
The Current State of the Foundations of Set TheoryGödel's work on in
ompleteness still 
asts a long shadow on thefoundations of set theory:Gödel's First In
ompleteness: There is no 
omplete system ofaxioms for mathemati
s: for any system, there will be a statementthat 
an neither be proved nor disproved using the axioms of thatsystem.However there is a system of axioms, 
alled ZFC and formulated inthe language of set theory, whi
h does a pretty good job: it seemsstrong enough to answer about 90% of the statements ofmathemati
al interest.



The Current State of the Foundations of Set TheoryZFC however does a very bad job for set theory itself: most of theinteresting statements of abstra
t set theory 
an't be answeredusing just ZFC; the most famous example is:The Continuum Hypothesis (CH): If X ,Y are un
ountable sets ofreal numbers then there is a bije
tion between X and Y .Gödel: ZFC does not refute CH, i.e. ZFC + CH is 
onsistent.Cohen: ZFC does not prove CH, i.e., ZFC + ∼ CH is 
onsistent.We say that CH is unde
idable in ZFC.



The Current State of the Foundations of Set TheoryHere is another example:The proje
tive sets of reals are de�ned as follows:i. Open sets are proje
tive.ii. The 
omplement of a proje
tive set is proje
tive.iii. If f is a 
ontinuous fun
tion and X is proje
tive then so is f [X ],the image of X under f .Proje
tive Measurability (PM): All proje
tive sets are Lebesguemeasurable.Gödel: ZFC does not prove PM.Solovay: ZFC does not refute PM.However there is an important di�eren
e between these twoexamples, CH and PM:



The Current State of the Foundations of Set TheoryWhen we say that ZFC 
annot prove or refute something, we are of
ourse assuming that ZFC is a 
onsistent theory!Otherwise ZFC proves a 
ontradi
tion and from a 
ontradi
tion we
an derive anything at all.So the CH example is really the following statement:Assuming ZFC is 
onsistent, ZFC does not refute CH.Assuming ZFC is 
onsistent, ZFC does not prove CH.But the PM example is a
tually the following:



The Current State of the Foundations of Set TheoryAssuming ZFC is 
onsistent, ZFC does not prove PM.Assuming that the theory (ZFC + There is an ina

essible in�nity)is 
onsistent, ZFC does not refute PM.And we 
annot get rid of ina

essible in�nities, be
ause we have a
onverse:Shelah: If ZFC does not refute PM (i.e., if ZFC + PM is 
onsistent)then (ZFC + There is an ina

essible in�nity) is 
onsistent!



Axioms of In�nity (Large Cardinal Axioms)What is an ina

essible in�nity (ina

essible 
ardinal)?First note the following obvious fa
ts:i. If A is a �nite set then so is P(A), the set of subsets of A (thepower set of A).ii. If A is a �nite set and for ea
h element a of A, Ba is a �nite setthen the union of the Ba's is also �nite.Therefore we 
an say that the size (
ardinality) of the set of naturalnumbers is ina

essible, as it 
annot be rea
hed using only �nitesets.We say that an un
ountable set has ina

essible size (
ardinality) ifit 
annot be rea
hed using sets of smaller size in a similar way.



Axioms of In�nity (Large Cardinal Axioms)
Can we prove that ina

essible 
ardinals exist? We 
annot:The theory ZFC + There is an ina

essible 
ardinal is strongenough to prove that ZFC is 
onsistent. But:Gödel's Se
ond In
ompleteness: (Assuming ZFC is 
onsistent) ZFC
annot prove that ZFC is 
onsistent.So in ZFC one 
annot prove that ina

essible 
ardinals exist.



The Modern Meta-Mathemati
s of Set TheoryThe resultIf (ZFC + There is an ina

essible 
ardinal) is 
onsistentthen so is (ZFC + PM)is an example of a Consisten
y Upper Bound result. It establishesthe 
onsisten
y of ZFC together with a statement of interest, inthis 
ase PM, assuming the 
onsisten
y of ZFC together with theexisten
e of a large in�nity, in this 
ase an ina

essible 
ardinal.But this is just the beginning. A huge number of statements in settheory have been shown to be 
onsistent with ZFC in this way,using various kinds of large 
ardinals. Here is a brief list of some ofthese large 
ardinal notions:



The Modern Meta-Mathemati
s of Set TheoryIna

essibleMahloWeakly 
ompa
tRamseyMeasurableHypermeasurableWoodinSuperstrongHyperstrongn-Superstrong
ω-SuperstrongThe above notions of in�nity get stronger and stronger (as you godown the list) and go all the way �to the edge of in
onsisten
y�: thenatural extension to ω + 1-Superstrong is in
onsistent!



The Modern Meta-Mathemati
s of Set TheoryNow the resultIf (ZFC + PM) is 
onsistentthen so is (ZFC + There is an ina

essible 
ardinal)is an example of a Consisten
y Lower Bound result.It shows that a 
ertain large in�nity is required for establishing the
onsisten
y with ZFC of a statement of interest.With PM we have the ideal situation:Con(ZFC + Ina

essible) → Con(ZFC + PM) →Con(ZFC + Ina

essible)so we have exa
tly �measured� the 
onsisten
y strength of PM.



The Modern Meta-Mathemati
s of Set TheoryMore often, however, we just get upper and lower bounds whi
hdon't mat
h; for example, if PFA stands for the Proper For
ingAxiom we have:Con(ZFC + Super
ompa
t) → Con(ZFC + PFA) →Con(ZFC + Woodin)It is 
onje
tured that Con(ZFC + PFA) →Con(ZFC + Super
ompa
t), but this remains open.To summarise: Large 
ardinals provide the tools needed forestablishing the 
onsisten
y of statements in set theory(Consisten
y Upper Bounds). We have made some progress towardshowing that large 
ardinals are ne
essary for su
h 
onsisten
yresults (Consisten
y Lower Bounds), but te
hniques for obtainingthe 
onsisten
y of more than Woodin 
ardinals are still missing.



A Big QuestionThe in
ompleteness of the ZFC axioms is obviously of greatimportan
e for set theory; indeed most of the interesting questionsof abstra
t set theory are unde
idable in ZFC.Question: Does the in
ompleteness of ZFC matter for �realmathemati
s�?The answer naturally depends on what is meant by �realmathemati
s�.Consider three examples:



A Big QuestionThe Borel Conje
ture: Strong measure 0 sets are 
ountable.A set of reals X has strong measure 0 if it 
an be 
overed by aunion of intervals In whose lengths de
rease to 0 arbitrarily fast.The Whitehead Problem: If G is a Whitehead group (i.e. G isAbelian and Ext1(G ,Z) = 0) then must G be free?The Kaplansky Conje
ture: Any algebrai
 homomorphism fromC (X ), X 
ompa
t Hausdor�, into another Bana
h algebra is
ontinuous.These questions were raised by �real� mathemati
ians (notlogi
ians!). They are all unde
idable in ZFC.[Sy: Tell your Kaplansky story.℄



A Big QuestionThe Borel, Whitehead and Kaplansky problems 
on
ern largeobje
ts (un
ountable sets of reals, un
ountable groups, �wild�algebra homomorphisms).Can we avoid unde
idability if we sti
k to �
ountable� mathemati
s?Not really.PM (Proje
tive Measurability) is expressible in 
ountablemathemati
s (by �
oding� proje
tive sets of real numbers by singlereal numbers), and PM is something that mathemati
ians, not justlogi
ians, might 
are about.



A Big QuestionCan we avoid unde
idability if we sti
k to ��nite� mathemati
s?Re
all that we have 2 forms of unde
idability:CH-style: Unde
idability assuming only Con(ZFC)PM-style: Unde
idability assuming more than Con(ZFC)Good news! Statements of �nite mathemati
s seem to be immunefrom CH-style unde
idability.However PM-style unde
idability is unavoidable for logi
ians:



A Big QuestionMatijasevi
: Let S be any senten
e of set theory. Then there is apolynomial p(x1, . . . , xn) with integer 
oe�
ients su
h thatprovably in ZFC, p(x1, . . . , xn) has no solution in integers if andonly if ZFC + S is 
onsistent.For example, the 
onsisten
y of ZFC + There is a super
ompa
t
ardinal is equivalent to the unsolvability of some Diophantineequation.It doesn't get more ��nite� than that! But the polynommials we getfrom Matijasevi
 are ridi
ulously big as well as mathemati
allyuninteresting; this is a logi
ians' tri
k!



A Big QuestionFor a long time logi
ians assumed that the only statements of �nitemathemati
s whi
h fall vi
tim to unde
idability are the ones
reated using logi
ians' tri
ks. Any �natural� statement of �nitemathemati
s (as opposed to logi
!) should be de
idable in ZFC.But that was before Paris-Harrington.Even though Paris and Harrington are logi
ians, they dis
overed aremarkable statement of �nite mathemati
s whi
h one might haveexpe
ted a non-logi
ian to dis
over.Now in fa
t the Paris-Harrington statement is provable in ZFC; butit not provable in ZFC without the axiom that says that in�nite setsexist, and this is still very sho
king for logi
ians.



Paris-HarringtonRamsey's Theorem tells us that if we write [N]k for the set ofk-element subsets of N then whenever we write [N]k = P1 ∪ P2there is an in�nite H ⊆ N su
h that [H]k ⊆ P1 or [H]k ⊆ P2.The Finite Ramsey Theorem says that if we don't insist that H bein�nite but only of some desired �nite size L, we 
an work with
[{1, 2, . . . ,M}]k instead of the full [N]k as long as M is largeenough in 
omparison to L.Paris-Harrington imposes one extra inno
ent-looking requirementon the set H: It should have more elements than its least element.So {2, 5, 7} is OK but {4, 5, 7, 12} is not.Paris-Harrington: Finite Ramsey holds with the extra requirementthat H have more elements than its least element. But this is notprovable in ZFC without the axiom of in�nity!



Should we worry about Paris-Harrington?Paris-Harrington is not enough to 
onvin
e us that �nitemarthemati
s really falls vi
tim to unde
idability: indeed the PHTheorem is provable in a small subtheory of ZFC.Moreover unlike the Borel, Kaplansky and Whitehead problems,Paris-Harrington was manufa
tured by logi
ians.There have been further examples of unde
idability in �nitemathemati
s, but so far they have either been manufa
tured bylogi
ians or are de
idable in ZFC. So for now it is reasonable toassume that ZFC is indeed adequate for answering �natural�questions of �nite mathemati
s and the only worries 
on
ern thede
idability of properties of in�nite obje
ts.



But what should we do about unde
idability in in�nitemathemati
s?Option 1: Ignore unde
idability!For the mathemati
ian this means 
rossing one's �ngers that itwon't 
ome up in one's own work. For the set-theorist this means
elebrating the 
haos of a multitude of di�erent interpretations ofset theory.Option 2: Take steps to avoid unde
idability.Working in �nite mathemati
s is still very safe. Countablemathemati
s is more dangerous but nearly all examples ofunde
idability in 
ountable mathemati
s involve �
oding� simpleun
ountable obje
ts by 
ountable ones, a rare o

uren
e inmathemati
s. Working in un
ountable mathemati
s has be
omevery risky and unfortunately logi
ians o�er few guarantees.



What should we do about unde
idability?Option 3: Learn to love unde
idability.This requires learning set theory, something mathemati
ians rarelyhave the time or desire to do.Option 4: Strengthen the ZFC axioms.My 
hoi
e!Stronger axiom systems leave fewer statements unde
ided.But how do we strengthen ZFC?



Strengthening ZFC: Truth and Eviden
e
Set-theorists don't want to add new axioms unless they are trueBut what do we take as eviden
e for the truth of a new axiom ofset theory?Currently there are three forms of su
h eviden
e, 
orresponding tothe three distin
t roles that set theory plays.



Pra
ti
e-Based Eviden
eHere we fo
us on the value of a new axiom for the development ofset theory as a bran
h of mathemati
s. Some examples:Gödel's V = LLarge 
ardinal axioms like �There is a super
ompa
t 
ardinal�For
ing axioms like PFA (Proper For
ing Axiom)Determina
y axioms like PD (Proje
tive Determina
y)Cardinal 
hara
teristi
 axioms like �The Ci
hon Diagram is stri
t�Ea
h of these axioms has inspired deep and beautiful set theory.But they 
an't all be true! V = L 
ontradi
ts the others and PFA
ontradi
ts the stri
tness of the Ci
hon Diagram.What are we going to do about this?Answer: Combine this with other forms of eviden
e!



Foundational Eviden
e and the Independen
e Proje
tSet theory's original and most important role was to provide afoundation for mathemati
s.This has been very su

essful, ex
ept for the severe problem ofindependen
e: ZFC is just too weak to resolve questions like theBorel Conje
ture, the Whitehead Problem and the KaplanskyConje
ture.The Independen
e Proje
t (Grant proposal submitted)First systemati
 study of independen
e a
ross mathemati
s.Key question: Are parti
ular axioms most e�e
tive for resolvingindependen
e a
ross mathemati
s as a whole?If so, this provides foundational eviden
e for su
h axioms.



Foundational Eviden
e and the Independen
e Proje
tAxioms with foundational eviden
e:Gödel's V = LFor
ings axioms like PFAIn parti
ular, both resolve the Borel, Whitehead and Kaplanskyproblems (in di�erent ways)So far, the other pra
ti
e-based axioms, Large 
ardinal axioms,Determina
y axioms and Cardinal 
hara
teristi
 axioms, have nothad any impa
t on mathemati
s outside of set theory; but the �rsttwo do not 
ontradi
t PFA, so PFA + Large 
ardinal axioms (whi
himply Determina
y axioms) has both pra
ti
e-based andfoundational support.



Intrinsi
 Eviden
e and the Hyperuniverse ProgrammeSet theory is also a study of the set 
on
ept.An intrinsi
 feature of the set 
on
ept is the maximality of theuniverse of sets.The Hyperuniverse Programme (HP) is a programme for extra
ting
onsequen
es of this maximality feature.There is therefore intrinsi
 eviden
e for the axioms that arise fromthe HP.The programme is new, but preliminary indi
ations are that theaxioms arising in the HP 
ontradi
t V = L and PFA, but are
ompatible with Large 
ardinal axioms and imply that CH is veryfalse (the 
ontinuum is very large)



The strongest possible eviden
eIf there is pra
ti
e-based, foundational and intrinsi
 eviden
e for anaxiom then we 
an make a strong 
ase for its truth and add it toZFC.Unfortunately this still leaves the size of the 
ontinuum unde
ided;if c is the size of the 
ontinuum, then:Intrinsi
 eviden
e: c is very largeFoundational eviden
e: c is ℵ2Pra
ti
e-based eviden
e: c 
an be anythingHowever, at least �not CH� and PD do well based on all three formsof eviden
e.



The strongest possible eviden
eCan we therefore say that �not CH� and PD are �true�?Perhaps, but we �rst need a better understanding of bothfoundational and intrinsi
 truth, obtained through the furtherdevelopment of the Independen
e Proje
t and the HyperuniverseProgramme.It will be very interesting to see how things turn out.Thanks for listening.


