
The Current State of the Foundations of Set TheoryGödel's work on inompleteness still asts a long shadow on thefoundations of set theory:Gödel's First Inompleteness: There is no omplete system ofaxioms for mathematis: for any system, there will be a statementthat an neither be proved nor disproved using the axioms of thatsystem.However there is a system of axioms, alled ZFC and formulated inthe language of set theory, whih does a pretty good job: it seemsstrong enough to answer about 90% of the statements ofmathematial interest.



The Current State of the Foundations of Set TheoryZFC however does a very bad job for set theory itself: most of theinteresting statements of abstrat set theory an't be answeredusing just ZFC; the most famous example is:The Continuum Hypothesis (CH): If X ,Y are unountable sets ofreal numbers then there is a bijetion between X and Y .Gödel: ZFC does not refute CH, i.e. ZFC + CH is onsistent.Cohen: ZFC does not prove CH, i.e., ZFC + ∼ CH is onsistent.We say that CH is undeidable in ZFC.



The Current State of the Foundations of Set TheoryHere is another example:The projetive sets of reals are de�ned as follows:i. Open sets are projetive.ii. The omplement of a projetive set is projetive.iii. If f is a ontinuous funtion and X is projetive then so is f [X ],the image of X under f .Projetive Measurability (PM): All projetive sets are Lebesguemeasurable.Gödel: ZFC does not prove PM.Solovay: ZFC does not refute PM.However there is an important di�erene between these twoexamples, CH and PM:



The Current State of the Foundations of Set TheoryWhen we say that ZFC annot prove or refute something, we are ofourse assuming that ZFC is a onsistent theory!Otherwise ZFC proves a ontradition and from a ontradition wean derive anything at all.So the CH example is really the following statement:Assuming ZFC is onsistent, ZFC does not refute CH.Assuming ZFC is onsistent, ZFC does not prove CH.But the PM example is atually the following:



The Current State of the Foundations of Set TheoryAssuming ZFC is onsistent, ZFC does not prove PM.Assuming that the theory (ZFC + There is an inaessible in�nity)is onsistent, ZFC does not refute PM.And we annot get rid of inaessible in�nities, beause we have aonverse:Shelah: If ZFC does not refute PM (i.e., if ZFC + PM is onsistent)then (ZFC + There is an inaessible in�nity) is onsistent!



Axioms of In�nity (Large Cardinal Axioms)What is an inaessible in�nity (inaessible ardinal)?First note the following obvious fats:i. If A is a �nite set then so is P(A), the set of subsets of A (thepower set of A).ii. If A is a �nite set and for eah element a of A, Ba is a �nite setthen the union of the Ba's is also �nite.Therefore we an say that the size (ardinality) of the set of naturalnumbers is inaessible, as it annot be reahed using only �nitesets.We say that an unountable set has inaessible size (ardinality) ifit annot be reahed using sets of smaller size in a similar way.



Axioms of In�nity (Large Cardinal Axioms)
Can we prove that inaessible ardinals exist? We annot:The theory ZFC + There is an inaessible ardinal is strongenough to prove that ZFC is onsistent. But:Gödel's Seond Inompleteness: (Assuming ZFC is onsistent) ZFCannot prove that ZFC is onsistent.So in ZFC one annot prove that inaessible ardinals exist.



The Modern Meta-Mathematis of Set TheoryThe resultIf (ZFC + There is an inaessible ardinal) is onsistentthen so is (ZFC + PM)is an example of a Consisteny Upper Bound result. It establishesthe onsisteny of ZFC together with a statement of interest, inthis ase PM, assuming the onsisteny of ZFC together with theexistene of a large in�nity, in this ase an inaessible ardinal.But this is just the beginning. A huge number of statements in settheory have been shown to be onsistent with ZFC in this way,using various kinds of large ardinals. Here is a brief list of some ofthese large ardinal notions:



The Modern Meta-Mathematis of Set TheoryInaessibleMahloWeakly ompatRamseyMeasurableHypermeasurableWoodinSuperstrongHyperstrongn-Superstrong
ω-SuperstrongThe above notions of in�nity get stronger and stronger (as you godown the list) and go all the way �to the edge of inonsisteny�: thenatural extension to ω + 1-Superstrong is inonsistent!



The Modern Meta-Mathematis of Set TheoryNow the resultIf (ZFC + PM) is onsistentthen so is (ZFC + There is an inaessible ardinal)is an example of a Consisteny Lower Bound result.It shows that a ertain large in�nity is required for establishing theonsisteny with ZFC of a statement of interest.With PM we have the ideal situation:Con(ZFC + Inaessible) → Con(ZFC + PM) →Con(ZFC + Inaessible)so we have exatly �measured� the onsisteny strength of PM.



The Modern Meta-Mathematis of Set TheoryMore often, however, we just get upper and lower bounds whihdon't math; for example, if PFA stands for the Proper ForingAxiom we have:Con(ZFC + Superompat) → Con(ZFC + PFA) →Con(ZFC + Woodin)It is onjetured that Con(ZFC + PFA) →Con(ZFC + Superompat), but this remains open.To summarise: Large ardinals provide the tools needed forestablishing the onsisteny of statements in set theory(Consisteny Upper Bounds). We have made some progress towardshowing that large ardinals are neessary for suh onsistenyresults (Consisteny Lower Bounds), but tehniques for obtainingthe onsisteny of more than Woodin ardinals are still missing.



A Big QuestionThe inompleteness of the ZFC axioms is obviously of greatimportane for set theory; indeed most of the interesting questionsof abstrat set theory are undeidable in ZFC.Question: Does the inompleteness of ZFC matter for �realmathematis�?The answer naturally depends on what is meant by �realmathematis�.Consider three examples:



A Big QuestionThe Borel Conjeture: Strong measure 0 sets are ountable.A set of reals X has strong measure 0 if it an be overed by aunion of intervals In whose lengths derease to 0 arbitrarily fast.The Whitehead Problem: If G is a Whitehead group (i.e. G isAbelian and Ext1(G ,Z) = 0) then must G be free?The Kaplansky Conjeture: Any algebrai homomorphism fromC (X ), X ompat Hausdor�, into another Banah algebra isontinuous.These questions were raised by �real� mathematiians (notlogiians!). They are all undeidable in ZFC.[Sy: Tell your Kaplansky story.℄



A Big QuestionThe Borel, Whitehead and Kaplansky problems onern largeobjets (unountable sets of reals, unountable groups, �wild�algebra homomorphisms).Can we avoid undeidability if we stik to �ountable� mathematis?Not really.PM (Projetive Measurability) is expressible in ountablemathematis (by �oding� projetive sets of real numbers by singlereal numbers), and PM is something that mathematiians, not justlogiians, might are about.



A Big QuestionCan we avoid undeidability if we stik to ��nite� mathematis?Reall that we have 2 forms of undeidability:CH-style: Undeidability assuming only Con(ZFC)PM-style: Undeidability assuming more than Con(ZFC)Good news! Statements of �nite mathematis seem to be immunefrom CH-style undeidability.However PM-style undeidability is unavoidable for logiians:



A Big QuestionMatijasevi: Let S be any sentene of set theory. Then there is apolynomial p(x1, . . . , xn) with integer oe�ients suh thatprovably in ZFC, p(x1, . . . , xn) has no solution in integers if andonly if ZFC + S is onsistent.For example, the onsisteny of ZFC + There is a superompatardinal is equivalent to the unsolvability of some Diophantineequation.It doesn't get more ��nite� than that! But the polynommials we getfrom Matijasevi are ridiulously big as well as mathematiallyuninteresting; this is a logiians' trik!



A Big QuestionFor a long time logiians assumed that the only statements of �nitemathematis whih fall vitim to undeidability are the onesreated using logiians' triks. Any �natural� statement of �nitemathematis (as opposed to logi!) should be deidable in ZFC.But that was before Paris-Harrington.Even though Paris and Harrington are logiians, they disovered aremarkable statement of �nite mathematis whih one might haveexpeted a non-logiian to disover.Now in fat the Paris-Harrington statement is provable in ZFC; butit not provable in ZFC without the axiom that says that in�nite setsexist, and this is still very shoking for logiians.



Paris-HarringtonRamsey's Theorem tells us that if we write [N]k for the set ofk-element subsets of N then whenever we write [N]k = P1 ∪ P2there is an in�nite H ⊆ N suh that [H]k ⊆ P1 or [H]k ⊆ P2.The Finite Ramsey Theorem says that if we don't insist that H bein�nite but only of some desired �nite size L, we an work with
[{1, 2, . . . ,M}]k instead of the full [N]k as long as M is largeenough in omparison to L.Paris-Harrington imposes one extra innoent-looking requirementon the set H: It should have more elements than its least element.So {2, 5, 7} is OK but {4, 5, 7, 12} is not.Paris-Harrington: Finite Ramsey holds with the extra requirementthat H have more elements than its least element. But this is notprovable in ZFC without the axiom of in�nity!



Should we worry about Paris-Harrington?Paris-Harrington is not enough to onvine us that �nitemarthematis really falls vitim to undeidability: indeed the PHTheorem is provable in a small subtheory of ZFC.Moreover unlike the Borel, Kaplansky and Whitehead problems,Paris-Harrington was manufatured by logiians.There have been further examples of undeidability in �nitemathematis, but so far they have either been manufatured bylogiians or are deidable in ZFC. So for now it is reasonable toassume that ZFC is indeed adequate for answering �natural�questions of �nite mathematis and the only worries onern thedeidability of properties of in�nite objets.



But what should we do about undeidability in in�nitemathematis?Option 1: Ignore undeidability!For the mathematiian this means rossing one's �ngers that itwon't ome up in one's own work. For the set-theorist this meanselebrating the haos of a multitude of di�erent interpretations ofset theory.Option 2: Take steps to avoid undeidability.Working in �nite mathematis is still very safe. Countablemathematis is more dangerous but nearly all examples ofundeidability in ountable mathematis involve �oding� simpleunountable objets by ountable ones, a rare ourene inmathematis. Working in unountable mathematis has beomevery risky and unfortunately logiians o�er few guarantees.



What should we do about undeidability?Option 3: Learn to love undeidability.This requires learning set theory, something mathematiians rarelyhave the time or desire to do.Option 4: Strengthen the ZFC axioms.My hoie!Stronger axiom systems leave fewer statements undeided.But how do we strengthen ZFC?



Strengthening ZFC: Truth and Evidene
Set-theorists don't want to add new axioms unless they are trueBut what do we take as evidene for the truth of a new axiom ofset theory?Currently there are three forms of suh evidene, orresponding tothe three distint roles that set theory plays.



Pratie-Based EvideneHere we fous on the value of a new axiom for the development ofset theory as a branh of mathematis. Some examples:Gödel's V = LLarge ardinal axioms like �There is a superompat ardinal�Foring axioms like PFA (Proper Foring Axiom)Determinay axioms like PD (Projetive Determinay)Cardinal harateristi axioms like �The Cihon Diagram is strit�Eah of these axioms has inspired deep and beautiful set theory.But they an't all be true! V = L ontradits the others and PFAontradits the stritness of the Cihon Diagram.What are we going to do about this?Answer: Combine this with other forms of evidene!



Foundational Evidene and the Independene ProjetSet theory's original and most important role was to provide afoundation for mathematis.This has been very suessful, exept for the severe problem ofindependene: ZFC is just too weak to resolve questions like theBorel Conjeture, the Whitehead Problem and the KaplanskyConjeture.The Independene Projet (Grant proposal submitted)First systemati study of independene aross mathematis.Key question: Are partiular axioms most e�etive for resolvingindependene aross mathematis as a whole?If so, this provides foundational evidene for suh axioms.



Foundational Evidene and the Independene ProjetAxioms with foundational evidene:Gödel's V = LForings axioms like PFAIn partiular, both resolve the Borel, Whitehead and Kaplanskyproblems (in di�erent ways)So far, the other pratie-based axioms, Large ardinal axioms,Determinay axioms and Cardinal harateristi axioms, have nothad any impat on mathematis outside of set theory; but the �rsttwo do not ontradit PFA, so PFA + Large ardinal axioms (whihimply Determinay axioms) has both pratie-based andfoundational support.



Intrinsi Evidene and the Hyperuniverse ProgrammeSet theory is also a study of the set onept.An intrinsi feature of the set onept is the maximality of theuniverse of sets.The Hyperuniverse Programme (HP) is a programme for extratingonsequenes of this maximality feature.There is therefore intrinsi evidene for the axioms that arise fromthe HP.The programme is new, but preliminary indiations are that theaxioms arising in the HP ontradit V = L and PFA, but areompatible with Large ardinal axioms and imply that CH is veryfalse (the ontinuum is very large)



The strongest possible evideneIf there is pratie-based, foundational and intrinsi evidene for anaxiom then we an make a strong ase for its truth and add it toZFC.Unfortunately this still leaves the size of the ontinuum undeided;if c is the size of the ontinuum, then:Intrinsi evidene: c is very largeFoundational evidene: c is ℵ2Pratie-based evidene: c an be anythingHowever, at least �not CH� and PD do well based on all three formsof evidene.



The strongest possible evideneCan we therefore say that �not CH� and PD are �true�?Perhaps, but we �rst need a better understanding of bothfoundational and intrinsi truth, obtained through the furtherdevelopment of the Independene Projet and the HyperuniverseProgramme.It will be very interesting to see how things turn out.Thanks for listening.


