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INFINITARY LOGIC AND O#

Sy D. Friedman*

In this paper we use infinitary model theory together with some ideas from

Jensen coding (see Beller-Jensen-Welch [82]) to estabfish a perfect set
't

theorem for fi) sets of reals. Assume throughout that 0r exists. If
R -c or then we let IR denote the canonical Silver indiscernib'les for L(R).

It fo]lovrs from either Paris'work (Paris [7a]) or the Covering Theorem (Oevlin-

Jensen [74]) that if 6# $ r-(n) then p# exists and in fact R# e t(R,o#1.

DEFINITIoN Suppose-'K > y are uncountab'le-cardinals. Then C :c K is CUB' 
-

in (r,y) if C is closed unbounded (CUS) in K and C n y is CUB in y.

DEFINITION Suppose K > y are uncountable cardinals and R is a rea'|. Then

X -c 
r is k-indiscernibleR if for any formula 0(R,v.,,... ,uk) and k-tuples

il ..... Jk, jt.....jt from^ X, L(R) F O(R,il,...,ik) ++ Q(R,jl,.;.,j;,).
X is a'lmost k-indiscernibleK at (r,y) if X n C is k-indiscernibleK for
some constructible C which is CUB in (*,y).

lrle wish to consider reals which preserve k-'indiscernibility in a certain
sense.

DEFINITI0N Suppose K > y are uncountab'le cardinals and R is a rea'|. Then

R preserves k-'indjscernib'les at rif X k-indiscernible, X g r,X construc-
tible + X k-indiscernibleR. R weakly Dreserves k-indiscern'ibles at (r.v)tible + X k-indiscernible". R weakly preserves k-indiscern'ibles at (r,y
if X k-jndjscernible, X _c K, X constructjble 

- 
X alrnost k-jndiscernible

at (r,v).

REMARK It ls clear that if R weakty preserves k-indiscernib'les at (r,v)
then 0# + L(R); thus R# exists and all uncountable cardina'ls belong to IR

It fo1 lows that R weakly preserves k-indiscernib'l es at (r',y') for a] I
pairs of uncountable cardinals K' > y'.
*Thi, 
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DEFINITION R weaklv preserves k-indiscernibles if R weakly preserves k-
indiscernibles at (",y) for some (and hence any) pair of uncountable

cardinals K > y.

The follow'ing is our main result.

THEOREM Suppose A is a il, set of reals containing a nonconstructible real

which weakly preserves k-indilcernibles for infinitely many k. Then A

contains a perfect closed subset. 
.1.

C0R0LLARY Suppose R is a nl-sinSleton which weakly preserves k-indiscern-
ibles for infinitely many k. Then R is constructible.

Solovay has conjectured that there is a nonconstruct'ible nl-singleton R

such that 0# + L(R)

Our first lemmas concern the indiscern'ible preservation hypothesis jn the
theorem. Aclass XcORD jsamenable if Xna€L forall oe0RD.

LEMMA I For any k there exists an amenable k-indiscernible Ik 
=c 

ORD such

that I _c Ik.

PR00F For any y € ORD let lT.....il be the first k elements of I
greater than y. Let X = {yl For a1l i < y and all O(x,x.',...,x1),
L p Q(i ,y,il,...,il) + q(i,iT,... ,il)]. Note rhat I S x and that X is
amenable. Now suppose that yl.....yk is an increasjng sequence from X and

choose il.....ik from I so that jl , yk. Then for any 0,
L ts 0(v1,...,Yp) 

- 
0(v1,...,Y1-1,i1) 

- 
0(v1 t..,)(y-2,ik-l,ik)

*-._ ...- 0(v1,i2,...,ik) 
- 

4(ir,...,ik), by indiscernjbil'ity and the
definition of X. So any two increasing k-tuples from X realize the same
'type and we are done.

In the definition of "R weakly preserves k-indiscernibles at (<,y)" we

now drop the assumption that K > y are true cardinals; the same definition
applies if K > y are arbitrary L(R)-uncountable L(R)-cardinals.

LEMMA 2 Suppose that R weakly preserves k-indiscernib1es. Then there exists
anamenab'le X_cORD suchthat I:cXua forsome o.sl and K>y in
[ + R weakly preserves k-indiscernibles at (<,y). Moreover X can be

chosen independently of k.

PR00F Let 12 be as in Lernma I where k = 2, Now for each r e IR we can
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choose a constructible CUB C* S r so that 12 n C* is 2-indiscern'ib'leR.
Assume that C* is chosen^to be L-least with this property. Then by indis-
cernibility f<K'in In-C"=C"ror andhence X=IrnC is2-
indiscernibleR where t-u{Cr1*^etRi. Also IR-cC andhence K>y in
X 

- 
R weakly preserves k-indiscernibles at (r'y).

To complete the proof we need only show that I c IR u s for some o. sl.
But note that if we replace 2 by k in the above argument we obtain
X(k) I IR so that X(k) js amenable, Now for each k choose a countable o1

so that X(k) I I-o*. This is possible as indiscernibi'lity 'implies that
X(k) 2 I-c* for some ok and then we can get ok to be countable in L(Rr)

by reflection. Finallylet a = U{clklk € o}. Then I S ( r2 Xttll u o yet

? X (tl must equal IK since it is a class of R-indiscernibles.
We will actually need some finer infonnation about the classes Ik in

Leruna'l and X in Lemma 2. This is captured by the following definit'ion.

DEFINITI0N Y S ORD is special amenable if for some terfl t and countable

il.....in in I we have that in < i € I + Y n i = t(irr...,in,i,il,...,ir)
whenever i < il<.... jm belong to i. We refer to i1,... ,in as the
parameters for Y.

Any amenable Y c ORD is of the above fonn if the restrictjon that the
parameters il.....in be countable is dropped. The proofs of Lemmas 

.|,2 
show:

LEMMA 3 Ik as def'lnJed in Lenma 1 is spec'lal amenable and X in Lenrma 2 can

to be specia'l amenable.be chosen

We are now prepared to turn to the main ideas of the proof of the Theorem.

INFINITARY LOGIC

Let L' denote the language of set theory augmented by a new symbol a

for each ae L and a unary predicate R (for denoting a rea'l). l,le shall work

with the following base theory TO, formulated in the logic t; , TO cons'ists

of zFc + V = L(8) +Vx(R(x) 
--+xEr) 

+ Diagram(u) = {Vx(x€ a 
- 

#u *=

!.)la e L] + {R weak'ly preserves k-indiscernibles at (*,y) for infinitely
many klr > .y in X), where X is a previously fixed spec'ia'l amenable class

containing I-a for some o . s.t.

Also let L be obtained from Lt by discarding constants a for a * o.

We shall establish a completeness theorem for suitable theories in the fragment

of l*u defined by L.
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DEFINITIoN S -c [-. n L is suitab'le if S is a spec'ia1 amenable c'lass of
quantifier-free sentences consistent (in infinitary logic) with T0.

EXAMPLE If R is a rea'l such that R weakly preserves k-indiscernibles for
infinitely many k at (*,v) for all r > y in X then any nl property
true of R can be expressed by a suitable collectjon of sentencei.

The fo1lowing is the key fact.

MAIN LEMMA If S is suitable then S has a mode]. Moreover there is a

countable ordinal o such that S has a model definable over L(0r,T) when-

ever T I rrl is a counting of o.

It wil'l be easy to establish the Theorem, using the proof of the Main

Lerma. The proof of the Main Lerrna is based on a Henkin-style construction in

ür steps. This constructjon produces an increasing sequence SO ! S.t-c ... of
suitab'le classes oi sentences so that S0 = S and whenever 6 is a quantifier-
free sentence of [or. L then for some n, O e Sn or -0 € Sn. In addition

if 0 isad'isjunction v0 and 0€Sn then t€Sm forsome U€0 and

n € o. Given these properties we can define R = {n e oiR(n) e 5m for some m}

and then an easy induction shows that for quantifier-free g e L*, n L,

OeU{Snlneur}iff L(R)F0 when a isinterpretedasaand R is'inter-
preted as R.

Our strategy for arranging the preceding properties of the Sn't is based

upon Jensen's construction of a real R which is cardinal-preserving but not

set-generic over L (see section 4.4 of Beller-Jensen-Welch t82]). l.le shall
define a certain countab'le ind'iscernible i and then build the Sn'S so that
whenever i:reI,K*=leastelementof I greaterthan r and 6 isa
quantifier-free sentence of, tl*, n Skolem hull (< u {r,i.,,...,in}) then for
some quantifier-free t e Llr, Sn*l contains the sentence Q + 9 (where

i1,...,in are distinct indiscernibles greater than r). It follows that for
any quantifier-free 0 € [oqu n t- = tl there existS n,t so that
(O *---* t) e Sn and V is a quantifier-free sentence of tir. In addition

a count'ing of i wi'l 'l be used to provide a method of decid'i ng and choosing dis-
juncts for quant'ifier-free sentences of ti, in tr.r steps. 

I

Thus the main point is to show that K-many sentences in tl*, can be

simultaneous'ly i'reduced" to equivalent sentences in ,1, , for all r< € I-i.
This ls where weak k-indiscernible Dreservation is used. We sha'll a]so make use

of Shelah's Strong Covering property to hand'le dlsjunctions.
l.le now define i. As TO,S are special amenable we can choose countab'le

1.1.....in from I and terrns t.,s so that for j < j1<...<j6 in I,j > in we
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have that To ^ Lj = tg(i1,...,in,j,j1,...,ir), s ^ Lj = s(i1,..,jn,j,j1,...,ir).
Then i is the least element of I greater than in. Note that i is
countable and i < <e I + r€ X. Also choose a listing 09'01'... of
t-Li, in an uFsequence.

l.le can now define the desired sequence S0 S SlS... of suitable classes

of sentences. Let SO equal S. Assuming St-t has been defined we now

define Sk. Each Sk will be defined so as to be specia'l amenable with
parameters less than i.

Pick r€ I, r: i and let r* = least element of I greater than K.

As K,K* € X, TO proves that B weakly preserves 0-indiscernibles at
(r*,r) for infinitely many 9,, Define 1>k,3 to be 'least so that Ti(rc) is
consistent where f[(r) = T0 u Sk-l u {R weakly preserves l,-indiscernibles
at (r*,r)) and then choose Ck to be the L-least CUB subset of < such

that^ T[(r) is consistent where Til(K) = T0, St-l u{Is n Ck 'ls .Q,-indiscern-

ibl+] and lL is defined as in Lemrna l.
Notethatby indiscernibi'lity, I < rcE in I.*C[= C[nr and

hence T[ is consistent where T[ = TO u Sk-.lu{Ig n Ck n ß is .q,-indiscern-

ible&|3 e ORD) and Ck = u{Ckli < r e I}. nlsoT-i!-lFecial anenable with
parameters less than i and t-i -c Ck.

Suppose now that O is a quantifier-free sentence of tL such that for
solne *1.....*[ in tu ., C* and terrn t we have that 0 = t(y'r],... ,"&)

where y < Kl and 0 $ tl,r. In thjs case we say that rr0* is defined". Now

let "{.....d be the firCt I e'lements of Il . Ck greater than 'y and

defjne O* = t(y,r<I,...,"1) where t,K1,...,K[,y as above are chosen to be

L-least. Set 5* = {O {- O*10* is defined} , Sk-.'.

To see that TO ,5f is consistent it suffices to show that Tü proves

every sentence in S-k. This is a consequence of the following.

CLAIM T[ proves that I[. Ck is strongly g-indiscernibleE: l,Jhenever

r., <...<r0,F.1.....E are from It,. CL and y is less than both Kl and Kl

then for all 4(R,xg,...,^g) we have that Tl F 0(R,y.,K1,... ,*0)
** 0(R,I,Fl ,...,8!).

PR00F 0F CLAIM Note that Tl proves that K is inaccessib'le, whenever

K € I[ n ck. Argue now 'in Til. Suppose 0(R,y,K1,...,*t,) *l* O(R,Y,E,.. Fu ).
Pick i ieast so that *i t t and assume that 13 < Er. If
o(R,y,Kl ,...,Kj,E511 ,...,Fu) <"--+ S(R,y,Fl ,...,F&) then we can replace

El,...,Fn by *.1,...,r5,F3.+1,...,Eg, thereby increasing the first place at
which the sequence differs from K1r...rK4. Continu'ing in this way if necess-

ary we see that we can in fact assume that K1r...rKg differs from Fl,...,El
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only at the ith place *j . t
Now we can also assutä thai It ^ Ck is unbounded in "j*l I @ as by

'indiscern'i bility if O(R,y,r<1 '...,Kn) .4* q(R'yrK1 r...,*j-l ,kjrK511 r...,*t)
for some y < Kl then the same js true if K;1',...rKg is replaced by any

larger (1,-i)-tuple from It n Ck. (Also note that I.c, . CL contains many of

its limit points as it contains I-i.) Now list the elements of Il ^ Ck

between "j_l and *j*.1 as 60 . 61.... and for o < ß < rg.+1 define

f (o,ß) = least T. *i such that O(R,Y,*l ,...,Kj_l ,6o,K3.+.1 ,...,"1,)
*-7* 6(n,1,K.t,. ,rr._1,ö6,K5+.1,...,rn). This is possible by indiscernibi'lity.
But by the Erdös-Rado Theorem there must be a homogeneous set for the partition
f of cardinality > 3, wh'ich is impossible. This proves the Cla'im.

The consistency of To, St is thus established. We now take steps to

hand'te disjunct'ions by introducing a refinement of the above construct'ion.

Choose r€ I, i < r and let Hk(K) = Skolem hull(ru{r,r1,,..,Kk}) nLKl

where K < Kl<...<Kk belong to I. Note that HO(r) is defined independently

of the choice of ".1.....*k. Now as T0 proves Shelah's Strong Covering

property (see Shelah [82]) we can choose Mk(,<) € LKI to be L-least so that

Hk(K) g Mk(K), Mk(K) has L-cardinality r and T0 , St -l is consistent with

thesentence: M*(r)=NnL where R€N and N isall-elementarysubmodel
of L(8). Let ri(r) be obtained by adding this sentence to TO , Sk-.'.

Nowpick y(K, aterm t and K<K.;<...<KU from I sothat
No(r) = t(y,r,rcr,...,<u). As *,"'T X we know that T0 proves that & weak-

1y preserves m-jndiscernibles at ("',r) for some m > !. So choose m > I so

that f[(r) is consistent where T[(K) = T[(r) u {R weakly preserves m-indis-

cernibles at (**,")]. Then let C[ g '.' be L-'least so that c[ is cUB in
("+,*) lnd r['(r) is consistent where T['(r) = T[(<) u {lm n c[ is m-indis-

cern i bl e5] .

Note that we can choose K < Kl<...<Kl in I so that in fact
KrKl r...,"1 . I, n c[ since c[ is cuB in (*',") and I I Im. So for any

y < E€ Im n c[ nrwe have that T['(r) proves that "Mk(A) = N n L where

R € N and N is a I.1 -elementary submodel of L(R)", mere NoG) =

t(y,[,r., ,...,*1,). Moreover by indiscernibility we can choose t,y,.Q,,m indepen-

dently of 6 e I-i and obtain the consistency of Tt = TO , Sk_.' ,
{t(.y,r,r.,,...,*1,)=NnL where ReN and N isa l1-elementarysubmodel
of L(&T|"."1T..< rcu belong to Im n Ck] where Ct = u{C[ n KIK e I-i].

The point of Tk is that we can now "shrink" disjunctions in a strong

sense: Define "O* is defined" as before using the above definition of Ck

and replacing I by m as defined above. In this way we obtain Sk =

{0 

- 

0*10* is defined} and Tt, St 'is consistent. But now we can also

consistently adjoin the sentences {v0 .---*v(o n l4O(r) ) lvoe Mk(K) =
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t(y,r,rr,...,Kn)'K < Kl<...< Kg {n 
_Im 

n Ck}. Let 5k denote Sk together
with the above sentences. _So TO , St is consistent. 

r

To obtain _S* from Sk_ ,. must consider the sentence 0t_l lqrom ti,
and add it to Sk if TO u St tr {01_l} is consistent; other'wise add -pt_t.
Also in the former case if Qk_l = u@ then choose the L-least rl./ € 0 so that
To u 5* u 1rp1 is consistent ind add V to Sk. Fina'lly sk consists of all
quantifier-free sentences of tL which are logical consequences of TO

together with the resulting class of sentences. This completes the definitjon
of Sk.

We now verify the desired properties of the Sk'a. First we show that for
any quantifier-free O. tl, there exists k such that T0 , Sk F O or
TO " lf F -0. We do this by induction on the least r, e I-'i such that
0 € [l^r, If 

"O 
= i then 0 = 0k for some k and thus by construction

either' 0 € Sk+l or -O € sk+]. 0therwise for some k O = t(y,K],...,*p)
where y < Kl . *O and i 1 Kt<...<Kk belong to I-i. Now Kl,...,r1. belong

to I, n Ck for al l m so by construction Sk contains the sentence

0 

- 
0* where O* = t(y,rT,... ,"1) and *T.....d are 'less than K.l. Thus

" ö* 1 *l and so by induction TO u S, F 0* or T0 , Sl, F -0* for some

For 9.>k wehave TorSl, FO or T0uS.t, f--0,
Wealsoarguethatif 0=v0 and TOrSt f6 then T0rSs F llr

for some ü € Q, l, € o, Again this js shown by induction on Kö, If 
"ö = j

then this follows directiy from the construction. Otherwise choose k so that
TorSt FO and Q=t(y,r,r.,,...,r1) where y<K<Kö and

i < rc < *1....."k beiong to I-i. Thus Sk contains the sentence O + O*

where O* = t(y,<Y,*T,...,*f) and "t. *T.,...*f in Ir. Ck are less than

t. Write 0* = v0*. Now by construction T0 u Sk proves

f .------.* v(o* n t't*(rY)) 
",as 

6* e H*(rY) g t'l*(rY). By induction To u Sk, l- {,*
for some t* e 0* n MO(rI) and some k' > k. Now we can write
,l*. = T(v,*T,...-,.*il) for some t. *T and T since Mk('<l) ! Skolem hutt of
("tt u {"i,...,*;}). (Recal l the requirement m > {, in the construction. )

Finaily we see that Sk contains the sentence ü* <+ rf where
.r1, = t(i,"t,,..,"r) and {, e O. Thus T0 u Sk, l- p for some U € O.

We can now complete the proof of the Main Lemma. 0efine fl =

{nlTo u s, F l(ll for some m}. we show by induction on quantifier-free
0 €lä that L(R) F 0 iff T0rs, F 6 forsome m. If Q isatomic
then 0 is of the form n € m,n = m or 8(l) and so the result is clear by

the definit'ion of R (and the consistency of T0, S, for all m). If O =-V
then the result follows by induction from the consistency of T0, S, for each

m and the completeness of u{T. u S,.,lm e o}. If 0 = vO then the result
follows by induction and the fact demonstrated in the preceding paragraph. We
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have shown that S = S0 has a model. Also note that there is such a model

definable over t-(O#,f j whenever T -c 
rrris a counting of i. This completes

the proof of the Main Lerma.

Fina'lly we usö the argument for the Main Lemma to prove the Theorem.

Choose a real R € A whjch is nonconstructib]e and which weakly preserves k-
indiscernibles for infinitely many k. By Lemmas l-3 choose a special amenable

class X containing I-o for some countable o so that R weakly preserves

k-indiscernibles at (r,y) for infinitely many k, whenever K > y belong to
X. l'le consider the suitable c'lass S of sentences which express "3. A,R is
nonconstructib1e". Now given a counting T of a particular countable ordinal
o, the proof of the Main Lerruna provides the construction of a real R in
L(0#,T) such that L(R) js a mode'l of s. However note that as To , S F I
is nonconstructible there is the freedom at any stage k of the construction
to consistently adjoin either of the sentences "R(n)", "-8(n)" to Sk, for
some n e o. Thus in this way it is easy to buijd a perfect binary tree to
possible constructions, any branch through which yields a distinct model of S

and hnece a distinct element of A, The collection of a'l'l reals oroduced in
this way constitutes a perfect closed subset of A. This comp'letes the proof

of the Theorem.

POSTSCRIPT l) There is a nodification of the condition'(R weakly preserves k-

indiscernjbles for infinitely many k" which can be substituted into the state-
ment of our Theorem. For A,Y c x., we say that Y indiscernibly defines A

if for some l, Y is l-indiscernible and for some tenn t, some y . Nl:
A n yl = t(y,y.',...,yt) for a'll yl...,.yt in Y, y < Jl. Thus if Ae L

then lL indiscernib'ly defines A for sufficiently large t, Now the new

condition on R is: (*) For infinitely many k, X k-indjscernible,
X € L -----+ there exists A S f,t.t,A € L such that X n Y'is k-indiscernibleR
whenever YSsl,YeL and Y indiscerniblydefines A.

2) The advantage of the preceding property (*) is that we can show: If R

Jensen codes an amenab'le c1ass then R satisfies (*). Thus any amenable

forcing for producing a nonconstructible nl singleton must be somewhat

different than Jensen coding.

Be'l I er-Jensen-We'lch [82]

Devlin-Jensen [7a]
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