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ABSTRACT. We show that for a measurable cardinal k, the restriction of the
ideal of nonstationary subsets of k to any given set of measure 0 can be made
A definable with parameters from H(x1), preserving the measurability of &.
We also show that starting with one measurable cardinal, one can force NS,
to be both precipitous and Aj-definable with parameters from H(w2).

1. INTRODUCTION

In this article we consider the definability of the ideal NS, of nonstationary
subsets of an uncountable regular cardinal . It is easy to see that NS, is 3
definable with parameter . In Godel’s L, NS, is not A; definable with parameters
from H (k™) (see [3]), but surprisingly, in the case k = Ry, N.S,,, can be A; definable
(with parameters from H(ws)), as was shown in [10]. (Note that by reflection, a
subset of H(k™) is A; definable with parameters from H (k™) iff it is A; definable
over H(x™) with parameters from H(x™).) For larger &, the entire NS, can be
A; definable with parameters from H (k") for successor x (see [4]) and for all
uncountable regular « it is possible for the restriction of NS, to a stationary set to
be A; definable with parameters from H(x") (see [6]). In this paper we consider
the A; definability of restrictions of NS, to a stationary set in the large cardinal
context.

A first observation is the following: If k is measurable or even just weak compact,
then the full NS, cannot be A; with parameters from H(H+). This is proved in
Proposition 2.1 below.

We next show that if U is a normal measure on x and the stationary set A
is of measure zero (i.e. does not belong to U) then it is possible to force NS,
restricted to A to be Aj, preserving the stationarity of A and the measurability of
k (witnessed by a normal measure extending U).

Finally, we show that starting with one measurable cardinal, one can force NS,
to be both A; definable and precipitous.

Our notation is rather standard (cf [8]). The reader is assumed to be familiar
with large cardinal and forcing arguments. In particular, the lifting argument via
master conditions appears frequently in the proof. [1] contains the basic definitions
and arguments used in this article.

The authors wish to thank the Austrian Science Fund (FWF) for its support for
this research through Project P 23316 N13.

2. A1-DEFINABILITY OF RESTRICTIONS OF THE NONSTATIONARY IDEAL AT A
MEASURABLE CARDINAL
Proposition 2.1. Suppose that x is weak compact. Then NS, is not Ay definable.

Proof. Tt suffices to show that if p(A) is any %; formula with free variable A
denoting a subset of x then:

w(A)iff X ={a < k| p(ANa)} contains a club.
1
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Given this, we see that the A; definability of NS, would entail the A; definability
of any 7 definable collection of subsets of k, which is impossible by diagonalisation.

Now we prove the above equivalence. First suppose that ¢(A) holds. Let (M; |
i < k) be a continuous s-chain of elementary submodels of H (k") of size less than
k which are transitive below x and contain the parameter A. Le k; denote M; N k.
Then the x;’s form a club C in k. For each ¢ < k, p(ANk;) is true in the transitive
collapse of M; and therefore by persistence is true in V. This shows that X contains
a club. So far we have only used the regularity of &.

Now suppose that ¢(A) fails and therefore fails in H(x%). For any club C there
is some « in C such that ¢(A N ) fails in H(a™), using I} reflection for the weak
compact cardinal x (note that IT§ over H (k) is equivalent to ITy over H(x™)). This
shows that X does not contain a club, finishing the proof.

So for a measurable cardinal, which is also weak compact, the best we can hope
for is the Ay definability of the restriction of NS, to a costationary set.

Theorem 2.1. Assume that GCH holds and k is a measurable cardinal. Suppose
U is a normal measure on k and T is a stationary subset of k of measure 0. Then
in a cofinality-preserving forcing extension:

(1) & remains a measurable cardinal (witnessed by a normal measure extending
U).

(2) T remains stationary of measure 0.

(B3) NS, | T ={S|S € NS, and S C T} is Ay-definable with parameters
from H (k™).

Proof. Let j : V. — M be the ultrapower embedding given by U. Fix a function
f i k+1 = P(k) such that f(k) = T, j(f)(k) = T and f(n) is a stationary
subset of n whenever 7 < k is regular. (Note that f(n) = T Nn for measure
one many 1 < s.) Fix a bijection k : k™ — kT x kT € M such that Va < k*
(k(a))o < « and let fi with domain x + 1 witness that fir(k) = k, j(fr)(k) = k
and fr(n) : nT — nT x T is a bijection such that Vo < 0™ (fr(n)(a))o < « for
all regular n < k. Fix a sequence f = (fs | 8 € [k, 7)) € M of functions where
fa: kK — Bis a bijection. Define the canonical functions gg : v + ot fg[y] for v < &.
Fix a sequence C = (Cj | B € [k, xT)) of club subsets of x in M such that for all
v <72 € Cg, g3(11) < g3(7y2). Let f7and fz be such that ff‘(/i) =f, fa(k) =C,
I pm fah)(k) = {f,C} and for all regular n < &, fr(n) and fz(n) satisfy the
properties of f and C with  replaced by n. We write fr(n) = (f5 1B € nnh)
and fa(n) = (C5 | B € [n,n7)).

The forcing P is defined as a length #+ 1 reverse Easton iteration (P,, P | n < &)
such that P7 is trivial unless 7 is inaccessible. .

Fixing any inaccessible cardinal n < k, we define P = (P3,Q5 | B<nt) asa
length 7t iteration with supports of size less than 7. P7 is very similar to the
forcing P defined in the proof of Theorem 49(4) of [3]. However, we slightly change
the definition to fit our context.

In VP7, P7 is designed to force that N'S, | f(n) is Aj-definable over H(nt). It
is sufficient to force that there is an S O f(n) such that NS, [ S'is Ay over H(n™T).
In order to carry out the coding procedure, we also require that S is fat (i.e., its
intersection with any club contains closed subsets of any size < 1) and 7\ S is not
reflecting to any « € S (i.e., S N« is nonstationary in « for regular « in S). This
can be achieved by forcing with
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Py = {p € 2<" | For all # € f(n) Ndom(p), p(8) =1 and {y < B | p(7) = 0} is not
stationary in 8},

ordered by end-extension. P is (< n)-strategically closed. We will prove a general
form of this fact in Claim 2.1. If G is P{ generic over VF7, then S = (JG)~!(1)
satisfies the desired properties in the generic extension.

Let Qf be Add(n, 1)‘,1&,*1?3. P{ « QY is (< n)-distributive. Moreover, it preserves
all stationary subsets of . Let G be QF generic over VE*Pi | Define a sequence
(Sg | B € [n,m)) of subsets of n as follows: v € Sz iff (UG)(g95(7)) = 1Ay € Cs\S.
For all

B € [n,n"), Sp is a stationary subset of n\ S. Also notice that modulo the
nonstationary ideal, Sg does not depend on the choices of the fg’s and Cg’s. For
all 8 € [n,n7), denote (n\ Sg) by Ag.

For 8 € [2,n77), we define Qf by induction. From now on we work in VFn . For
a fat subset T of 7, let Sh(T') be the forcing poset for shooting a club through
T. Assume that IP’Z has been defined. We define @Z as follows: Let 8 and v be
such that 3 = 2+ % B8+~ where v < 1 (and * denotes ordinal multiplication).
Recall that k, = fr(n) : nt — n™ x nt is a bijection such that for all 8 < nt,
ky(B) = (B1, B2) is a pair of ordinals such that 51 < . Let TB be the Bo-nd Pgl-nice

name for a subset of 7. Since §; < 3, we can view TB as a ]P’Z name. If 8 > w, let
B =n+ B, otherwise let 3 =17+ (8 — 2). Now in VE*P5 we set
Q' = Sh(Az) H Tz & NSy [ SAIN(y=2+AANETHV (y=2xA+1AN¢Tp))
trivial  otherwise.
Claim 2.1. For all B € [n,n"):
(1) In V™, P} is T -c.c and (< n)-distributive.
(2) In VEES for any A C 0, both of the statements “A € NS, I 87 and
“AZ NS, | S” are preserved in VEPE I particular, f(n) is stationary
in VE*Ps, .
3) If g € P} and either v > 3 or q forces that Q" is trivial, then q forces that
B v
Ss is stationary in VEr*Ts.

Proof. (1) We will use the “flat condition” argument and prove this by induction.
A P} condition p is flat if

o VA espt(p), p| A decides “T € NS, 5.
e there is a unique v <  and a sequence (p; | i € spt(p)) € VF» such that:
VA €spt(p) \ 2 (p [ AlF p(A) = px Amax(pr) =7 +1),
p(0) = po, p(1) = p1, dom(p(0)) = dom(p(1)) = v + 1 and p(0)(y) = 0.
For a flat condition p, we denote the unique ordinal  witnessing flatness by +,, the
“height” of p. We will show by induction on f that for all { € 1, D¢ = {p € P} |
p is flat Ay, > €} is dense. First assume that /5 is a limit ordinal with cofinality .
By the induction hypothesis, the flat conditions with arbitrary height are dense in
P} for all § < . Fix a condition ¢ € IP’Z and a sufficiently large regular cardinal 6.
If A =7, then spt(q) is bounded in 8 and it is easy to find the required stronger
flat condition. Now assume A < n and (5; | i < A) is a sequence with supremum g.
Fix a sequence M = (M; | i < \) such that the following conditions hold:
(a) M is a continuous elementary chain of submodels of H (6).
(b) For all i < A, |M;| <mn, 8; € M;+1 and M; Nn is transitive.
(c) {q,IP’Z} C My . In particular, all the parameters which appear in the
definition of ]P’Z are in Mj.
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(d) Forall i < A, MMl e pryy.

Let n; = M;Nn. Then C = {n; | i < A} is a club in 9y = [J;_, 7. We construct a
sequence of conditions ¢ = (g; | # < A) such that the following conditions hold:

(a) 9 < g.
(b) For all i1 < iy < A, q;; > ¢, and q;; € My, 1.
(c) Foreachi < A, gi+1 | B isflat and vy, 18, > ;. In particular, dom(gi4+1(0)) D
i, qurl(O) I dom(q“rl(l)) o n; and QiJrl(O) decides the value of QiJrl(l) r
7;. Denote this value by A;(1). Moreover, for all § € spt(g;+1) N [2, 5:),
Gi+1 | ¢ decides “Tg € NS, | 87 and the value of ¢;11(6) N7n;. Denote this
value by 4;(4).
(d) For all § € spt(gi+1)\ 2, ¢i+1 [ 0 IF max(g;4+1(9)) > n;.
(€) qi+1(0)(m:) = 1.
We leave the details of the construction of ¢ to the reader (or see [3]). We define
the limit condition ¢y as follows:

Ua@)u{n, 1)} ifd=0
(8) = U4 u{im, )} ifd=1
° Us,os Ai(6) U{m} if 6 € U,y spt(g:) \ 2
)

otherwise.

Since ¢ (0) IF 7y € S, it is routine to check that ¢ is a flat condition stronger than
g. Moreover, 74, = 1.

Now we turn to the case where 8 = € + 1 is a successor ordinal. Let ¢ be a
]P’Z—condition. We construct a sequence of conditions (g, | n < w) such that g < g,
qn | €is flat, ¢, [ € IF supgn(e) > 74, and g¢u41 | € decides ¢ (€) N 7g,. Define
a supremum condition ¢q, as in the last paragraph. It follows that ¢, is a flat
condition stronger than gq.

To prove that IPZ is (< m)-distributive, it suffices to show that the suborder

PZ which consists of all flat conditions is n-strategically closed. Consider the game
Ggs (PZ) A winning strategy of player I can be defined as follows. At even successor
stage a < n, player II chooses a condition p, which is stronger than all previous
plays such that p,(0)(height(ps)) = 1. At limit stage «, player II chooses ¢, as

the limit condition defined as follows:

Ua(0) U{(Ya, 1)} ifd=00r1
Ga(0) = (LDJ%-@)U{VQ} if 6 € Uy 5pt(g:) \ 2

otherwise.

It is routine to verify that g, is a condition stronger than all ¢;’s.

The proof of nT-c.c for an iteration of shooting club forcings is well-known (see
[1] for a proof using flat conditions and a A-system argument).

(2) Clearly if A € NS, [ S, then P, x P} I- A € NS, | S. Note that (@g is either
trivial or the poset Sh(AB). It is known that iterating such forcings preserves the
stationarity of all stationary subsets of S provided S satisfies that for all o € 5,
a '\ S is nonstationary in «. (See [8] or the proof of (3)).

(3) First assume v < . Fix a name C for a club subset of 1 and any condition
q' stronger than ¢. We need to find a condition q, < ¢’ such that g, IF cn S5
is not empty. Fix a sufficiently large regular 6, fix M < H(#) such that |M| < n,
Mnnen\Sand {¢,7,Ps} € M. Choose (n, | n < w) cofinal in n, = M N17.
Construct a sequence of conditions (g, | n < w) such that

(a) qo < ¢ and for each n < w, g, [ 21F g, | [2,0) is flat A Yan1[2,8) > M-
(b) For each n < w, dom g, (0) D .
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(c) For each n < w, there is an A, € VP such that ¢,(0) IF ¢, (1) = A, and
dom(A4,) D ny.

We omit the details of this construction. Let B = J, ., spt(pn). Note that the

sequences f#(n) and f5(n) are in M. It follows that for all 61 < d2 € n,nT)NM,

96, (Mw) < gs,(Nw,). Let € be an ordinal greater than all gs(n,)’s for § € B. Let

h : [nw,€) — 2 be a function such that h(gs(ny)) =1+ 6§ € BV 4 = . The

limit condition g, is defined as follows: ¢.,(0) = U,,., :(0) U {(n,0)}, q.(1) =

Uncw AnUh, and ¢,(6) = U, ., @n(6) U{n.} for 6 € B\ 2. It is routine to verify
that g, is a condition which forces that 7, € S5 N C.

Finally suppose v > 3. The above argument still works. Instead of using

v € Up<w sPt(pn), we use the fact that  is not in the domain of the iteration. [

We present the promised A; definition of N.S, [ S in the following Claim:

Claim 2.2. The following statements are true in VEET

(1) GCH holds and n remains inaccessible.
(2) NS, 'S is A1 over H(n"). Therefore NS, | f(n) is also Ay over H(n™).

Proof. (1) This follows from Claim 2.1 (1) and the fact that the cardinality of the
set of flat conditions in P7 is n™.
(2) We need only supply a IT; definition. It is sufficient to check that the following

statement is true: A ¢ NS, [ S if and only if
(%): there are 8 <n™, ({fy,Cy, Dy, By} | v <mn) € H(n") such that for all v < n

e 0 < 3 can be divided by 7.

e f, is a bijection from 7 to 3 + 7.

o C, is a club subset of  such that whenever 71 < 72 € C, gg4~(711) <

G4+(12) € 1 (where g (8) = ot f,[0]).
5B, 0 UGlgsen(0) = 1AG € Cy\ S

For all v <1, D, is a club subset of 7.
(’}/ cA— DQ*»Y M BQ*»Y = @) A ("y g A— DQ*’YJrl N B2*7+1 = 0)
Suppose that A ¢ NS, | S. By the nt-c.c, there exists § < n* such that A €
VP35 By Claim 2.1(2), in VF*" we have A ¢ NS, [ S. In P, let A be a P}
name of A. By a bookkeeping argument and the definition of P, there is an interval
[n* B,m* (B4 1)) such that T = A. Denote 1% 8 by . It follows that (@g is not
trivial if § € [3,8+n) and Fy(y € AAB+2xy=08) V(Y€ AANB+2xy+1=1).
In VEr*Fhen et (Dy | v < m) be a sequence of clubs such that Dy N Sgiy is
empty whenever Qf,  is not trivial. Let ({f,,Cy, B} | v < 7) be such that
(1> Cy By} = L A0 (8 + ), S8 +7), 83441} for all 5 < 1. Tt is now routine
to check that 3 and the sequence ({f,,C,, D,, By} | v <n) witness (x).

For the converse, suppose A € NS, [ S. Assume there are 5 and ({ f,, C,, D, By} |
v < 1) witnessing (x). Let 8 be such that n* 8 = . It follows from the discussion
following the definition of the S, sequence that, B, = Sz, modulo a nonstationary
set. By (%), there is a nonstationary Sg4~. This implies that QZ_M is not trivial

and hence Tz ¢ NS, [ S in VPP However, using Claim 2.1 (3), T is forced to
be equal to A in VF»*@n_ This is impossible as by Claim 2.1 (2), Tg € NS, [ Sin
VBrQn, 0

The following is a summary of the properties of P. Note that for every a < k,
we can decompose Py as P, and P|, . such that P(, ) is a P,-name of an iteration
of length k — a.

Fact 2.1. (1) P preserves cofinalities and hence cardinalities. Moreover, P I+

GCH.



6 SY-DAVID FRIEDMAN AND LIUZHEN WU

(2) Ifn < K is Mahlo, then P, is n-c.c and Py I P, 44 .y has an it -strategically
closed dense subset, namely the set of conditions all of whose coordinates
are forced to be flat.

(3) PIF NS, | T is Ay definable over H(k™).

In the remaining part of the proof, we show how to lift the embedding j, which
implies that x is measurable in the generic extension. Let H * G be a P = P, « P*
generic filter over V. We construct a lifting of j to V[H * G*] in V[H * G"].
Firstly, we deal with P, for which H is the corresponding generic filter. Since
H(kT)Y = H(kT)M, j(P)xt1 = Pey1. Hence H x G is j(P),11 generic over M.
Next, we need to construct a j(IP)(.41,;(x))-generic filter over M [H*G"]in V[H*G"].
It follows from Fact 2.1 (2) and the elementarity of j that j(IP)j.41,5(x)) 18 (k)-c.c,
of cardinality j(x) and has a (k)M -strategically closed dense subset in M[H x G*].
Thus in M[H * G"] the size of the set of all maximal antichains of j(P)j.+1,5(x))
is j(x). Since GCH holds in V[H % G*|, V[H * G*] = j(P){.41,j(x)) has a xT-
strategically closed dense subset and k% many maximal antichains in M[H * G¥].
This means that we can construct the desired j(IP)[.1,;(x))-generic filter h over
M[H % G*] in V[H % G"]. Hence we can lift j to j': V[H] = M[H % G,.41 * h].

We construct the final lifting using “partial master conditions”, a technique
first introduced by Magidor (see [1]). We need to construct a j'(P") generic over
MH % G* x h]. By elementarity, in M [H = G* % h], j'(P*) is a j(xT)-length iteration
of cardinality j(xT) with the j(k¥)-c.c. Hence j/(P¥) has j(x') many antichains in
M H % G* x h]. Since GCH holds in V[H % G,.1], there are only k1 such antichains
in V[H * Gyxy1]. Moreover, V[H * Gy11] E 7/ (P¥) has a x*-strategically closed
dense subset. Thus in V[H % Gy41], it is possible to construct a j/(P*)-generic filter
g% over M [H %G1 +h]. However, in order to lift j/, we need to ensure j'[G*] C g".

For all @ < kT, G* | o is P& generic over V[H|. Let py : j(a) — V[H x G*] be
defined as follows:

Ugegria 9(6) U{(x,1)} if 6 =0.

pa(6) = 4 Yaear1a 10)/Gi if 6= 1.
o UqEG~ lo q(v)/G5 U{k} if there is a v < o such that j(v) = 4.
otherwise.

It is routine to check that p, is a j’-P% master condition, namely all conditions in
J'[G* | a] are extended by p,. By carefully selecting conditions, we can ensure that
all p,’s are in g®. The general idea of this selection process can be found in [1].
However, as we only assume that j(IP*) has a xT-strategically closed dense subset,
we present the construction here.

Let (A, | @ < k™) enumerate all the maximal antichains of j(P*) in M[H x*
Gr+1#h] and let (B, | @ < k™) be an increasing sequence of ordinals of cofinality
cofinal in x* such that A, Nj(P% ) is maximal in j(P5 ). We construct a sequence
of conditions (g, | @ < k1) in j(P*) such that

(1) ga € j(PF,).

(2) qa < Ps,.-

(3) ga extends some condition in A,.
The key fact we need here is that there is a uniform winning strategy for player II
in all G+ (j(P"))/ps. To be precise, we have

Claim 2.3. There is a winning strategy 7 of II in G+ (j(P")/ps) such that for all
B <wt, 7 1j(PF) is a winning strategy for G .+ (J(P5)/ps)-

The proof of this claim is implicit in the proof of Claim 2.1, as the strategy used
there does not depend on the value of 8 and works for any ;. As a corollary, if for
some [3, all the previous moves are in j (]P’g), then 7 returns a move of II in j (]P’g)
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Now we construct {q, | @ < xT) as a legal play where II uses the strategy 7. At
any stage, after 7 chooses ¢/, for II, since ¢/, < pa, I can choose ¢, < ¢/, such that
(1)-(3) hold. Being a legal play, the construction never terminates at any stage
a < kT. Let g® be the filter generated by the g,’s. It follows that j'[G*] C g".
Hence we can lift j' to 7 : V[H « G*] — M[H x G" * h % ¢"] in V[H x G"], as
desired. O

Remark 2.1. (1) By examining the proof of Theorem 2.1, it is clear that it
can be generalized to all large cardinals defined as a critical point of an
elementary embedding (e.g. strong cardinal, supercompact, huge). In fact,
the proof will be simpler since the use of partial master conditions can be
avoided. In addition, measurability can be replaced by weak compactness
provided some TI1 sentence (with a subset of k as parameter) is true at k
but fails to reflect to any ordinal in T.

(2) In our final model, for all inaccessible n < k, NS, | f(n) is A1 definable
over H(n™).

3. PRECIPITOUSNESS AND THE A;-DEFINABILITY OF NS,

In this section, we prove that assuming the existence of one measurable cardinal,
it is consistent that NS, is both A; definable and precipitous.
We begin by recalling the definition of canary tree forcing.

Definition 3.1 ([10]). T is a canary tree if |T| = 2 , T has no uncountable branch,
and in any extension of the universe in which no new reals are added and in which
some stationary subset of wy is destroyed, T has an uncountable branch.

Equivalently, T is a canary tree if |T'| = 2*, T has no uncountable branch, and
for all stationary, costationary sets S, there is an order-preserving function from
Sh(S), the tree of closed subsets of S ordered by end-extension, to 7. As shown
in [9], if CH holds the existence of canary tree is equivalent to the A;-definability
of NS,,,. In [10], assuming GCH, Mekler and Shelah construct a forcing P, that
preserves cardinals and GCH and forces the existence of a canary tree. However,
there is a flaw in their proof which was repaired by Hyttinen and Rautila [6]. We
now describe the poset P,,, with a milder repair in the sense that the forcing is
closer to Mekler-Shelah’s original version.

Let Qo be the set of functions f such that dom(f) is a countable subset of
Lim(w;) and ¥d € dom(f)(f(8) € 6°), ordered by reverse inclusion. Under CH, Qg
is equivalent to Add(ws, 1), the forcing that adds a single w;-Cohen subset of wj.
From a Qo-generic Gy, define a subtree T'(Gg) of wi“* by t € T(Gy) iff for all limit
§ < dom(t), t | § # (UGp)(d). In V[Go], T(Gp) has cardinality 2 and no cofinal
branch. For a fixed stationary, costationary set S, we say t € T'(Gy) is an S-node if
for every limit ordinal 6 < dom(t) not in S, ¢ [ § ¢ 6°. The partial order P(S, Go)
which adds an order-preserving function from Sh(S) to T'(Gp) is defined as follows:
A condition p in P(S, Gy) is a pair (g, X) such that the following conditions hold:

(cl) g is a countable order-preserving partial mapping from Sh(S) to the S-
nodes of T'(G).

(c2) X is a countable subset of w"“* such that each element of X is of successor

length.

(c3) Ve € dom(g)Vt € X(t € g(c)).

(c4) Y{ci | i € w) € dom(g)*({c; | i € w) is increasing — J,c,, 9(ci) € T(Go)).

(cb) dom(g) is closed under initial segments with respect to Sh(.S).

(c6) V(ci | i € w) € dom(g)“({c; | i € w) is increasing A sup;¢,,(max(c;)) € S —

sup;c,, dom(g(c;)) € 5).
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For any condition p, denote the corresponding g and X by g, and X,,. Let o(p) =
sup{dom(t) | t € ran(gp) or ¢t € X,}. Then we say a condition ¢ extends p if
9p € g4, Xp C X, and for all ¢ € dom(gq) \ cl(dom(gp)), dom(gy(c)) > o(p), where
cl(dom(gp)) = {u € Sh(S) | Vo < sup(w)3B > afu [ B € dom(gy)}), i.e cl(dom(gp))
is the closure of dom(g,) under the order of Sh(S). The following claim replaces
the Claim 3.11 of [6]).

Claim 3.1. Suppose S is a stationary, costationary subset of wy in Vi, where Vi
is generic over V|[Go| without adding reals. If G is P(S, Go)-generic over Vi, then
UG is an order-preserving function from Sh(S) to T(Gy).

Proof. By our assumption T'(Go)"* = T(Gp). It suffices to prove that for every
t € Sh(S), the set

Dy =A{p € P(S,Go) | t € dom(gy)}
is dense in P(S, Gp). So let p € P(S, Gy) be such that ¢t ¢ dom(gp). Let B = {u €
dom(gp) | t <sn(s) u}, where t <gp(g) v means that ¢ is stronger than u in the
Sh(S)-order, i.e., u is a proper initial segment of ¢. It is also convenient to view ¢
as a subset of S instead of a partial function from w; to 2.

Let b =B, V' = U,cp9p(u). If b € B, then obviously v € T'(Go). If b & B,
then by (c4), ' € T(Go). As t € Sh(S) and t <gp(s) b, we have § = Ub € S. By
(c6), &' = dom(b') € S. Since ¢’ € S and g,(u) is an S-node for every u € B, V' is
also an S-node. Denote SN (¢\ (bU{d})) by S;.

We are going to construct an S-node ¢ € T(Gy) such that ¢ extends b with
ot((dom(c) \ o(p))NS) = ot(S¢), ¢ does not extend any element of X, and dom(c) —
1 € S. ccan be constructed as follows: Let 1 be the ot(S;)-th element of S\o(p). Fix
a vy > max{n, sup,cy, (max{dom(z),sup(ran(z))})}. We then define c extending
b by setting dom(c) = n+ 1 and ¢(f) = v for any 8 € dom(c) \ dom(d’). It is
an S-node as b’ is an S-node and for all 8 € dom(c) \ dom(¥), ¢ | B ¢ B°. To
see ¢ € T(Gp),it follows again that for all limit 3 € dom(c) \ dom(b'), ¢ | B & B°.
Finally as b’ does not extend any element of X,, if ¢ extends some = € X, then
dom(z) > dom(d’). But then for any 8 > dom(b’) in dom(c), ¢(f) is not in ran(z).
Contradiction.

Let the mapping g, be defined for every u >gy(s) t, u ¢ B by setting

9,(bU{d}) = c | dom(b') + 1

and

gp(u) = the unique v C ¢ such that dom(v) is the ~,-th element of (dom(c)\o(p))NS,

for u <gp(sy bU {0} where v, = ot(S N (u\ (bU{d}))). It follows from the fact
that c is an S-node that g, (u) is an S-node for every u >gy(s) t, u ¢ B. Define
q = (94, Xp) by setting g, = g, U g, and X, = X,,. It is routine to check that
q is a condition with ¢t € dom(g,) C dom(g). It is also clear that ¢ witnesses
4 < p, as dom(gy(u) = dom(g}(u) > o(p) for any u € dom(gy) \ cl(dom(gy)) =
dom(g)) \ {bU {6} o

We will also need the fact that P(S,Gp) does not add new countable sets of
ordinals. This can be viewed as a warm-up for a later, more sophisticated argument
involving an iteration of forcings of this form.

Claim 3.2. Suppose S is a stationary, costationary subset of wy in Vy, where V1 is
generic over V[Go| without adding reals. Then P(S, Go) is < wy-distributive in Vi.

Proof. Work in V;. Fix any condition ¢’ and sequence (D,, | n < w) of dense
open sets. We need to find ¢ < ¢’ in the intersection of all D,,. Let 6 be a large
regular cardinal. Let M be a countable elementary submodel of H () containing
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all relevant parameters. Let § = w; N M. Let t = r(d) for some condition r in Gy
with dom(r) > §. Let (E, | n < w) be an enumeration of the dense open subsets
in M.

Case 1) There is a successor £ < § such that t [ £ € M. Choose a descending
sequence of conditions (g, | n < w) such that g0 = ¢’ and ¢,41 € E, N M. Define
q by setting g4 = Ugq, and X, = JX,,. gq is clearly a function from Sh(S) to
T(Gp). We verify that ¢ is a condition. We only check (c4) and (c6) as the other
requirements trivially hold.

Claim 3.3. For any increasing (¢; | i € w) € dom(gq)*, either all ¢; belong to
dom(gq,, ) for some fized q,, or sup;_,, max(c;) = 9.

Proof. We first assume that there is a fixed condition ¢,, such that ¢; € cl(dom(gy, ))
for all i < w. Choose any c¢;; as ¢;+1 € cl(dom(gg,)) and c;41 is strictly stronger
than ¢;, there is a § > max¢; such that ¢;41 [ 8 € dom(g,, ). But then by (c5), ¢;
is weaker then ¢;41 | 8 € dom(g,, ) and must be in dom(g,, ). It follows that all ¢;
are in dom(gy,, ).

Now we turn to the case that for all ¢,, there is a ¢; not in cl(dom(g,, )). Note
that by Claim 3.1, for any € < § the set D, = {p € P(S,Go) | o(p) > €} is a dense
open set in M. Now for any € < § let g, ¢m be such that ¢, < qn, 0(gn) > €, ¢;, €
dom(g,,, ) and ¢; & cl(dom(gy,, )). It follows from the definition of compatibility that
dom(gy,, (¢i)) > o(gn) > €. Thus 6 > sup;_,, dom(ge(c;)) > sup;., max(c;) = 6.
This proves Claim 3.3. O

For (c4), we must show that for all increasing (c; | i € w) € dom(g)*, U,c,, 94(ci) €
T(Gy). If there is a ¢, such that all ¢; are in dom gp,, then there is nothing to prove.
Otherwise, sup;_,, dom(gq(c;)) = sup;.,, max(c;) = 6. However, as t [ £ is not in
M, gq(ci) cannot extend t [ & Thus (J,;c,, gq(ci) cannot extend ¢ [ £ and is not
equal to . As all the initial segments of |, 94(ci) is in T(Go) and ;¢ 94(ci) # t,
UiEw gq(ci) € T(GO)'

For (c6), fix again an increasing (¢; | i € w) € dom(g)*. If there is a gy
such that all ¢; are in dom g4, then again there is nothing to prove. Otherwise,
sup; ., dom(gg(c;)) = sup,.,, max(c;) = §. And thus sup,_, dom(gq(c;)) is in S iff
Sup; ., max(c;) is in S.

It follows that g < ¢’ is a condition in the intersection of all E,, and thus in the
intersection of all D,,.

Case 2) For all £ < §,t [ £ € M. Let £ < § be such that £ > o(¢’). Define ¢”
by setting go» = gq and X = Xg U{t | £}. It is routine to check that ¢” is a
condition in M. Choose (g, | n < w) as in Case 1) but with the new requirement
that ¢1 < ¢”. Define ¢ by g, = Ug,, and X, = UX,,; we verify that ¢ is a
condition. Again we need to check (c4) and (c6). We omit the proof of (c6) as it is
the same as in Case 1). Note that Claim 3.3 remains true.

For (c4), we must show that for all increasing (c¢; | i € w) € dom(g)“, U, ¢, 94(ci) €
T(Gy). If there is a g5, such that all ¢; are in dom g, then there is nothing to prove.
Otherwise, sup,,, dom(gq(c;)) = sup; ., max(¢;) = 6. Let ¢;, g, be such that
¢; € dom(gy, ) with n > 1 and dom(g,, (¢;)) > £. By our construction, ¢t [ £ € X, .
Hence, gq, (¢;) cannot extend &. As dom(gq, (¢;)) > &, gq,.(ci) [ € #t | £ Thus
Uicw 9q(ci) # t and must be in T(Go). O

The standard canary tree forcing is a length ws, countable support iteration.
At stage 0, we use Qg to add the tree T(Gy). At each step 8 > 0, we choose a
stationary, costationary set S in VP via a bookkeeping function and then force
with P(S,Gp). The forcing has a countably-closed dense subset and tails of the
iteration are proper. In the final model, T(Gy) will be the desired canary tree.
In our case, we will use a variant of the standard canary tree forcing and use the
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elementary embedding witnessing measurability to control the construction. Our
treatment of precipitousness is close to the original paper [7] (or see [8]) and does
not follow more recent expositions such as in section 17.2 of [1].

Theorem 3.1. Con(ZFC + there is a measurable cardinal) <
Con(ZFC+NS,, is both Aq-definable with parameters from H(ws2) and precipitous).

Proof. The direction from right to left is well-known (see [7]). For the other direc-
tion, we start from a model of ZFC + GCH + k is measurable, and then construct
a forcing extension which satisfies our requirement. The iteration we use is similar
to the iteration in [10].

Let j : V — M witness the measurability of x and let U be the corresponding
normal measure. We first force with P = Col(w, < ) and let G be P-generic over
V. Let Q = Col(w, [k, < j(k))). Then j(P) 2 P x Q. s becomes wY[G] in V[G]
and whenever G is Q-generic over V[G], j can be lifted to jg : V[G] = M[G x G|
(= M[G x G)). In V]G *G], M[G*G]* C M[G x G]. In V[G], I is the derived
precipitous ideal defined by: A € I if IFg k € ja(A). Note it is equivalent to say
A € I if there is a P-name A for A and some p € G such that p -y K & J(A).

In V[G], we will define a length ws countable support iteration P,,. During
the construction we will also verify some properties of intermediate stages of the
iteration which are needed for later parts of the construction. In particular, we will
show that each P, is < wsi-distributive and has a size w; dense subset using the
“flat condition” argument. Throughout the proof, we always work in V[G] unless
otherwise specified. We view x and xT as ordinals and freely adopt the convention
that k = wy and kT = wy (in V[G]).

Let Qo be the first iterant of canary tree forcing. Let Gg be Qy generic over
V[G]. As Qy is of size wi, Qg can be completely embedded into B(Q), the Boolean
completion of Q. ' Let G be Q-generic over V[G]. For each t € k" N V|G * G], we
define m{, = (U Go) U (s, t). It is clear that the m{ are j(Qo) conditions.

Since for any p € Go, m{, extends j(p) = p, all m{, are j5-Qo master conditions.
Hence, jg can be lifted to j; : V[G*Go] — M[G*G*Gy], where Gy is 7(Qq) generic
over M[G  G] extending m{. Nevertheless, we will also consider the general lifting
without mentioning the master condition. Let I; be the ideal defined by: A € I; if
there are p € G, ¢ € Gy and P * Qp-name A for A such that

p*qlFjpsg,) For any G which is Q-generic over M[G], and any
Gy containing Gy which is j(Qq) generic overM[G * G], k & j(A).

Here note that Gy C Gy implies that we can lift the embedding jg to j;. Basically,
a set A is in the ideal if there is a condition p * ¢ in G * Gy which forces that _7(14)
has measure 0 in any available lifting of j; defined in V[G * G * Gg].? Apparently,
the definition is independent of the choice of the name A and condition p * g. A
standard argument shows that I; is normal.

By induction on a < k*, we define the following objects:

e A countable support iterated forcing (Py,Qq | @ < k™) ;

e A sequence (I, | @ < k™) such that each I, is a proper normal ideal in
VIG * G,].

e For appropriate G, G and G, the “preconditions” m!, for any ¢ which
is forced to be in V[G]2 N k" (m!, is only a “precondition” as it is not
guaranteed to be a condition in jg(Py).)

LThis can be done in M [G] using the absorption of Boolean algebras into the Levy Collapse.
(See section 14 of [1])
2The definition of this ideal is the key difference between [7] and [1].
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To complete the inductive definition of the P, Q, we need to know that each P,
has a dense subset of size w;. The “preconditions” m!, are needed for this purpose.

We now give the definition of the forcing P, and the ideals I,.

For a € [1,kT), we define Q,, as follows: Assume that I, P, have been defined
and that P, is < wi-distributive and has a size w; dense subset F,. Let G,
be P,-generic over V[G]. Let X, be a P,-name for a subset of k selected via
bookkeeping. If in V[G x G4 ], X, is forced to be in I, then let Q4 be Sh(k\ X4).
If the complement of X, is forced to be in I, then let Q, be the trivial forcing.
Otherwise, let Q, be P(X,,Go). We will show later that P41 has a dense subset
Fy 1 of size wY[G]. Hence we can completely embed Fi, 11 into B(Q). Let G441 be
P, * Q. generic over V[G] extending G,. We can then assume Goq1 N Fyqq is in
MG * G]. We define I, as before, i.e. A € I,y if there are p € G, ¢ € G, and
P % P,-name A for A such that

p*qlFjp.p,) For any G which is Q-generic over M[G] and any G 2 7G4
which is j(P)-generic over M[G x G|, k & j(A),

and let joi1 : V]G x Go] — M[G % G * G,] denote the associated lifting (which
depends on the choices of G, Gy,).

For « limit, P, is defined following the rules of countable support iteration. We
will show that P, has a size w; dense subset and specify one such dense subset F,
later. As in the successor case, we assume G, N F, € M[G * G]. j, and I, are
defined as before.

The above finishes the definition of all P, and I, assuming that it can be verified
inductively that each P, has a size w; dense subset. To prove this, we will use the
flat condition argument.

Definition 3.2. We say q is a flat condition of P, if there is a unique v < wq
and sequence (Al | i € spt(q)) in V]G] such that Vi € spt(q) \ 1,

o ifQ; = Sh(k\X;), then Al = A}, is a closed set of ordinals with a mazimal
element v and q | i Ik q(i) = A.

e if Q; = P(X;,Go), then A} = (A}, Al)). A}, is a countable order pre-
serving partial mapping from Sh(X;) to T(Go) such that if ¢ € dom(A})
and ran(c) < ~yq then there is a ¢ € dom(A})) such that ¢’ end-extends
c and ran(c') = v,. Al is a countable subset of wi“t. q | i IF q(i)o =
Afy Na(i)r = Af;.

e Otherwise, A} is the empty set and q(i) is the trivial condition.

For any P,, we let F, be the set of flat conditions in P,. It is clear that

_ ViG]

[Fal =w;

To establish the density of F, in P, we introduce the “preconditions” m/,, where
t € (k%)VIG*Cl and o < wy. We are particularly interested in the situation when
F, NG, € V|G * G] and only give the definition in this case.®> For all 8 < « such
that Qg = P(Xp, Go), let 98° = U, cp.na. Ak and 95" = U,ep.na, A%+ For all
B < a such that Qs = Sh(k \ Xp), let g5° = U,cp.nq., Abo- We define m!, as
follows. Recall that the m{, were already defined as (|JGo) U {(k,t)}, a condition
in ja(Qo).

m if§=0.

mt (5>: <g$079’oy¢1> ifj(’Y):(S/\Q’Y:]P)(X’WGO)'

920 U{kr} if j(7) =0 AQ, = Sh(k\ X,).
1 otherwise.

3Note that this situation is possible as we can embed P, into B(Q).
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Since F, NG, € V|G * G, it follows that all gg’s are in M[G G). The following
lemma completes the definition of P,,.

Lemma 3.1. The following hold for a < wa:
(1) F, is dense.
(2) Py, is < wy-distributive.
(3) For anyt € k* NVI[G * G] such that 3¢ < k(t | € € V[G]), m!, is a jo-Ga

master condition.

Proof. We prove (1)-(3) simultaneously by induction on «. For a = 0, as we noted
before, P, is isomorphic to Add(wy,1) and satisfies (1)-(3). Next suppose « is a
limit.

(1), Fix any condition ¢’ € P, we need to find a ¢ < ¢’ such that ¢ € F,,. Let G
and G, be such that G is Q generic over V[G] and G, € V|G * G| be a P,-generic
over V[G] with ¢ € G,. Now for all 8 < «, let Gg be the derived Py generic filter.
Fix at € k" NV[G G| such that 3¢ < k(¢ | £ ¢ V[G]). As GgN Fp is in M[G =G,

mj can be defined. By the induction hypothesis, mj is a jg-Ps master condition

and mf, ,(8) € M[G * G]. Let m, be defined by

ml if § =0.
me (6) = ¢ mg,(0) if j(v) = 4.
1 otherwise.

Since spt(ml,) C jla], it follows that m/, is a jg(P4)-condition. It is also clear that
m!, is a flat condition for jg(P,). For any § < «, as m/, | j(8) = m% is a master
condition, m/, | j(8) < j(q) | j(B). Hence in M[G * G|, m!, < j(¢'). Then by
elementarity of jg, there is a flat condition g < ¢’ in P,. Thus F, is dense in P,.

(2) Fix a condition ¢’ € P, and a sequence of dense open subsets D= (Dy, | n <
w) of P,,. We need to show there is g € F, in the intersection of all D,,’s extending
¢'. Let G and G,, be such that G is Q generic over V[G] and G, € V[G * G] be a
P,-generic over V|G] with g € G. Now for all n < w, it follows that G, N D,, # 0.
Define m!, as in the proof of (1),. By the same argument as in the proof of (1),
m!, < j(p) for any p € G4. Hence in M[G * G|, ml, < j(q) is a condition in j(P,)
which is in all jg(D,). Then by elementarity of jg, there is a flat condition ¢ < ¢’
in which is in D,,.

(3)a By (1)a, Fy is dense. It also clear that Fg = F, | Pg for all 8 < o. Now
by induction on 8 < a, we can check mj = m{, [ j(5) using the definition of m,
and. Hence m! = m/, is a master condition.

Now we turn to the case a = 8+ 1.

(2)g+1 Qp either has size w; or is trivial. Also note that by Claim 3.2 and the
< wy-distributivity of the club-shooting forcing, Qg is < w-distributive. It then
follows that P, is < wi-distributive.

(1)g+1 We check that Fy, is dense in jg (P, ). As P, has an wq-size dense subset,
P, can be completely embedded into B(Q) where Q = Col(w,j(k)). As in the
proof of (1),, fix a condition ¢’ and we look for ¢ < ¢’ in F,. Let G and G,
be such that G is Q generic over V[G] and G, € V[G * G] be a P,-generic over
VIG] with ¢ € Go. We define m{, and mj accordingly. By induction hypothesis,
mi € MG+ G'] is a jg-Pp master condition. Also Pg is < wi-distributive. Hence
D={qeP,| 3B, € VIGlg | BIF q(B) = By} is dense. Define m/, by letting

my, [ j(B) =mj; and

my if 8 =0.
it (i(8)) = 4 Waepna. (Boo Usecapa, (Ba)r) - if Qg =P(X, Go),
- | Usepna, BaU{r} if Qs = Sh(k\ Xp).

1 if Qg is trivial.
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We use m§ to denote my,(j(8)).
Claim 3.4. m}, is a j(P,)-condition.

Proof. We need to show my, [ j(8) = mj Ikje,) m§ is a j(Qp) condition. The case
for § =0 and Qg being trivial is clear.

If 8 is such that Qg = Sh(k \ X3), then jc(Qg) = Sh(j(k) \ ja(X3s)). Since
mY | j(B) = mf is a master condition. Fix any G be jo(Pg) generic over M[G* G
such that m§ € Gg. Work in V[G = G  Gg]. By the definition of I, it is easy to
verify that x ¢ js(Xg). However, jz(Xg) Nr = Xg. Hence m3 is forced to be a
closed subset of jg(X3) and thus a j(Qg) condition.

If 3 is such that Qs = P(Xp, Go), then jc(Qp) = P(ja(Xs), Go). Since |JGo |
k= Go, T(Go)N(wr)VIG*Gol = T(Gy). Moreover js(X5)Nk = Xg. Hence g
is forced to be a countable partial function from Sh(j(Xg)) to the j(Xjg)-node of
T(Gy), dom(gmg) is closed under initial segment. Also Xyq is a countable subset

of j(k)7*®). Tt remains to verify (c4) and (c6). Note the analogue of Claim 3.3
holds:

Claim 3.5. For all increasing sequences (c; | i € w) in dom(gms ), either all ¢; are
in dom(gp) for some fized p € Ga or e, dom(gmg (¢i)) = sup; ., max(c;) = k.

Proof. We first assume that there is a condition p € H such that ¢; € cl(dom(g,))
for all i < w. Fix any ¢;, as ¢;41 € cl(dom(g,)) and ¢;41 is strictly stronger than ¢;,
there is a # > max¢; such that ¢;41 [ 8 € dom(g,). But then by (c5), ¢; is weaker
then ¢i41 | 8 € dom(g,) and must be in dom(g,). Now all ¢; is in dom(gp).

Now we turn to the case that for all p, there is a ¢; not in cl(dom(g,)). Note
that for any € < &, the set D{p € P(S,Go) | o(p) > €} is a dense open set
in V|G * Gg]. Now for any ¢ < &, there are po, p1 in H such that py < pi,
o(p1) > €, ¢;, € dom(gy,) and ¢; & cl(dom(gy,)). It follows from the definition of
compatibility that dom(gp,(ci)) > o(p1) > €. Thus max;<.(c;) is unbounded in x.
But then k > sup,,, dom(gq(c;)) > sup;.,, max(c;) = k. O

For (c4), in light of the proof of Claim 3.2, we only need to prove the following.

Claim 3.6. For all increasing sequences (c; | i € w) in dom(gimg) such that
Uicw dom(gms (ci)) = &,
mis b | gms (i) # .
S
Proof. As there is a successor ordinal € such that ¢ | € is not in V[G] for any ¢
such that dom(gmg)(ci) > €, gmg(ci) is in V[G] and does not extend ¢ [ e. Hence

Uiew gﬁlg (Ci) 7é t. O

The prove of (c6) is identical the the proof of Claim 3.2. Note either all ¢’ are con-
tained in dom(gj,) for a single condition p or sup; ., max(c;) = sup;,, dom(gms (¢;)) =
K.

This completes the verification that m/, is a j(P,) condition. O

In V|G * G], it is clear that m/, is a flat condition. We can check that m/, is
stronger than the image of any conditions in G,. Fix r € G,. The case for § =0
and Qg being trivial is clear. For Qg is Sh(k \ Xg) or P(Xs,Go), we work as
follows: Since mg = m/, | j(B) is jg-Pp master condition. mg < je(r [ 8) and
forces ja(r(8)) = r(B) € VIG]. It is clear that ja(r(8)) = r(8) C m!(j(8)) by
the definition of m/,. Hence that m. (j(5)) is stronger than jg(r(5)) = r(5). In
particular, for any P, condition ¢, and G, 3 ¢, we can show that m/, < j(¢q). Hence
by elementarity, in V[G], there is a flat condition extending ¢. Thus F, is dense.
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(3)s+1 We only need to check that m/, = m!, as m/, is stronger than any jz(q)
with ¢ € G, and thus a master condition. It suffices to check that m/ (8) = mq(8).
The case for § = 0 and Qg being trivial is clear. For Qg is Sh(k\ X3) or P(Xg, Go),
as F, is dense in P,, it is routine to check that quDﬁGa (By)i = quFaﬁGa A%i
for i =0 or 1.

This completes the definition of P,,. As P,, is the direct limit of the P, a < wy,
P,, is < wi-distributive and wy-c.c. For the remainder of the proof, we will not
distinguish P,,, from its dense subset which consists of all the flat conditions. For
any a < ws, we will also view G, N Fy, as G,.

By the standard treatment of absorption and the ideal derived from lifting (see
section 17 of [1]), the following holds for all a; < ag < wa:

Lemma 3.2. (1) In, NVI[G % Gy, ] = I, -
(2) I, is a normal precipitous ideal in V|G x G, ].

Proof. (1) It is routine to check that I, C I,,. Now for X € I,, NVI[G * Gu,],
assume that X ¢ I,,,. Let X be a Py-name exemplifying this fact, i.e, IFp,, X¢I,,
and Ibp,, X € Io,.

By the definition of the ideal I,,, there is a condition p* g2 € G*G,, witnessing
X e Io,. We denote g2 [ a1 by g1 and g2 [ [, a2) by ¢(1,2). Hence,

pl-je  For any G, which is Pq,-generic over M[G] and contains g,
for any M[G * G] — j(Pa,) generic G, which contains j[Ga,, £ &€ Jas (X))

On the other hand, by the definition of the ideal I,,, for any fixed Go, Go, Go,
and G, such that:

e G x G is j(P) generic over V. B
o G, is P,, generic over V|G|, G, in V|G % G].
e pxqr € GxGy,.
exactly one of the following holds:
a) There is no Gq, which is j(Py, )-generic over M[G * G] such that j[Gq,] C
Ga, -
b) There is a j(Pa, )-generic filter G, over M[G  G] such that j[Ga,] C Ga,
and £ € jo, (X /(G * Gy,)).

We can show that a) is always false via an argument identical to the proof of
Lemma 3.1(3): Whenever we choose t € k*NV[G*G] such that t € T(Go), then m,
defined accordingly is a master condition. Thus whenever m!, € Go,, j[Ga;] C Ga, -

It follows that b) holds. Let Gy, be a witness. In particular, & € jo, (X /(G *
Ga,)). Let t = r(k) for some (or any) r € Gy with x € dom(t). In what follows, we
construct a generic filter Gy, in V[G'* G] such that G, | Pa, = Ga, and g2 3 G, .
We will also ensure that m},, is a master condition for this chosen G,. The proof
is very similar to the proof of Claim 3.2.

Claim 3.7. There is a generic filter G, in V|G * G] such that

(1) Ga, [ Poy = Ga, and ¢z € G,

(2) mt,, is a master condition.

Proof. Note that we only need to construct G, to be generic over M = (H (k)" ¢

) as P,, can be viewed as an element of H(x1)VI%] and thus all dense subsets are
in M. Moreover, as G4, is generic over M, we only need to construct an H which
is generic over M[G,, ] and contains q(1,2). Work in V[G = G|, where M[Gq,] is a
countable structure. The proof separates into two cases:

Case 1) For some a < k, t | a is not in M.
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(1) Enumerate all the open dense subsets in M in a sequence (D,, | n < w).
Define a decreasing sequence of conditions (p, | n < w) such that py < q(1,2) and
for each n, p, € D,,. Let H be the downward closure of (p,, | n < w). Then H is a
generic filter as H meets all the dense sets.

(2) We have already shown that m!,_ is a condition in the proof of Lemma 3.1(3).

Case 2) For all a < k, t | « is in M.

(1) As in the proof of case 1), we want to construct (p, | n < w) such that
Po < q1,2) and for each n, p, € D,. However, we will need one more requirement
for the sequence (p, | n < w) to ensure that m/!, is a condition:

Vn < wvn € spt(pn)(Qn = P(Go, Xp) = (37 > o(pn(m)(t [ ¥ € X, 11(8))-
This can be achieved as follows: Suppose p, has been defined, let v < x be a

successor ordinal strictly greater than o(p,(n)) such that 7 € spt(p,) and Q, =
P(Go, Xp). Define p, by setting

L (8) = {pn(ﬁ) %f B=0or 3 ¢&spt(p,) or Qg = Sh(k\ Xg)
" (Ipn(8)> Xpa(s) ULt T7}) i Qp =P(Xp,Go).

Clearly p!, is a condition. Let p,41 € Dyt extend pl,. Then p,yq suffices. Let H

be the downward closure of (p,, | n < w). It is clear that H is a generic filter.

(2) We only need to show that m,_ is a condition. We follow the argument
of Lemma 3.1. By induction on o < @z, we show that m!, = ml, | ais a P,
condition. For n < ay, there is nothing to prove, as mtw1 € Ga,-

The case when « is limit is clear by induction. When o = g + 1, it is again
routine to check when Qg is not P(Go, Xg). Now assume Qg is P(Go, Xg). We only
need to check the requirement (c4) as all other requirements can be verified using
the same argument as in the proof of Lemma 3.1(3)g+1. We remark that Claim 3.5
remains true here.

For (c4), as in Claim 3.6 we need to show the following: For all increasing
sequences (¢; | i € w) in dom(gmg) such that Uico dom(gms (i) = K,

mf I gms (c:) # .
1EW
By construction, there is n € w such that 8 € spt(p,,). Hence there is a successor
ordinal y such that ¢ [ v € X, (). Let ¢; and n’ > n be such that ¢; ¢ dom(gy,,,,)
and ¢; € dom(gy, ). By the definition of the forcing order, ¢; cannot extend ¢ | .
Hence [J;¢,, gms (ci) # t. This completes the proof of Claim 3.7. O

Now G, = Gq, * H is Po,-generic over V[G] and m!,, is a master condition. Let
Ga, be j(Pa,) generic over M[G*G] such that ml,, € Gq, and Ga, | j(Pa,) = Ga,.
It follows that & € ja, (X /(G % Ga,)) = jor (X /(G * Gay)) 88 ja, lifts jo, and X is
a P % Py, -name. This contradicts the fact that & is not in ja, (X /(G % G4,)) by the
definition of I,, and the fact that p * g2 is a witness to Xe I,.

(2) We show that I,, is normal. Assuming otherwise, there is a function f :
k — K such that f is regressive on a I set S. We need to show that there is a
v < k such that the set S, = {n < x| f(n) =} & La,. Let G x G, witness that
K € 3o (S), thus jo(f)(k) < k. Say ja(f)(k) = . Then G * G, witnesses that S,
is not in I,,. The proof for precipitousness can be viewed as a special case of the
proof of Claim 3.10 to follow and thus we omit it here. (I

Let Gy, be a P, generic over V[G]. Let I = J,,, la- As Py, is wa-c.c, any
subset of w; appears in V[G,] for some o < we. Hence by Lemma 3.2(2), I is a
normal ideal. Also it is also clear that I contain any ground model measure 0 set

4Note we have already argued for the existence of such a jo, in the proof of 1).
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and thus is a proper ideal. It follows that I must contain NS,,. On the other
hand, our iteration shoots clubs disjoint from any set in /. Hence, I = NS, .
In the next lemma, we show that T(Gy) is a canary tree in V[G * Gy,].

Lemma 3.3. The following are true in V|G x G,,,]:

(1) T(Go) has no cofinal branch.
(2) If S & I UI, then there is an order-preserving function from Sh(S) to
T(Gy).

Proof. (1)Assume ¢ € V[G % G,,] is in w}'. We need to show ¢ is not a branch of
T(Gp). Let a < wy be such that t € V[G * G,]. Let t be a P, name of t. We prove
that there are dense-many conditions in P, which force that f is not a branch of
T(Gy).

Fix a condition ¢ € G * G,. Consider the precondition m!,. We show that mf,
is a P, condition by induction on 8 < «. The limit cases and the case g = 1 are
easy. Also the case that 5+ 1 is such that Qg = Sh(x \ X3) follows from the proof
of Claim 3.4.

Now assume that 8+ 1 is such that Qs = P(X3, Gp). By the induction hypoth-
esis, m!, | j(B) is a ja(Pg)-condition.

Since the complement of Xz is not in Ig, by Claim 3.10, Xz is costationary.
Hence in V]G * G,], there is i such that ¢ [ n is a function from 7 to n and 7 is in
the complement of Xz. Hence t =t [ (n+ 1) is not an Xg-node. This implies that
there is a condition forces p € Gg such that

p ke, t is not an Xs-node.

By the definition of P(Gg, X3), ¢ I- For all P(X 5, Go) conditions ¢”, if ¢ € dom(gq)
such that dom(c) > n+ 1, then g4~ (c) cannot extend ¢, as ¢ is not an Xg-node. As
in the proof of Claim 3.4, we can check that m! | j(3) forces that m. (j(8)) is a
condition. The only new feature is a different proof of Claim 3.6.

Claim 3.8. For all increasing sequence (c; | i € w) in dom(gmsg) such that ,¢,, dom(gms (c:)) =
H’
mf I gms (c:) # .
1€Ew
Proof. In V[G][G 3], whenever dom(c) > ot(t), gq(c) cannot extend ¢. Hence there
is a ¢; such that g(c;) does not extend ¢. Now in V[G][G.], t extends t. It follows
that (J,c,, mi, (7(8))(ci) is not equal to t. O

By induction, m!, is a j(P,) condition. Note that j({) is a jg(P4)-name and

mt, I j(f) | k. Moreover, j(q) > mi It = j(f) |  is not a branch of T(Gy). By
elementarity, in V[G], there is a condition ¢’ < ¢ such that ¢’ IF £ is not a branch
of T(Go)

(2) It follows from the assumption that there is an o < wsy such that S is a
stationary costationary set in Py, X, = S and Q, = P(X,,Go). Hence g2 is the
desired order-preserving function. O

The II; definition of I is as follows:

Claim 3.9. In V[G x G,,]|, S & NS, iff either S contains a club or there are
Xo C S, Xy C S and go,g1 such that for i = {0,1}, g; is an order-preserving
function from Sh(X;) to T(Gy).

Proof. It S ¢ NS,,, then the implication is proved in (2) of the last claim. For
the other direction, we only need to show that if there is X C w; and g an order-
preserving function from Sh(X) to T(Gp), then X does not contain a club. But
otherwise, [J{g(X N B) | B € Lim(X)} is a cofinal branch of T'(Gyp). O
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Finally, we prove that NS, is a precipitous ideal, which completes the proof of
Theorem 3.1.

Claim 3.10. I = NS, is a precipitous ideal.

Proof. For any I-positive set A, we need to prove there is a well-founded generic
ultrapower which concentrates on A. Via a density argument, we need to prove for
any P % P, condition p * ¢ and name A such that px g I- A & I, there is G * G,
containing p * ¢ and a P(w;)/I generic filter D containing A/G * G,,, such that
UltpV[G  G] is well-founded.

Fix such a pair p * ¢ and A. We can also assume that A is a P+ P, name and ¢
is a P, condition for some @ < k. Since p % g forces A ¢ I, there exists p; € j(P)
such that p; < p,

1 IR (3 P,-generic G, over M[G] containing ¢)(3 j(P,)-condition ¢*)
" Fje,) JGal € Ga AK€ ja(A).

We choose G, G, G, and G, witnessing the above formula. Thus & € jo(A/G *
Ga). Let t = r(0)(k) for some (or any) r € G, with dom(r(0)) > . Using the same
argument of the proof of Claim 3.7, we can construct G, such that G, | « = G4
and for any 8 < ™, m% is a master condition in M [G*G]. One possible construction
is as follows: Work in a very large generic extension V|G * G * H] making kT of
countable cofinality. Let (8, | n < w) be a cofinal sequence of k¥ with 8y = . By

inductively applying Claim 3.7, we define the sequence (G, | n < w) such that

® Gg,, | Bn=Gg,. _

e mj is a master condition and mj in M[G * G].
Let Gu, = U, <, Gs,- Then G, is Py,-generic over V[G * G]. Note although all
G are in M[G * G], G, is not.

In V[G * G x H], let P* be the suborder of jg(P,,) such that r € P* if r € P, r
extend m!, and spt(r) C j(a) for some o < wo. Note that P* | j(a) = jg(Ps)/m,
as all m%, are in M[G * G] N jg(Py,). Here jo(P,)/m!, = {p € jo(Pa) | p < mi}.
Let G* be a P* generic over V|G * G * H]. Let G, C P, be the set of conditions
which are weaker than some conditions in G*. Tt is not difficult to check that G, is
j(P,,,) generic over V[G *G].> Therefore, G, is also a j(P,,,) generic over M |G xG]
and jg[Gu,] € Gu,. Hence we can lift jg to ju, : V[G * G.,] — M[G * G x G.,].
Note that by definition j,, extends all j,’s where a < ws.

In summary, we can construct G * G x G, such that the induced embedding j.,
satisfies K € ju, (A/G * G.,y). Let Uy, = {X C wi | K € ju,(X)}. U,, is a normal
V|G * G]-ultrafilter disjoint from I,, the ideal dual to U,,. It is also clear that
Ult(V[G x G],Uy,,) = M[G * G % G,,] and thus well-founded. It remains to prove
that Uy, is P(k)/l,, generic over V[G * G,].

Assume otherwise. Returning to V, let 7' be a P % P, name of a maximal
antichain in P(w;)/I,, such that there is a j(IP) * P* condition s *t € G * G * G,
force that TNU,,, = 0, namely, for all X € T(k ¢ ju,(X)). View st as a j(PxP,,)
condition, then there is a function f :  — V such that j(f)(k) = (p,q). Let S
be the P« P,, name of {a < k| f(a) € G* G, }. Now & € j,,(S) implies that
sxt € G*G *G,,. Hence with any choice of G and G,,, if k € ju,(S) , then for
every X € T, k & ju,(X). Tt follows that SN X € I, for all X € A. However,
S ¢ 1, since whenever sxt € G* G xG,,,, k € ju,(S). It follows that T is maximal
in V|G * Gy,] as S is a counterexample. O

This completes the proof of Theorem 3.1. O

5Note for any antichain A of jg (Pw, ), there is a such that ANjg(P) is a antichain of jg(Pa).
Moreover, any jg(Pa)/mt, generic filter can trivially derived a jg (Pq) by taking downward closure.
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4. SATURATION AND A;-DEFINABILITY OF NS,

In this section, we study the consistency of “N.S,, is both saturated and A;-
definable”. This statement follows from the statement that NS, is wi-dense. By
work of Woodin, the consistency strength of the latter is w-many Woodin cardinals.
Hence we have:

Fact 4.1. Con(ZFC+ there are w-many Woodin cardinals)— Con(ZFC + NS, is
both saturated and A;-definable).

It is unknown whether it is possible to reduce this upper bound to one Woodin
cardinal.® Tt is also unknown how to construct a model in which NS,,, is saturated
but not A; definable. The following is a partial result on the latter question.

Fact 4.2. Suppose k is a Woodin cardinal. Then in VCo w1,<r) NS, is presat-
urated but not Ay definable.

Proof. That NS, is presaturated in that model is explicitly proved in [2] and
a proof of even a stronger result can be found in [5]. Since Col(w1,< k) =
Col(wy, [wa, < K)) x Add(wy,ws), there is no canary tree in VCoHw1,<x) O

We say that NS, is lightface Ay definable iff it is A; definable with parameter
wi. In the remain part of this section, we present some facts regarding the lightface
A definability and saturation of NS,

Recall that following definition of iterated generic ultrapower.

Definition 4.1. Let M be a model of ZFC-Powerset Axiom. Let vy be an ordinal
less than or equal to wy. An iteration of (M,(NS.,)M) of length v consists of
models M, (a < 7), sets Go (@ < 7) and a commuting family of elementary
embeddings jop : Mo — Mg (o < 8 <) such that
(1) Mo=M,
) each G, is an M,-generic filter for (P(w1)/(NS,,))=,
) each joo is the identity mapping,
) each jo(a+1) is the ultrapower embedding induced by G,
5) for each limit ordinal B < -y, Mg is the direct limit of the system { My, jas; o <
0 < B}, and for each a < B, jag is the induced embedding.

We say M is iterable if every iterate of (M, (NS, )M) is wellfounded.

2
(3
(4
(

We need the following lemma:

Lemma 4.1. Assuming that for all countable X < H(ws), the transitive collapse
of X is iterable, then NS, is not lightface A1 definable.

Proof. We argue by contradiction. Fix a X;-formula ¢(z) such that for all station-
ary set S, H(w2) E ¢(S,wy) if and only if S is stationary. Now fix a stationary
co-stationary set S. Let X be such that S € X and M be the transitive collapse of
X. Let SM™ be the image of S under collapsing map. Let (Mo, Ga, jog | @ < 8 < w)
be an wi-length iteration of My = M such that

(Va S wl)jOQ(SM) Q/ Ga.

By elementarity, M, thinks jo., (S™) is a stationary set and 9 (jigw, (S™)) holds.
Moreover, jo, (S*) is nonstationary. Since M, is transitive such that M, C
H(ws), H(w2) | ¥(jow, (SM)) by Zj-absoluteness. Hence jo,, (S™) is stationary.
Contradiction. O

6This was recently answered affirmatively by the first author and Stefan Hoffelner and will
appear in Hoffelner’s 2014 PhD thesis at the University of Vienna.
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Corollary 4.1. Assume that there is a proper class of Woodin cardinals. Then
there is no set-forcing notion P such that P I- NS, is lightface Ay definable.

Proof. Since AD holds in L(R), it follows from the analysis of P, extension
that for all countable X < H(ws), the transitive collapse of X is iterable. By
Lemma 4.1, L(R)Fmes = NS, is not lightface A;-definable. Now suppose that
P IF 4 (z) is a lightface II;-definition of N S,,, over (H (ws), €). Let ¢ be the sentence
VS(S € NS, < ¥(S)). Then (H(wz), NS, E>VP = ¢. Since there are proper
class many Woodin cardinals, by IIo-maximality of P, (cf Theorem 4.69 of [11]),
(H(ws2), NS, €)™ = ¢  This contradicts to the fact that NS, is not
lightface II; definable in this model. O

Corollary 4.2. Assume NS, is saturated and P(w1)¥ exists then NS, is not
lightface Ay definable. In particular, MM implies NS, is not lightface Ay defin-
able.

5. OPEN QUESTION

The forcings defined in [3], [6] only give the A; definability of some restriction
of the nonstationary ideal whereas [4] gives the A; definability of NS, only for
successor cardinals k. It is therefore natural to ask:

Question 5.1. Assume GCH and suppose that there is a proper class of weak
compacts. Is there a cardinal-preserving forcing which preserves weak compactness
and forces that for uncountable reqular k, NS, is Ai-definable over H(x™) iff k is
not weak compact?
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