R2494 x RE! Let (p, q) €

(12444 5 190 1 D, Then (i 5(p), iy, 5(a)) € (I x 1S9) (1 D, O

Let Iz = Igdd’l X Igdd’2 X Igdd’?’ X Igdd"l x IZ°'. Tt follows that I is R z—generic over
To summarize, so far we have shown the following

e [y is Ry—generic over N*,

e [, is R, —generic over M},

e [ is Rg—generic over M%.

Before continuing we recall Easton’s lemma.

Lemma 3.16. (Faston’s Lemma). Let A be regular uncountable, and suppose that P satisfies
the A — c.c. and Q is A—closed. Then

(a) l=pxq“A is a regular uncountable cardinal”,

(b) |- P satisfies the A — c.c.”,

(©) |-p“Q is A\—distributive”.
Claim 3.17. Iy is Ry—generic over N*[Gy].

Proof. First note that in N* the forcing notions Ry and Py are iy (k)T —c.c and iy (k) T —closed

respectively. Now let A be a maximal antichain of Ry in N*[G]. By Easton’s Lemma
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|A| < iy(x), hence again by Easton’s Lemma A € N*. It follows that Iy N A # (), as Iy is

Ry —generic over N*. The result follows. U

By similar arguments
Claim 3.18. I, is R —generic over M*¥[G,].
Claim 3.19. I is Rg—generic over M%[G g].

It remains to prove part (d) of lemma 3.7. Before going into details let’s recall a simple

observation.

. N N*
Claim 3.20. (a) Viﬁ(n)+3 = Vit 43

B «E . *

(8) 361V (0 = 0 Vi
& «E . *

() 37 £ IViE s = i Vil

Claim 3.21. i, ,(Iy) C I,/

’
sT

Proof. We have
11 Add,1 Add,T | s s o Add, 1y _ 1" 7Add,1
(1) iy (I;") € I : This is because iy (I;57) = ZU,T’(<7/U,1E' (Iz°7) <

1", 7Add,1 Add,1
) = 1

)

1"

(2) inT,(IdeQ) - Iﬁdda : It suffices to show that Yoo < &%, iy 7 (P(a,Add,2)) € If,ddﬂ,

A ‘
129%% and Ya < 57, padaz) < iv.p(Pa,addz)). It then

But we have piaqq,2) €

follows that Yo < k*,iy . (D(a,add2) = i;{E(iU,E(p(a,AddQ))) > iT_,l,E(p(Add72>).
But now note that by our definition i:,l E(p<Add,2)) € If,dd’Q. It then follows that
. Add,

tu,’ (p<a,Add,2>) S IT/ 2,

(3) z/(; o (I{jddﬁ) C If,dd’?’ : By the same argument as in (2) using the fact that p aqa,3) €

Add,3
129%?,

(4) i, (I5%* x 1G°Y) € 1599 x 1l : Trivial by the definition of I5%%* x 1€l and
U,r U U T T T T

the previous Claim.

The result follows. O

Claim 3.22. i, (I

T, T

NCI,.

Proof. We have
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(1) &), (I3 C I Becaused, (I = (G505 ) € i (1) =

TN 7 E\NE E \"E
[Add
(2) i:,vT(Iﬁdd’z) C 12442 ; By the same argument as in (1),
(3) ':,J(If,dd’g) C [A4d3 : By the same argument as in (1),
(4) i:,’T(If,ddA X IGT) € I24d45 1L : Because i:,7T(Iﬁdd’4xIS,01) = ZTT(@gT (15944 %
IEN)) € (if (Ip™ > IGN) = T4 s Il

The result follows.

O
Claim 3.23. i ;(I,) C Ip.
Proof. We have
! Add,1 | P N o L Add, 1
(1) ZT,E(Ifdd’l) CrI; : Trivial as zT)E(Ifdd’l) = ZT)E(@T’% (TAdd1))) C I,
(2) i (IA442) C 1292 Asin (1),
(3) Z:E(I;Add’?’) C Igdd’?’ : Asin (1),
(4) ] p(IAddd 1Ty € 244 5 TC01 - Trivial by the definition of T34 x 1g°1.
The result follows.
O
This completes the proof of lemma 3.7. O
We iterate jz and consider the following diagram
in=ig’ ig? iy’
B _ 2 B . A3
\%4 : ME - ME - ME ......... -
Jry ‘77'2 JTS
v B 2, . i, B i - i B
N _U'E ]\4’7_1 N2 2_U'> MEZ 2 N3 3_U’> M‘,?-)S 3
Uy ZU,TQ ZU,7'3

where

0 _ .
.]E - lda
_ 0mn
.]E _.]E )
m,n __ n—ln -m+1,m-+2 -m,m+1
Jg =Jg  ° g o) :

Let R(—,—) = RAd(— —) x R®!(—, —) be a function such that
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iy (R (kv () = R,
i (RO (k,iv (k) = RE,
where % is the iterate of ipy. Then we will have
it (R)(k,iv(k)) = Ry.

The following is trivial.

Lemma 3.24. (a)
(b) J (R (5, jE
() 55 (R) (k. jp (k) =

(RAY) (k. jp (k) = RE,

ik
( )) RCOI

tlj |

Cardinal structure in N*[Iyy]. The following lemma gives us everything that we need

about the model N*[Iy].

Lemma 3.25. (a) In N*[Iyy] there are no cardinals in [x¥7 iy (k)] and all other N*— cardinals
are preserved,
(b) The power function differs from the power function of N* at the following points:

T S0 () s LA S8 00 E i LAR S (e

Cardinal structure in M[I;] and M%[Ig]. The following lifting says everything which

we can possibly say.

N*[Iy] = M [Im] —— M[I]
U, ety

The forcing notion Pz,due to Merimovich, which we define later, adds a club to k. For each
V1, Vo successive points in the club the cardinal structure and power function in the range
[l/;'_ , 1/2 ] of the generic extension is the same as the cardinal structure and power function
in the range [kT, jz (k) 3] of M%[I5].

Cardinal structure in N*[I5°!]. The following lemma gives us anything that we need

about the model N*[I5°!].

Lemma 3.26. (a) In N*[I5°!] there are no cardinals in [7 iy (k)] and all other N*— cardinals

are preserved,
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(b) GCH holds in N*[I5°).

Cardinal structure in M;[IF°] and M%[IS°"]. The following lifting says everything

which we can possibly say.

N*[IEN) v ME[ISY) —— MFUE)
The forcing notion Rz which we define later, adds a club to x. For each vy, v2 successive
points in the club the cardinal structure and power function in the range [v]", 5] of the
generic extension is the same as the cardinal structure and power function in the range

(K%, 45 (k) "?] of ME[IE.
4. REDEFINING EXTENDER SEQUENCES

We define a new extender sequence system F' = (F,, : « € dom(F)) by:

e dom(F) = dom(E),

o |(F)=1FE)
* <p=<p

o F(0) = E(0),
o I(r) =1I,

and

T3,a((§; d)) = (73,a(8), ),
o Va € dom(F), F, = (a, F(7),I(7) : T < 1(F)).
Also let I(F) be the filter generated by Ur<iim) Z;_/EI(T) Then I(F) is Rz—generic over
M. Let us write I(F) = IA99(F) x I®°(F) corresponding to Rz = R%dd X R%Ol.
From now on we work with this new definition of extender sequence system and use E to

denote it.
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Definition 4.1. (1) T € E, & V¢ <1(E,), T € E, (&),

(2) T\D = T\ :0(,;)7

B)TTv=TNVig,-
We now define two forcing notions Pz and Ry, .

5. DEFINITION OF THE FORCING NOTION Pg

This forcing notion is essentially the forcing notion of [4]. We give it in detail for com-

pleteness and later use. First we define a forcing notion P%.

Definition 5.1. A condition p in P}, is of the form

p={®p"):7€stU{(EasT, [, F)}
where

(1) s € [E]**,minE = E, € s,

(2) pEr V:O(E) is an extender sequence such that H(pE“) is inaccessible ( we allow
pPBr = 0). Write p° for pEx.

(3) vy € s\{min(s)},p7 € [V:O(E)]<‘” is a U-increasing sequence of extender sequences
and max x(p7) is inaccessible,

4) V¥ € s,k(p°) < maxk(p7),

5) VY € s, E, > 7,

6) T € E,,

8) V3,7 € s,Vu €T, if B#7 and i is permitted to p°,p7, then 75, 3(0) # 7, 5(7),

(
(
(
(
(
9

)
)
)
7) Vo € T,| {5 € s: 0 is permitted to p7} |< k°(P),
)
) fis a function such that

(9.1) dom(f) = {v € T :1(») = 0},

(9.2) f(r1) € R(k(p®), ). If p° = 0, then f(v1) =0,
(10) F is a function such that
(10.1) dom(F) = {(r1, 1) € T? : 1(1n) = (1) = 0},
(10.2) F(v1,1v9) € R(1,09),

(10.3) j3(a, jp(a)) € I(E).

E

We write mc(p), supp(p), TP, f? and F? for E,,s,T, f and F respectively.
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Definition 5.2. For p,q € P, we say p is a Prikry extension of q (p<*qorp<®q)iff

supp(p) 2 supp(q),

vy € supp(q),p? =7,

¢(p) >g me(q) = mc(q) € supp(p),

V4 € supp(p)\ supp(q), max £°(p7) > U jz(f?)(s(mc(q))),

_1//
TP = M) me) L

~—~ o~ o~ o~ o~ o~
~— Y~ Y ~— Y Y ~—

Tmc(p),7 (D) = Tmc(q),5 (ﬂmc(p),mc(q) (77))7

(8) Vi € dom(fp)’ fp(l/l) < fqowmc(p),mc(q)(l/l)a

(9) Y(vi,v) € dom(FP), FP(v1,v2) < FI0Mme(p),me(q) (Y1, V2)-
We are now ready to define the forcing notion Pg.

Definition 5.3. A condition p in Py is of the form

—~

pP=p, " Do

where

o po € Py, x%(pg) > KO(n),

o p1 €P; k0(p) = KO(fi2),

*pnEF .

and {fip, ..., i1, ) is a *—inceasing sequence of extender sequence systems, that is k°(ji,) <

< k() < KO(E).

Definition 5.4. For p,q € Py, we say p is a Prikry extension of ¢ (p <* q or p <° q) iff

—~

P="D, - Do

4=4q, -

where

® po,q0 € P5,p0 <* qo,

e pi,q1 €PLp1 <" q,
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® Dn,Gn € Pznvpn <" ¢n.
Now let p € Pz and v € T?. We define p;y a one element extension of p by .

Definition 5.5. Let p € Pg,v € TP and x°(7) > JU 72 (k(me(p))), where fPCo! s

the collapsing part of fP. Then p(yy = p1 po where

(1) supp(po) = supp(p),
Tme(p),5(P) if U is permitted to p7 and 1(v) > 0,

B _ Tme(p),5(7) if U is permitted to p7,1(7) =0 and 5y = E
(2) ¥y €supp(po), py =4 )
PV (Tme(p),5(7)) if U is permitted to p7,1(7) =0 and 5 #

p7 otherwise .

3) mc(po) = me(p),
4) Tro = TP\p,

6

3)
@)
(5) Yy € TPo, fPo(1y) = FP(k(D),11),
(6) Fr =
™)

7) if (D) > 0 then

(7.1) supp(p1) = {Tumc(p),7(P) : 7 € supp(p) and v is permitted to p7},
(7.2) pyme 7 =,

(7.3) me(p1) =7,

(7.4) TP =TP | i

(7.5) fr=fP D

(7.6) FPr = FP |

We use (p(zy)o and (p(zy )1 for po and p; respectively. We also let pis 1) = (P(51))1 (P(51)) o)

and so on.
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The above definition is the key step in the definition of the forcing relation <.

Definition 5.6. For p,q € Py, we say p is a 1—point extension of q (p <* q) iff

P=Dpy1- Po
4=4, -
and there is 0 < k < n such that

o Vi< kapi7qi € P:(‘l,iapi <* qi,

o weT%h (pry1) pe <* (qr)(p)

o Vi>kpip1,q € P piv1 <7 s,

where jip = E.

Definition 5.7. For p,q € Pg, we say p is an n—point extension of ¢ (p <™ q) iff there are

p”,...,p° such that

Definition 5.8. For p,q € Pg, we say p is an extension of q (p < q) iff there is some n

such that p <™ q.

Suppose that H is Pz —generic over V. For a € dom(E) set

cg = {maxm(pgj‘*) :p € H}.

Theorem 5.9. (a) V[H] and V have the same cardinals > &,
b) k remains strongly inaccessible in V[H|
)

c) C% is unbounded in K,

(
(

(d) CF is a club in K,
(e) a# = Cy #Ch,
(

f) Let X =min(CF), and let K be Col(w, A" )y 5 —generic over V[H]. Then
CARDVUHIK]I A g = (lim(C) U {pt, ..., u0 s p € CHPNTT) U {w},

(g) V[HHK] |: YA < /{72>\ = \t37,

Proof. Essentially the same as in [4]. O
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6. DEFINITION OF THE FORCING NOTION Ry

We now define another forcing notion Ry . It is essentially the Radin forcing correspond-

ing to E, with interleaving collapses (see also [3]).

Definition 6.1. A condition in Rg_ is of the form

b= <</~_ansnusn7fn7Fn>v“'v </~_L0750a50af07F0>>

where
(1) fin, ..., fo are minimal extender sequences,
(2) fio = B,
(3) Vi <n—1,K(fit1) < £°(f1s),
(4) Vi <n,S" € i,
(5) Vi <m,s' € Vo) 8 an extender sequence such that k(s?) is inaccessible,
(6) Vi <, f!is a function such that

(6.1) dom(f%) = {p € S*: 1() = 0},
(6.2) f(1n) € R%!(r(s"), 1),
(7) Vi <n, F' is a function such that
(7.1) dom(F*) = {(1n, 1) € (S9)? : 1(in) = 1(ir) = 0},
(7.2) F'((v1, 1)) € R, 08),

(7.3) G5 (F)(5(fiz), j g (r(fii)) € TOU(E).

Definition 6.2. Forp,q € Rg_we say p is a Prikry extension of ¢ (p <* q orp <lq)iffp

and q are of the form
p = <<ﬂn78n’sn’fn7Fn>7"'7 <ﬂO7SO,SO,fO’FO>>
q= <</j'n7tn7Tnagn7 Gn>’ ceey </j0) t07T07907 G0>>

where Vi < n
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Definition 6.3. Let p = ({jin,s", S™, [, F™), ..., (o, s, 5%, f°, F')) € R, and let (v) €
St RO(0) > JUde(fH)(k(f;)). We define Py as follows

o if1(0) > 0, then
Py = ((fn, 8™, 8™, [ F"), ..y
(i1, T, SFFL, fitl pit1),
(0,8, S 1 o, f' 1 0, F' | D),
(i, v, S\w, F'(k(v,—)), F?),
(fiiey, =1, S0, fim1, pimly
(Ao, %, 8% 0, F%))
e if () =0, then
Py = ((fin,s™, S™, [, F™), ...,
(i1, s71, SiH1, il ity
(@0, 0, f*(5(7)),0),
(i, 7, SN\D, F'(k(7, —)), F"),
(i1, =1, S0, fim1 Fimly

<ﬂ07 507 SO) fO’ FO>>

Definition 6.4. Let p,q € Rg_, where ¢ = ((fin,s",S", f", F"), ..., (fio, 59,80 O FO)). We

say p is a 1—point extension of q (p <! q) iff there are i and (V) € S* such that p <* q(o)-

Definition 6.5. Let p,q € Rg_. We say p is an n—point extension of q (p <" q) iff there

are p", ...,p° such that

p=p" <t <tpl=q

Definition 6.6. Let p,q € Rg_. We say p is an extension of q (p < q) iff there is n such

that p <™ q.

Suppose G is Rg,_—generic over V. Set

C = {k(s%) : s appears in in some p € G}.

Theorem 6.7. (a) V[G] and V have the same cardinals > &,

(b) k remains strongly inaccessible in V[G],
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(¢) C is a club in k,
(d) Let A = min(C) and let K be Col(w, \T)vg1—generic over V[G]. Then
CARDVICIKI N g = (lim(C) U {ut, ..., uT0 s p € CPNTH) U {w},

(e) VIG]IK] = “GCH".
Proof. Essentially the same as in [3] and [4]. O

7. PROJECTION OF Pz INTO Ry

We now define a projection
m:Pgp—Rg
as follows
Suppose p = p; ... py where
o po € Py, k0(p0) = °(7ir),

o p1 € Pr k0(PY) > KO (fi2),

e p, € IP’;”.

and (i, ..., fi1, ) is a "—inceasing sequence of extender sequence systems. For each i < n

set fPi = fpoAddy gpi,Col gnq pri = Fpi-Add s ppi,Col which correspond to R = RAdd x RCOL,

Let
— min 10 ,Col . _—1 Col ., _—1
7T(p) - <<m1n /’Lnﬂprm Trmc(pn)voTpn ? 'fpn ”o TrInC(pn)yO’ Fp" “o TrmC(pn)10>7 ot
E. p0 PO £P0,Col e 1 po,Col ,_—1
<E’f’p0’ﬂ-m0(l70),0T , Jro-ce Oﬂ-mC(po),O’F Oﬂ-mC(po),O»'

Let us note that m(p) € Rg_and 7 is well-defined.

Lemma 7.1. 7 is a projection, i.e
(CL) W(I]P’E) = lemv
(b) m is order preserving,

(c) if p € Pr,q € Ry, and q¢ < w(p) then there is r < p in Pg such that w(r) < q.

8. COMPLETING THE PROOF

Finally in this section we complete the proof of Theorem 1.1. Let H be Pz—generic

over V and let G = (r" H), the filter generated by = H. Then G is R g, —generic over V.
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Consider the clubs C' = {£(s) : s" appears in in some p € G} and C§ = {s(p}) : p € H}.
It is easily seen that C'= CJ;. Let A = min(C'). Note that the forcing notions Pz and Rg_
add no new bounded subsets to AT, hence Col(w, A*)y (g = Col(w, A")y g, and hence if K
is Col(w, \")y g —generic over V[H] then K is Col(w, AT)y (g —generic over V[G]. Let
v, = vYICIE]
Vv, = vV K]
It follows that V4 and V, are models of ZFC. We show that the pair (V1, V) satisfies the
requirements of the theorem.
(a) V7 and V5 have the same cardinals: This is trivial, since
CARD" = (lim(C)U {p*,..,pu*0 : p e CY\NTH) U {w}
= (Hn(C) U (o i € CRRNTH) U}
= CARD"2.
(b) V1 and V5 have the same cofinalities: This is again trivial, since changing the cofinal-
ities depends on the length of the extender sequence system used and not on its size.
(¢) Vi = “GCH”: by Theorem 6.7(e).
(d) Vo = “¥A, 2% = A+3%: by Theorem 5.9(g).
Theorem 1.1 follows.
Open question. Is it possible to kill GCH everywhere, preserving cofinalities, adding just

a single real? (Allowing cofinalities to change, this was accomplished in [1].)
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