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A result of great significance in the theory of forcing is the following.

Theorem 1 (Corollary to Jensen’s Coding Theorem) There is an L-definable
class forcing P such that if G is P-generic over L then:

(a) (L|G],G) is a model of ZFC, and cofinalities are the same in L as in
LIG].
(b) Some real in L|G] is not set-generic over L.

A natural question to ask is whether this result has an analogue in the
context of large cardinals. The purpose of this article is to provide such an
analogue, taking into account difficulties raised by the existence of Woodin
cardinals.

To describe the latter difficulties we consider the forcing P, described as
follows. Let § be inaccessible and consider the language £(0):

(a) n € R belongs to £(J), where n € w and R denotes a real.
(b) ¢ € L(0) — ~ p € L(J).
(c) @ C L(0), Card ® < 6 — AD € L(9).

Of course A® is to be interpreted as the conjunction of the sentences in ®.
A set of sentences ® C L(d) is consistent iff in some (set-generic) extension
of V, some real R satisfies each sentence in ®. A single sentence ¢ € L£(0)
is consistent iff {} is consistent. We endow L£(0) with the ordering: ¢ < 9
iff A{p,~ 1} is not consistent. Then P is the pre-ordering (£*(d), <) where
L1(5) ={p € L(J) | ¢ is consistent }.

In a weak sense, every real outside of V' is P-generic over V: Let R be a

real and let G(R) be {p € L1(9) | R satisfies ¢}.



Lemma 2 (a) ¢, ¢ € G(R) — ¢, ¥ are compatible in P = (L*(), <).

(b) ¢ <9, p € GIR) = ¢ € G(R).

(c¢) Suppose that A C LT(9) is predense (i.e., every ¢ € LT(0) is compatible
with some element of A). If Card A <6 then G(R)N A # 0.

Proof. (a) and (b) are clear. For (c), note that as Card A <  we may form
the sentence ¢ = A{~ ) | p € A} € L(J). If G(R) N A = 0 then R satisfies
¢ and hence ¢ is an element of £7(J) incompatible with each element of A.
This contradicts our assumption that A is predense. O

Of course full P-genericity over V' would require that (c) hold without the
assumption Card A < §. If P is d-cc (i.e., antichains in P have cardinality
< §) then we do achieve full P-genericity, as this cardinality assumption
becomes superfluous. We next show how to modify P to a d-cc forcing,
following an idea of Woodin.

Definition. Suppose that A C Vs and k < 0. Then & is A-strong below ¢
iff for all a < ¢ there is an elementary embedding j : V' — M with critical
point x such that o < j(k) and ANV, = j(A)NV,.

For any A C Vs in V and k < § let T'(k, A) consist of all sentences

MrelpeAnVig — Moy e ANVa)
as « varies over the ordinals less than . Now suppose that R is a real
(outside of V') and & is A-strong below § in V[R]. Then T'(k, A) is contained
in G(R) and hence T'(x, A) is consistent. More generally, suppose that R
preserves A-strength below 6 over V for every A C Vi in V', in the sense that
whenever k < § and k is A-strong below § in V', then x is A-strong below §
in V[R]. Then T = | J{T'(k,A) | A C V5, A€V, kis A-strong below d} is
contained in G(R) and hence T is consistent. Let Pr = (L£5(0), <r) where
LE(6) ={p € L(§) | T U{p} is consistent} and ¢ <p ¢ iff TU {p,~ 1} is
not consistent.

Claim. Suppose that for every A C Vj there is k < § such that  is A-strong
below ¢. Then Pr is d-cc.

Proof. Suppose that A C L£5(4) is predense in Pr and choose k < §, k
A-strong below 6. We assert that ANV, is predense in Pr: If not, then some
¥ € Pr is Pp-incompatible with each ¢ € ANV,; but as T'(k, A) C T, we
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then have that v is Pp-incompatible with every ¢ € A, contradicting the
predensity of A. It follows that Pr has no antichain of cardinality §. O

Definition. § is a Woodin cardinal if for every A C Vs there is k < ¢ such
that x is A-strong below 9.

We have shown:

Theorem 3 (Woodin) Suppose that R is a real, V' is an inner model, § is a
Woodin cardinal in V and R preserves A-strength below & over V' for every
AC Vs V. Then R is set-generic over V.

The previous result would appear to raise a serious obstacle to extending
Jensen’s Theorem past the level of a Woodin cardinal. Fortunately, the
notion of Woodin cardinal has an alternative definition, which can be used
to overcome this obstacle. Let C' be a CUB subset of x and for « in C, let
o, denote the C-successor to a. We say that x is C-strong iff there is an
elementary embedding j : V' — M with critical point x such that all subsets
of /i;r(c) belong to M. Then ¢ is Woodin iff for every CUB subset C' of § there
is a k < ¢ in Lim C which is C' N k-strong. (See [3].) We can additionally
require that some j witnessing the C' N k-strength of x satisfy /ﬁj(c) < 4, and
that the set of such x be stationary in ¢.

Using this second definition of Woodinness we establish the following
large-cardinal analogue of Theorem 1.

Theorem 4 Suppose that V' is an “L-like” model. There is a V-definable
class-forcing P such that if G is P-generic over V then:

(a) (VIG],G) is a model of ZFC, and cofinalities are the same in V as in
VI[G].

(b) If k is Woodin in V' then k is Woodin in V[G].

(c) Some real in V[G] is not set-generic over V.

This result is proved by constructing a class-forcing which “preserves” a
witness in V' to the second definition of Woodinness. Witnesses to the first
definition of Woodinness in V|G| cannot be definable in V', by Theorem 3.

We next clarify the above hypothesis on V.
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Condensation, O and Extenders

“L-like” models obey suitable forms of Gddel’s Condensation Principle
and Jensen’s O Principle. As essentially the only known examples of such
models are in fact models built from extenders, we begin with a definition of
good extender model.

An inner model M is rigid if there is no elementary embedding from M
to itself, other than the identity. Extender models arise naturally when one
attempts to construct an “L-like” rigid model.

Suppose that L is not rigid and j : L. — L (i.e., j is a nontrivial elementary
embedding from L to L). We may hope to move one step closer to rigidity
by replacing L by L[j | L], where « is least so that j | L, ¢ L. A useful
fact is that « is the ordinal (k)% where & is the critical point of j.

The function j | L, where a = (k7)* is called the extender derived from
7. Thus one hopes to successively add extenders until the process converges
upon a model that is either rigid or contains the extender derived from some
embedding of it to itself. In the latter case this model has a “superstrong
cardinal”, a property much stronger than Woodinness.

The models that arise in this construction are called extender models.

Definition. An extender sequence is a sequence E = (E, | v € ORD) such
that for all v, E, is either empty or:

E,: L — LF
is cofinal and Y;-elementary, where « is the critical point of E,, k™ denotes
T of L and for any 7, L} denotes the structure (L,[E], E | n).

Definition. An extender model is a model L¥ = (L[E], E) where E is an
extender sequence. An initial segment of L is a structure of the form LZ, =
(LF E,), a € ORD.

We cannot expect extender models to obey the following analogue of the
strong form of condensation which holds in L: If H is ¥;-elementary in LZ,
then H is isomorphic to an initial segment of L”. Indeed this fails whenever
L¥ contains a measurable cardinal. However one can have the weaker form of
condensation stated next. For 0 < n < w, the ¥, projectum of LE_ denotes
the least ordinal ~ such that for some x € L%, LE_ is the ¥, Skolem hull in
itself of v U {x}. -



Condensation. (a) Suppose that & is a cardinal of L¥| k is the ¥; projectum
of LE | x belongs to LY and L is the ¥; Skolem hull in itself of kU{x}. For
v < k let H(7y, ) denote the ©; Skolem hull of yU{z} in LE_ and H(v, z) its
transitive collapse. Then for sufficiently large v < &, if v is the ¥; projectum
of H (v, ) then H(v,z) is an initial segment of L¥. (b) If v < & are cardinals
of L¥, 0 < n € wand H is the ¥, Skolem hull of v in LZ,_ then the transitive
collapse of H is an initial segment of L. -

For an uncountable L?-cardinal &, the set of 7 less than s such that v
equals the ¥; projectum of H(v,z) is a CUB subset of x (containing all
uncountable cardinals less than k). Thus Condensation implies GCH via the
Gadel property: If x C k and z belongs to L¥, then x belongs to LE for some
a less than k+ of L7,

Good extender models also obey a suitable form of Jensen’s O Principle.
A good O-sequence at singular cardinals for L¥ is an L¥-definable sequence
(Cy | @ a singular cardinal of L¥) such that for each singular cardinal a of
LE:
1. ¢, is CUB in « of ordertype less than «.
2. If & is a limit point of C\, then Cy = C, N a.
3. C, is definable over Lg B(a) via a definition independent of a, where ()
is the least ordinal 3 such that o is singular in Lf, .
4. Suppose that g < f(«a), z € LE and Lgﬁ is the ¥; Skolem hull in itself of
a U {z}. If unboundedly many & < « satisfy @ = a N the 3; Skolem hull of
auU{z}in LE 5 then sufficiently large elements of C, have this property.

In summary, an extender model is good iff it obeys Condensation and
possesses a good O-sequence at singular cardinals.

By combining work of [2], [4] and [5], we have:

Fact. 1f there is a Woodin limit of Woodin cardinals then there is a good
extender model with a Woodin limit of Woodin cardinals.

An L-like model is a model with the above goodness properties, but which
is not necessarily built from extenders. Such a model is of the form L4 =
L[{(As | @ € ORD)], where the structure L2, = (L2, A,) is amenable for

each a, such that Condensation and O at Singulars hold precisely as above,
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with F replaced everywhere by A. By relativising the above Fact to a real
R, we obtain L-like models containing R with Woodin cardinals.

Suppose that L4 is L-like. The extender E derived from the embedding
j 1 LA — M is the restriction of j to L7, where a = x* of L* and & is
the critical point of j. We also write x(E) = k. An extender in L* is an
extender derived from some embedding L* — M which belongs to L”. Let
E be an extender in L* as above and let v be the supremum of the range of
E on a. Suppose that k¥ < 0 < E(k). Then we can form a new extender
F =F | o asfollows: Let 7 : H(co) ~ L where H(o) is the ¥; Skolem hull
of o URange (E) in L?. Then F : L? — L% is the composition 7E. Clearly
F' is cofinal and 3; elementary, and & is the critical point of F. The true
length of E is the least o such that £ | 0 = E. Note that if 0 = F(k) then
E | 0 = E, so true length is always defined. For a set T of extenders, we
define T' | o to be theset of all E | o, E € T.

If F is an extender in L derived from some j : L4 — M, then there is
a canonical extension E* of E to LA (possibly differing from j): Let s be
the critical point of £ and consider U = {(f,a) | f: L7 — L%, a € Ly, }.
Set (f,a) =" (¢,0) iff (a,0) € E({(v,v) | f(u) = g(v)}) and (f,a) € (g,b)
iff (a,b) € E({(u,v) | f(u) € g(v)}). Then Ut(LA, E) = (U] =*,€*) is
well-founded and set-like, so we identify it with its transitive collapse. The
desired extension E* of E is defined by E*(z) = [f,0] where f, is the
constant function with value z and [f, a] denotes the =* equivalence class of
(f,a). A useful fact is: [f,a] = E*(f)(a). In the sequel we shall identify E
with E*, and therefore write E(z) instead of E*(x) for arbitrary elements x
of L.

Class Forcing in the Presence of Woodin Cardinals

We prove Theorem 4. Suppose that V = L4 is an L-like model and fix a
good O-sequence at singular cardinals (C,, | o a singular cardinal).

For a cardinal o we define an a-extender to be an extender E (derived
from some embedding V' — M) of true length « such that all bounded subsets
of a belong to Ulty = Ult(V, E), and A agrees with E[A] below « (where
E[A] denotes | J{E(A | ) | « € ORD}). We write a(E) = a. An extender



is tight iff it is an a-extender for some cardinal o and its critical point is not

Woodin.

Steering Ordinals. Fix an uncountable cardinal a. By induction on 7 in
[, at) we define ordinals p<7, p}!, k € w and p” as follows: ©=* = «, and for
n > a, p<" is the supremum of the ', a < 1’ < n. We define Lo to be the
least p greater than <" such that p is a multiple of o and « is the largest
cardinal ofL;‘. pl = pg+a-kfork€wand p" =pl +a-w.

Canonical CUB Sets. Suppose that « is an uncountable limit cardinal, n €

[, a™) is a multiple of a and k € w. We define the canonical CUB subset

Cm¥ of ato be {a < a | @ = a N the 3 Skolem hull of @U{n} in Li‘un} if this
SHE

set is unbounded in a: otherwise we take C* to be C,. The canonical CUB
subsets of a carry the natural ordering: C'o*o < CokLiff 5y < my or (g = m
and ko < kq). If this holds, then a final segment of Cgh’“ is contained in C’ZO”“)
(using property 4 of the good O-sequence (C, | o a singular cardinal) when
CmRtequals C).

We consider the following class T" of tight extenders. By induction on the
uncountable cardinal « define E, and D,, as follows. For « a limit cardinal,
D,, is the least canonical CUB subset D of «, if it exists, such that D # C,,
and for some oy < a, no Eg, ap < f < a witnesses the D N x(Ej3)-strength
of k(Eg). For o a successor cardinal, E, is the LA-least tight extender E, if
it exists, such that a(F) = o and:

1. K(F) < B < a, Eg defined — k(E) < k(Ep).
2. I witnesses the D, g)-strength of x(E).

Let T be the class of all E,, o an uncountable successor cardinal, as defined
above. Then we claim that the Woodinness of each Woodin cardinal ¢ is
witnessed by extenders in 7" (via the second definition of Woodinness). If
not, then let C' be the least canonical CUB subset of § such that for some
do < 0, no Eg, 0p < [ < 0 witnesses the C' N k(Eg)-strength of x(Ejp).
Clearly C' exists by the failure of T' to witness the Woodinness of § and the
fact that any CUB subset of § contains a final segment of a canonical one.
By Condensation (a), {a | @ < J§, a < f < 0 — k(Ez) > a (when Ej is
defined) and C' N = D, } contains a CUB set. As § is Woodin, this CUB
set contains a k > 0y which is C'N k-strong (via an extender preserving A),



and clearly the least such « is not Woodin (as witnessed by C'Nk). Moreover
k< <d— Kk # k(Eg) (when Ejg is defined), else Eg witnesses the D,-
strength of k = k(Ejs), contrary to the choice of C. Let E be tight and
witness the C' N k-strength of k. Then E is a candidate for E,g), which
therefore is defined and witnesses the C' N k-strength of x, contradicting the
choice of C' and dy.

Note that T is uniform in the sense that E € T — T and E[T] (=T
as defined in Ultg) have the same extenders of true length less than a(FE),
and is nested in the sense that Ey # E; in T, k(Ey) < k(E;) — either
k(Ey) < a(Ey) < k(F1) < a(Ey) or k(Ey) < k(Ey) < a(E7) < aE)p).

If « is a cardinal then « is overlapped by the tight extender F iff k(E) <
a < a(F). For each « there are at most finitely many £ € T' which overlap
a, as T is nested. If E overlaps o then we define o}, to be J{E(f)(c) |
[ k(E) = k(E), f(y) <7t for each v < k(F)}, an ordinal less than o™,
and of = U{E(f)(«) | f : k(E) — L;‘(E), f(v) a subset of [y",7"") of
cardinality < v for each v < k(F)}, a subset of a™" of cardinality a. We
say that « is overlapped by T iff a is overlapped by some E € T. (Note:
Although af, was already defined for a CUB set C, there is little danger of
confusion with the notation aj; for an extender E.)

For a an uncountable limit cardinal, let CT denote the set of cardinals
@ less than a which are overlapped by the same extenders in T" as «; using
the nestedness of T', this is a CUB subset of o whose successor elements
are successor cardinals. Note that as T'N L7 is definable over L2, a final
segment of C*¥ is contained in C| unless « is singular and C%° = C,,. In
the latter case we redefine C,, by replacing the current C,, by C,, NCT if this
is unbounded in «, and otherwise by the LA-least unbounded subset of CT
of ordertype w consisting of successor cardinals. This new definition of C,
does not alter our above definition of 7', satisfies the goodness properties 1-3
and has the additional property that a final segment of C, is contained in
CT for each singular cardinal . (Goodness property 4 is not needed in the

special case CY = C,.)

Coding Apparatus. Fix an uncountable cardinal o. For n € [a,a™) the

coding structure A" is defined to be Lé,mwm where 7, is least so that FE,,



if defined, belongs to L;‘m. For n € [a,a™) a multiple of o and i < « set
H"(i) = the ¥; Skolem Hull of i@ U{n} in A" and f"(i) = the ordertype of
H"(i) N ORD. For a a successor cardinal: B" = {i < « | 1 = H"(i) N a},
b" = Range f7 [ B" and for a« < n = 1+ §, where 5 is a multiple of o and
d<a,"={y+0]|~yebl}.

For an uncountable limit cardinal a, n € [a,a’) a multiple of o and
k € w we define the coding domain B™"*: If D, is of the form Co*o < O+
then B7* consists of all <6‘IJSQ)Z“§’ a € C™. Otherwise B7* consists of all
dgg, a € C*. Using the fact that D,, is canonical, it follows that if 5y < n;

or (no = n; and ko < ki) then a final segment of B7*! is contained in B,

Strings. Strings at an infinite cardinal a are functions s : |s| — 2, where
a < |s| < aF, |s| is a multiple of a, s belongs to Al and for each 7,
a < n < |s|, either s |  belongs to A" or s(n) = 0. We write u®, u=*, A*
A<s o for 'y psn, AT AT L where = |s|. Let S, denote the collection
of strings at «.

A Partition of the Ordinals. Let B, C' and D denote the classes of ordinals
congruent to 0, 1 and 2 mod 3, respectively. For any ordinal o and X = B,
C or D we write o for the a-th element of X, when X is listed in increasing
order. For S a set of ordinals, S¥ = {aX | a € S}.

The Successor Coding. Suppose « is an infinite cardinal, s € S,+. R®
consists of all pairs (¢,t*) where ¢ belongs to S, and t* is a subset of [a™, |s])
of cardinality at most a. Write t** = {n € t* | s(n) = ¢}. (The ordering of R*
is not specified here, but is embedded into our later definition of extension
for the class P of forcing conditions.)

We come next to the definition of the limit coding, which makes use of
“coding delays”.

Limit Precoding. Suppose that « is an uncountable limit cardinal and s
belongs to S,. Let k be least so that s belongs to sz. Write A° = L;‘Z.

Now X precodes s if X is the ¥ theory of A® with parameters from a U {s},
viewed as a subset of a.

Limit Coding. Suppose s € S,, a is an uncountable limit cardinal and
p = ((ps,;pj) | B € Card Na), where ps € Sp for each 3 € Card Na and
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Card denotes the class of infinite cardinals. We wish to define “p codes
s”. First we define a sequence (s, | 7 < 7o) of elements of S, as follows.
Let so = (. For limit v < 7, s, = U{ss | < 7v}. Now suppose s, is
defined. Then for 8 € Card N« consider f,"(3) = least § > f*(3) such
that pg(6©) = 1; if the latter is defined, then also define X5 C 3 by: £ € X5
iff ps((fp"(B) +1+€)°) = 1. Now set 9 = 7 unless there is an n > |s,|
and k € w such that for some final segment B of B™* f,” is defined on
B, f;" | B € A" and for some X C a in A7, X3 = X N3 for 8 € B.
There can be at most one such X, using the fact that if gy < n; or (7o =m
and ko < ki) then a final segment of B7"* is contained in B7*. If Even
(X) = {¢& | 26 € X} precodes an element t of S, extending s, of length n
then set s,4; = t. Otherwise let s,4; be s, % 0, with 0 of length 7 — |s,|.
(The notation s,41 = s, * 0 means that Sy+1 extends s, and s,41(n) = 0 for
|s4] <1 < |sy41].) Now p codes s iff s = s, for some v < .

A real preserves the extender E iff the canonical embedding V' — Ultg
extends to an elementary embedding V[R] — Ultg[R]. We show that there
is a definable ZFC-preserving class forcing which adds a non set-generic,
cofinality-preserving real R preserving the extenders in 7. Moreover, for o
inaccessible in V', every CUB subset of § in V[R] contains a CUB subset in
V. It follows that Woodinness is preserved by R.

We are about to define P, the class of forcing conditions. To ensure that
extenders in 1" are preserved, we impose a strong Preservation Requirement
on conditions in P. To accomodate this Requirement, we must use a special
notion of extension, in which values not “fixed” by a condition are allowed to
change when the condition is extended. However, making use of the fact that
the critical points of extenders in T are not Woodin, we can demand that
values in the interval [, a™) will not change if the condition “recognizes”
that the critical points of all extenders in 1" overlapping « are non-Woodin.
This restriction is needed to show that conditions in the generic converge.

The Conditions. Let Card ' denote the class of all uncountable limit cardi-
nals. A condition in P is a sequence p = ((pa,pk) | @ € Card , a < a(p))
where «(p) € Card is not overlapped by T" and:

(a) Pa@p) € Sa(p) and py,) = 0.
(b) For a € Card Na(p): p(a) = (pa,pl,) € RPa+.
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(c) For a € Card’, a < a(p): p | a codes p, and belongs to AP=.

(d) (Restraint Requirement) For a < «(p), a inaccessible in AP~: There
exists a CUB C C «a, C' € AP+ such that 3 € C — pj = 0.

(e) (Preservation Requirement) Suppose that E belongs to T', o < «a(p) and
« is overlapped by F.

(€0) p, extends E(p)q.

(el) If |E(p)al < v < |pa| where for some & € a%, v belongs to b5, (= b¢ as
defined in Ultg), then p,(vZ) = 0, unless E(p)qo+(€) = 1 and at is p-stable.

We define p-stability as follows: An ordinal v € [o,a™) is a-large iff
v > a; for each E € T overlapping a. p is large up to o iff |ps] is B-large for
all € Card Na™. Then a € Card Na(p)* is p-stable iff p is large up to «
and k(F) is not Woodin in AP=®) for all E € T overlapping a.

Extension of conditions is defined as follows. An inaccessible cardinal
a < a(p) is p-Woodin iff it is Woodin in AP~. Then p < ¢ iff a(p) > a(q)
and for a € Card Na(qg)™:

(*)0 |pa| > |qa|7 pz 2 qu

(*)1 v € [y |qa]) — Pa(y) = qu(7), unless v < |E(p)o| for some E € T
overlapping «.

()2 vy €V, n € g a g-stable, |q.| <7 < |pal, v a-large — po(v5) = 0.
(%)3 Suppose that « is inaccessible but not ¢-Woodin and ¢ is large up to «.
Then there exists a CUB C' C a in AP such that [pg| = |qg|, pj = g5 for

peU{(aap,] laeCh

Lemma 5 Suppose that « € Card Na(q)t is g-stable and p extends q. Then
Do extends qq.

Proof. It suffices to show that F(p), = F(q), for all E € T overlapping
a. Requirement (*)3 from the definition of extension implies that E(p), and
E(q)o have the same length. So E(p)a, F(q)a can only differ if F(E(p))a,
F(E(q))a are incompatible for some F' € E[T| overlapping . But by in-
duction we may assume that F(p), = F(q), for all F' € T overlapping «
which satisfy a(F) < a(E). Therefore F(E(p))a, F(E(q))s are compatible
for all F' € E[T] overlapping «, as F/(p)a, F'(¢)a extend F(E(p))a, F(E(q))as
respectively, and I’ belongs to T by the uniformity of 7". O

Lemma 6 The ordering of conditions is transitive.
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Proof. Suppose that p < g < r. Then (x)q is clear for the pair p,r. Note
that p < ¢ — every g-stable cardinal is p-stable and |E(p)s| > |E(q)a]
whenever « € Card Na(q)™ and E € T overlaps «, since |p,| > |qa| for all
a € Card Na(g)™. Thus (x); holds for p,r. Using Lemma 5, ¢*° D r0 for
r-stable « and therefore (%), holds for p,r. Finally, (x)3 holds for p,r since
the intersection of CUB sets is CUB. O

To state the proper form of extendibility for P we must take into account
requirement ()3 and therefore introduce the notion of a p-witness. This is a
function w with the following properties:

1. The domain of w consists of all inaccessible a < «(p) such that « is not
p-Woodin and p is large up to a.

2. w(a) is a CUB subset of {# € D, | § is not p-Woodin} for each a €
Dom w.

3. For all « € Card Na(p)™, w [ a™ € AP~.

The support of a p-witness w, written supp (w), is the union of all intervals
(a, @}, ], where @ belongs to w(a) and o is in the domain of w.

Lemma 7 (Extendibility) Suppose that p belongs to P, 3 € Card Na(p)*

and s € Sg extends pg. Also suppose that |s| is ($-large, X C [ belongs to

A%, w is a p-witness and for |pg| < v < |s|:

(a) If B is overlapped by E € T and 7 belongs to ng where £ € B}, then

s(v%) =0, unless E(p)p+(§) =1 and 37 is p-stable.

(b)yebl, ne p;’o, Bt p-stable, v B-large — s(+P) = 0.

Then there exists ¢ < p in P such that |qgs| = |s|, X Ny € AD for all

v € Card N B not in supp (w | 1), gz and s are the same above the

mazimum of {|E(q)s| | E € T overlaps B} and for all o € Card N (3, a(p)],

Jo and p, are the same above the mazximum of {|E(q)s| | E € T overlaps a}.
Moreover we can require that q be large up to (3.

Proof. By induction on 3 € Card Na(p)™. The result is clear if § equals w,
as w is not overlapped in 7" and (b) guarantees that we can extend p, to s
without violating (x)s from the definition of extension. If 5 is an uncountable
successor cardinal then let 3 be the cardinal predecessor to 3 and choose
5 = pg* 0e Sz of B-large length so that X N 3 € A®. Apply induction
to p,5, X N B,w to obtain ¢ < p. Then obtain ¢ from ¢ by redefining g
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to be the same as s above the maximum of {|E(q)s| | £ € T overlaps (}.
The hypotheses on s guarantee that the resulting ¢ is the desired condition
extending p.

Now suppose that § is an uncountable limit cardinal not overlapped by T'.
Let k be large enough so that p [ 8, s, XNG, Cy (if § is singular in A®), Dy (if
3 is not Woodin in A®*) and w | 8 belong to A = L;‘i. Choose Y C 3 such
that Even (V) = {£ | 2§ € Y} precodes s and Odd (V) ={¢ |2 +1 €Y}
is the 3; theory of A with parameters from 3 U {s}, viewed as a subset of
B. For v € Card N BT, let A, be the transitive collapse of H(y) = X,
Hull of vy U {s} in A and let g(y) = v" of A,. (If A, F 4" does not
exist, then g(y) = ORD(A,). When v = 3, we have A, = H(y) = A.)
Using Condensation (a), choose 3y < 3 large enough so that ZA{ is an initial
segment of LA for v € C’;’kﬂ (0o, B]. Also suppose that p | 8,5, XNG,w | T
belong to H(f) and if CZ’k = Cj then () > ordertype Cjg.

We first define g, a preliminary version of ¢. Set gz = s. For vy €
Card N [3,03): If Cg’k # Cg and v € Lim C’;’k then ¢, = s, where Even
(Y N~) precodes s, € S,; if C'g’k = (3 and 7 € Lim Cjp then ¢, = p, * 0 with
0 of length g(7); and if v € Bg’k then G, = p, * 0% 1% (Y N )¢ where 0 has
length g(v)+1 (and (Y’ Nv)® has length ~). For v € Card Na(p)™ not falling
under the above cases, ¢, = p,. Also set ¢} = p> for all v € Card N a(p)™.

We claim that ¢ obeys the requirements for being a condition, with the
exception of the Preservation Requirement (e0). We need only check that
q | v belongs to A% and codes g, for v € Card ' N a(p)t. We may assume
that v belongs to Lim Cg’k N [BF,B]. Note that g | v, Y N+ and therefore
g | v are definable over A, for v € Card N %, so for the first of these
properties it suffices to show A, € A%. But by choice of 3y, A, is a proper
initial segment of A9(Y) = A%. Thus we have established the first of these
properties. For the second property, we must verify that there is 7, > |p,|
and k, € w such that for some final segment B, of Bf]”’k”, féf’r”7 is defined on
By, fii | By € A7 and for some X, C v in A, X5 = X, N6 for § € By,
where for § < 7, X is defined by & € Xs iff gs((f1,(0) + 1 +€)¢) = 1. If
v = (3 then we may take n,, k,, B, and X, to be |s|, k, Bg’k — B and Y,
respectively, and in this case Even(Y") precodes s, implying that ¢ [ 5 codes
s. Suppose that v is less than 3. If C’;’k # C then we can similarly take |s,|,
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k, Bf,”’k — B4 and Y N+, respectively, and in this case Even(Y N+) precodes
sy, implying that ¢ [ v codes s, = ¢,. Finally if C’;’k = (3 note that « is
singular in 49" and therefore we can choose k' so that CZ7"* = C_; then
we may take n,, k., B, and X, to be g(7), k', C,— 5 and Y N, respectively,
and in this case Even(Y N ) does not precode an element of S,. It follows
that g [ v codes p, * 0, with 0 of length g(v) = g(v) — |p|, as desired.

Let B C 3 be the closure of Bg’k N [B5,0) (ie., B is the union of Bg’k
and Lim C’;’k N (Bo, 5)). To obtain the desired ¢ < p, we inductively modify
q [~ fory € Btog[~" suchthat ¢(v) = q(y) and g [ v"Up [ [v", a(p)]) is
a condition satisfying the Growth Requirement up to v: For 0 in Card N~T,
lgs| is o-large, and either 0 belongs to supp (w [ y7) or X N € A%. If v =
min B then we apply induction to p, g,, X N, wy, where wo(e) = w(w) for
a € Dom w Ny and wy(a) = w(a) =T for @« € Dom w —~7", to ensure the
Growth Requirement up to . Suppose that 7 is a successor element of B and
o is its B-predecessor. It is possible that g is the critical point of an extender
E € T. E is unique and must satisfy a(F) < «. In this case we modify
71 (v,a(E)] =p T (v,a(E)] to ¢ | (v0,a(E)] by requiring g5 to extend
E(q | 70)s for § € Card N (7, a(E)], thereby ensuring the Preservation
Requirement (e0) with respect to E. As by induction our modified ¢ | 7
satisfies the Preservation Requirement with respect to all £ € T, it follows
that E(q | 7o) satisfies the Preservation Requirement with respect to all
F € E[T], and therefore by the uniformity of T', with respect to all F' € T,
a(F) < a(E). As g agrees with p on the interval (o, a(E)] and p satisfies
the Preservation Requirement, it follows that Preservation Requirement (e0)
will hold for ¢ | v U ¢ | (70, a(E)] with respect to all extenders in 7.
Preservation Requirement (el) also holds for ¢ | v¢ U ¢ | (70, a(E)] as it
holds for ¢, and the modifications for the purpose of ensuring Preservation
Requirement (e0) do not affect Preservation Requirement (el). Now apply
induction to ¢ [ 7§ Uq' | (o, a(E)] Up | (a(E), a(p)], ¢, X N, wo, where
wo(a) = w(a) for @ € Dom w N~ and wy(a) = w(a) for @ € Dom w — 4+,
to obtain the desired ¢ | v* satisfying the Growth Requirement up to -,
without changing ¢ | 74 U ¢’ | (ho,a(E)]Up | (a(E),a(p)] at a cardinal
) € (70,(70)35], if v € w(B) and |p;| is d-large for all 6 € Card N 4&+.
Finally, if v € Lim B and we have inductively modified ¢ [ 67, § € BN~ in
the LA-least way to the desired ¢ | %, it follows that the resulting ¢ [ 7+ =
U{g T 67 | 6 € BN~} U{(7,3(7))} is as desired, since the definition of g
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guarantees that Y N+, and therefore the new ¢ [ 7, belongs to A%.

At the end of the above construction either we obtain a condition ¢ or
some F € T has critical point 3; in the latter case we modify once more on
Card N (B, a(E)] to ensure the Preservation Requirement. The resulting g
is a condition such that |gg| = |s|, |¢a| is a-large for all @ € Card N g7,
X N~vy e A% for all v € Card N BT not in supp (w | 51), ¢z and s are
the same above the maximum of {|E(q)s| | £ € T overlaps $} and for
all a € Card N (B, a(p)], ¢. and p, are the same above the maximum of
{|E(qQ)a| | E € T overlaps a}.

We must verify that the extension ¢ < p obeys property (x)s. If « is
from the statement of (x)3;, we may assume that a belongs to Lim B. The
desired property for the pair p, ¢ is witnessed by the CUB set B N «, as for
0 € BN, 5255 = 6}, is less than &}, and therefore the extensions on B

avoid the intervals (6,07, ], 0 in BN a. Then to verify the result when o
belongs to Lim B for the pair p, g, note that a belongs to w(3) U {3} and
by construction |p,| = |¢,| for v € (64,54255], a € BNa, so BNa is again a
witness to (x)s.

Thus the only possible problem in verifying that ¢ extends p is that as
a result of (*)q, the restraint pJ may prevent us from making the extension
from p, to ¢, when ¢, = s, and Even (Y N+) precodes s,. However if there
are unboundedly many such v < [ then [ is inaccessible in AP# and therefore
by the Restraint Requirement, p% = () for v in a CUB subset of § in A??,
which we may assume belongs to A. Thus for sufficiently large + such that
Y N~ precodes s,, v belongs to €' and hence p} = (. So g < p on a final
segment of Card N 3, and by induction we may arrange that this holds on
all of Card N g.

Finally, suppose that  is an uncountable limit cardinal overlapped by
T. Let k be the largest critical point of an extender in T overlapping (.
By induction we can assume that p satisfies the Growth Requirement up to
K, without altering p, above the maximum of {a}, | E € T overlaps a} for
a € Card N (k,a(p)]. Now apply the argument from the previous case to
extend p to ¢ on Card N [k1, 5] (and on Card N (5, a(F)], if some E € T
has critical point () to ensure the Growth Requirement up to [ as well as
lqs| = |s| (with gg the same as s above the maximum of {3}, | E € T overlaps
B} and g, the same as p, above the maximum of {a}, | E € T overlaps o}
for o € Card , f < a < a(p)). O
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Lemma 8 Suppose that G is P-generic and let G,, denote | J{p, | p € G}.
Then G, is not set-generic over V.

Proof. For each infinite cardinal «, G converges on [o,a) in the sense
that for some p € G, every extension q of p satisfies ¢, 2 p,. This follows
from Lemma 5, as only finitely many F € T overlap o and by Lemma 7
we can choose p € G so that ps is f-large for each § € Card N a(p)t
and the critical point k(FE) of each E € T overlapping « is not Woodin in
APsE) - Let G, denote | J{po | p € G and « is p-stable}. We claim that
G+ is coded by G, and for uncountable limit cardinals «, G, is coded by
U{Gp | 5 € Card Na}. The first statement follows immediately from Lemma
7. The second statement follows from Lemma 7 together with the fact that
for uncountable limit cardinals «, the coding of p, by p | a takes place at
cardinals in C" and the collection of conditions ¢ € P such that each 3 € CT
is ¢g-stable is dense in P. Thus G can be decoded from G,. As G, adds an
at-Cohen set to V, it follows that G, is not set-generic over V. O

To establish cofinality-preservation for P we must consider nested wit-
nesses. A p-witness w is nested iff whenever a € w(a), f € w(8), a < 3 and
a < f < a then w(a) =w(B)Na.

Lemma 9 For every condition p there exists a nested p-witness. Moreover,
if w is a nested p-witness and q extends p, then there is a nested q-witness
extending w.

Proof. We begin with the first statement. For a < a(p), a (nested) p, a-
witness is a function satisfying the requirements of a nested p-witness, but
only defined on cardinals < a. We show that if & < 5 < a(p) then each p, a-
witness w can be extended to a p, f-witness w*. This is proved by induction
on A. We may assume that p is large up to 5. If 3 is not the limit of
inaccessibles then by induction we extend w up to the supremum v of o and
the inaccessibles less than § and then, if 3 is non p-Woodin and inaccessible,
extend up to [ itself with a witness w* such that w*(3) only includes cardinals
greater than v. Now assume that 3 is a limit of inaccessibles. If 3 is singular
then we can inductively choose end-extending p, y-witnesses for v € C'z above
a and take the union. If 3 is inaccessible and p-Woodin then we similarly
use a canonical CUB subset C' of  consisting of p-Woodins. Finally, if g is
non p-Woodin and inaccessible, then choose a CUB D C Dg — a such that
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B € D — (3 is not p-Woodin and D N 3 € AP5, using the inaccessibility
of 5. Then successively extend w to elements of D, modifying choices if
necessary so that for 3 € D, the chosen witness between 3 and 3} only
include cardinals strictly greater than 3. At inaccessible limit elements 3 of
D, define w*(3) to be D N 3. In this way we obtain the nestedness of the
resulting witness w*.

Now suppose that w is a nested p-witness, ¢ extends p and we wish to
define a nested g-witness w* extending w. If every inaccessible a < «a(q)
which is not ¢-Woodin with ¢ large up to « is already in the domain of w
then we take w* = w. Otherwise let a be the least exception. Sufficiently
large elements of D, are p-Woodin, using the fact that « is a p-Woodin
inaccessible which is not Woodin. Thus sufficiently large elements of D, do
not belong to any w(3). Also note that sufficiently large v < a do not belong
to w(f) for any § > «, because « is p-Woodin and w is nested. And for each
B < a, the set of 3 < a such that 3 belongs to w(3) is bounded in a, else
by the nestedness of w, there would be a CUB subset of o consisting of non
p-Woodins. Thus as w [ a belongs to AP, it follows that sufficiently large
elements & of D, are closure points of w | «, in the sense that for some
fixed oy < a (independent of @), if 3 belongs to w(3) N (ag, @) for some 3
then 3 is less than a. We therefore achieve the nestedness of w* up to a by
choosing w*(a) to be a CUB subset D of D, with sufficiently large minimum
such that & € D — @ is not ¢-Woodin and D Na € AP*. Finally, combine
this argument with the argument used in the first part of this proof to show
that for a < 8 < a(q), each ¢, a-witness can be extended to a ¢, S-witness,
compatibly with w. O

Definition. Suppose that ~ is an infinite successor cardinal and D C P is
open dense. A condition p € P reduces D below ~ iff for every ¢ < p there
exists 7 < ¢ such that r belongs to D, a(r) = a(q) and r(a) = ¢(«a) for all
a € Card N[y, a(q)].

Lemma 10 (Density Reduction) (a) If D; is open and dense on P for each
1 < w then for each p € P there is a ¢ < p which belongs to each D;.

(b) If D; is open and dense on P for each i < ~ where vy is an infinite
successor cardinal then for each p € P there is a ¢ < p which reduces each
D; below 7.

(¢) If D; is open and dense on P for each i < -y, where 7y is inaccessible and
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not Woodin, then for each p € P there are ¢ < p and a CUB D C ~ such
that q reduces D; below (Wgw)Jr fory € D andi < @]57)*. (Note that D, is
the canonical CUB subset of v defined earlier, and is unrelated to the D;’s.)
(d) If D; is open and dense on P for each i < -y where 7y is Woodin then for
each p € P there are ¢ < p and a CUB D C v such that q reduces D; below
Nt fory € D andi < 7T.

Proof. In the statement of this Lemma, we intend that the sequence of
D,’s in each case be LA-definable. Choose n > 1 so that this sequence is ¥,
definable over L* and let f be a cardinal of cofinality greater than ~ (greater
than w in part (a)) such that Lj' is 3, -elementary in L4, Let X be the
¥, theory of (Lg‘,y>y€Lgx, viewed as a subset of 6. Assume first that {p} is

¥,-definable in L4 and the defining parameter for the sequence of D;’s is 0.

(a) Define a sequence of conditions p* € P with associated nested p’-witnesses
w; and wy, i € w as follows:

1. p° =17, wy = w; is any nested p-witness.

2. For i € w, p'*! is the LA-least extension ¢ of p’ belonging to D; such that
Lé(q) is ¥,-elementary in L* and X Ny € A% for each v € Card Na(g)* not
in supp (w}). w;41 is the L*-least nested p™™'-witness extending w; and wj,
is obtained from w;1q by choosing w}, (o) to be a CUB subset C' of w;;1()
with the property that \p%+1| = |phl, p%“* =ply for § € (a,af, ] and @ € C,
for each « in the domain of w; ;.

We claim that the sequence of p’s has a lower bound ¢ € P. Define ¢ as
follows: a(q) = U, a(p'), ¢s = U, pj above max{|E(q | x(E))s| | E € T
overlaps (3}, qg agrees with E(q | k(E))s below |E(q | K(E))g| when E € T
overlaps 3, g5 = U; pj for g € Card N a(q) and (gug), ¢4y)) = (0,0).
We must verify that gg belongs to Sz and ¢ | 8 belongs to A% for § €
Card Na(qg). Let H(B) denote the 3,1 Skolem hull of 3in L2, and H(f)
its transitive collapse. By the definition of the p'’s, |gg| either is 3T of H(j3)
or belongs to the support of w; for sufficiently large 7. In the former case,
as q | B* is definable over H(3), which by Condensation (b) is an initial
segment of A% it follows that gg belongs to S and ¢ | 3 belongs to A%. In
the latter case, the nestedness of the w;’s implies that § belongs to a fixed
left-open interval I contained in the support of w; for sufficiently large i;
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thus for some 75 € w, |pz§| is constant for ¢ > 4y, not only for 3 = 3, but for

all sufficiently large 3 < 3 (if 3 is a limit cardinal). Thus g belongs to S
and ¢ | 3 belongs to A% as these properties hold for p.

The Preservation Requirement clearly holds for ¢, given the way ¢ was
defined and the fact that it holds for each p‘. The Restraint Requirement
holds for ¢: Suppose that v is inaccessible in A%, v < a(q) and for i € w
let C" be the least CUB subset of v in AP> such that pi/* = () for sufficiently
large ¥ € C*. Then {C" | i < w} witnesses the Restraint Requirement for
q at v, either because the C%s stabilise or because ¢, has length v+ of H(v)
and hence (C" | i € w) belongs to A%. By a similar argument, ¢ < p satisfies
(%)3 from the definition of extension.

(b) By Lemma 7 we may assume that 7 is p-stable. Let § € Card , v = §+.
For any r < p let r | v denote the function with domain Card N~ defined
by (r | v)(%) = r(§) for ¥ € Card N6, (r | v)(6) = (rs,0). Now let
((Dy, ) | i <) be alist of all pairs (D*, ) where D* = D, for some j < v
and ¢ =r | v for some r < p.

Define a sequence of conditions p* with associated nested p’-witnesses w;
and w}, © < vy as follows:

1. p° =p, wy = wy is any nested p-witness.
2. For i < v, p't! is the LA-least extension ¢ of p’ such that ¢ [ v =p | 7,
for some ¢* € Di, ¢ | v = G, a(¢") = a(g), ¢ | Card N [y,a(q)] =
q | Card N [y,a(q)], Lé(q) is 3,-elementary in LA and X Ny € A% for
each p € Card N[y, a(q)] not in supp (w}). (If no such ¢ exists, then set
ptt = pl) wi is the LA-least nested p™*!-witness extending w; and w} .
is obtained from w;y; by choosing wy, () to be a CUB subset C' of w;41(«)
with the property that |pl+1| = |p6| p“r1 = pﬁ for 5 € (a, ozD |and @ € C,
for each « in the domaln of Wity

3. For limit A < v, p* is the condition ¢ defined by: alq) = U a(ph),
q(B) = p(B) for B € Card N7, gs = U;., pj above max{|E(q ))sl |
E € T overlaps (3} and gg agrees with E(q [ k(E))s below |E( k(E))g|
when E € T overlaps 8 for # € Card N [y,a(q)), 5 = Uiy 1 for B e

Card N [77 O[((])) and (qw(q)a q;(q)) = (®7 ®)

i<\
(

In 3. above, we must verify that ¢ is a condition. First we show that gz

belongs to Sz and ¢ [ 5 belongs to A% for § € Card N[y,a(q)). Let H(B)
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denote the ¥,,; Skolem hull of 3 in Lﬁ( g and H () its transitive collapse. By

the definition of the p’’s, |gs| either is 8+ of H(/3) or belongs to the support
of w} for sufficiently large i. In the former case, as ¢ [ 87 is definable over
H(j3), which by Condensation (b) is an initial segment of A% it follows that
qp belongs to Sz and ¢ | 3 belongs to A%%. In the latter case, the nestedness
of the w;’s implies that 3 belongs to a fixed left-open interval I contained in
the support of w; for sufficiently large 7; thus for some iy € w, | p’B| is constant
for i > 4y, not only for 3 = 3, but for all sufficiently large 3 < 3 (if 3 is
a limit cardinal). Thus qp belongs to Sg and ¢ | B belongs to A% as these
properties hold for p'.

The Preservation Requirement clearly holds for ¢, given the way ¢ was
defined and the fact that it holds for each p’. The Restraint Requirement
holds for ¢: Suppose that s is inaccessible in A%, 1 € Card N (7, a(q)) and
for i < A let C* be the least CUB subset of p in AP+ such that p%* =0
for sufficiently large i € C*. Then ({C" | i < A} witnesses the Restraint
Requirement for ¢ at p, either because the C'"’s stabilise or because g, has
length p* of H(y) and hence (C* | i < \) belongs to A%. By a similar
argument, ¢ < p satisfies (x)3 from the definition of extension.

Now note that ¢, reduces each D; below v because if r < ¢ then we may
choose s <rin D;, and j <« such that (D;, s | v) equals (D7, q;), in which
case p’ ! is chosen so that for some s*, a(s*) = a(p’*!), p’*! agrees with s*
on Card N[y, a(p’)]; but then using the p-stability of 7, 7 has the extension
s* [ yUr | [v,a(r)], which agrees with r on [y, «(r)] and which belongs to
D;, as it extends s*.

(c) Again by Lemma 7 we may assume that v is p-stable. As a final segment
of D., is contained in C7T, it follows that sufficiently large elements of D., are
p-stable as well. Suppose that d belongs to D, and all elements of D, above
9 are p-stable. Then by the construction of case (b), we may extend p to ¢ so
that ¢ reduces each D;, i < (5757)+ below (5757)+ and q | (5757)+ =pl (5;57)*.
Note that by the definition of extension, there is a CUB D C ~ such that
las| = Ipsl, a5 = pj for B € Card N (f‘y,”‘ngy], 4 € D. By repeating this
successively for each such 6, we obtain a 7-sequence of conditions p* with
associated CUB subsets of v whose limit ¢ reduces D; below (f‘ygw)Jr for 5
in the diagonal intersection D of the associated CUB sets. Note that ¢ < p
obeys (*)3 from the definition of extension since |qs| = |ps|, q5 = pj; for

Be (75, 7€D.
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(d) This is just like (c), except to each condition p’ we associate a CUB subset
of v consisting of cardinals which are p*~-Woodin, and for 4 in the diagonal
intersection of these sets, reduce D; below 4T for i < 4%.

This completes the proof of (a)-(d) when {p} is ¥,-definable in L# and
the defining parameter for the sequence of D;’s is 0. Now argue as follows:
If the Lemma fails, then choose n so that it fails for some condition p and
some ,-definable sequence of D;’s. Let (p,x) be least so that the Lemma
fails for p and some sequence of D;’s which is Y,-definable with parameter
x. Then the pair (p,z) is X,,-definable for some m > n. For this m, {p} is
Ym-definable and the the Lemma fails for a sequence of D;’s which is X,,-
definable with parameter 0. This contradicts what has been proven above.
O

Immediate consequences of this Lemma are that P preserves cofinalities as
well as the axioms of ZFC, and every CUB subset of an inaccessible cardinal
in a P-generic extension contains one in V' (see Proposition 4.14 of [1]). If
G is P-generic over V then by Lemma 8, V[G] = VI[G,] where G, can be
viewed as a subset of w}". Then by a simple ccc almost disjoint coding, G,
can be further coded into V[R] for some real R. As G, is not set-generic
over V', neither is R.

Finally we show that the extenders E in T are preserved, i.e., that the
canonical embedding E* : V — Ultg can be extended to an elementary
embedding V[G] — Ultg[G*] for P-generic G. Thus we must define G*
which is P*-generic over Ultg, where P* = E*[P], and which contains each
condition E*(p), p € G. By the Preservation Requirement, any two condi-
tions of the form E*(p) | [v,a(E*(p))]Uq | v are compatible for p,q € G,
v € Card N «(E)", using the fact that when « is overlapped by E, a3
contains E(p)%. Let H* denote the class of all such conditions. We claim
that G* = {q € P* | ¢ is extended by some element of H*} is the desired
P*-generic. Indeed suppose that D* C P* is open dense, and is definable
over Ulty via some formula ¢ with parameter x. Then z can be written
in the form E*(f)(a) where f : LA — LA, k = crit E and a is an element
of L;‘(E). Now enumerate the elements of L2 in LA-increasing order as a
sequence (b; | i < k) and let D; for i < k be defined in L* by the for-
mula ¢, using parameter f(b;). We may assume that D; is open dense on
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P for each ¢ < k. By Density Reduction for P there exists p € G which
reduces D; below (£}, ) for each ¢ < (i}, )", for CUB-many & < . Thus
E*(p) € H* reduces D; below (HE(DK))jL for each i < (HE(DK))J“, where if
E({(b; | i < k))={a; | i< E(k)), D} is defined in Ultg via ¢ using the pa-
rameter E*(f)(a;). But a = q; for some i < a(F) and therefore £*(p) reduces
the original D* below (/-cjg( pyy) = a(E) for such an i. Then the genericity
of G implies that {q | a(E) | ¢ € G} generically codes t = E*(p)a(m) over
At in the sense of Ulty (using the fact that E belongs to A% see Lemma
4.8 of [1]). Therefore H* intersects D*. We have shown that G* intersects
all Ultg-definable open dense classes on P*, and is therefore P*-generic over

Ultg, as desired. O

References

[1] Friedman, S., Fine structure and class forcing, de Gruyter Series in Logic
and its Applications, Vol. 3, 2000.

[2] Jensen, R., A new fine structure theory for higher core models, hand-
written notes, Berlin, 1997.

[3] Martin, D.A. and Steel, J., A proof of projective determinacy, J. Amer.
Math. Soc., 2(1), pp. 71-125, 1989.

[4] Neeman, I., Inner models in the region of Woodin limits of Woodin
cardinals, Ann. Pure Appl. Logic 116 (1-3), pp. 67-155.

[5] Schimmerling, E. and Zeman, M., Square in Core Models, Bulletin of
Symbolic Logic 7, pp. 305-314, 2001.

[6] Steel, J., The core model iterability problem, Lecture Notes in Logic 8,
Springer-Verlag, 1996.

22



