
Vaught's Conje
ture and AbsolutenessLet ϕ be a senten
e of Lω1ω and let E (ϕ) denote the isomorphismrelation on its 
ountable models.Then E (ϕ) is analyti
 and for any analyti
 equivalen
e relation Ewe 
an de�ne:E is perfe
t if E has a perfe
t set of 
lasses.E is s
attered if E does not have a perfe
t set of 
lasses.E is trivial if E has only 
ountably many 
lasses.Question: Are these notions absolute?Are they absolute when E is of the form E (ϕ) for some ϕ?



Vaught's Conje
ture and Absoluteness
Proposition�Perfe
t� is a Σ12 property (of a 
ode for E). Therefore both�perfe
t� and �s
attered� (the negation of �perfe
t�) are absolute.Proof. E is perfe
t i�There exists a perfe
t tree T su
h that for all x 6= y in T , ∼ (xEy).This is Σ12. �



Vaught's Conje
ture and AbsolutenessTheoremIn L there is an analyti
 E whi
h is s
attered and nontrivial butbe
omes trivial after ωL1 is made 
ountable.Proof. A (Σω-) master 
ode is a real 
oding the theory of some Lα.The set of master 
odes is Π11, as to be a master 
ode is to satisfyan arithmeti
al property together with the assertion that the modeldes
ribed by the master 
ode is wellfounded.But now de�ne:



Vaught's Conje
ture and Absoluteness
xEy i� x , y are not master 
odes or x = y .This is analyti
 and has exa
tly ωL1 
lasses.If ωL1 is 
ollapsed then E be
omes trivial. �However triviality is absolute for analyti
 equivalen
e relations ofthe form E (ϕ), using S
ott analysis.I'll sket
h how this works using the Morley tree T (ϕ) for ϕ.



Vaught's Conje
ture and AbsolutenessSuppose that E (ϕ) is s
attered (an absolute notion).Let F0 be a 
ountable fragment of Lω1ω 
ontaining ϕ.By s
atteredness there are only 
ountably many F0-types 
onsistentwith ϕ.Let F1 be a larger 
ountable fragment 
ontaining the 
onjun
tionsof ea
h of the F0-types 
onsistent with ϕ. Again, there are only
ountably many F1-types 
onsistent with ϕ.Continue in this way for ω1 steps, taking the fragment Fα+1 to
ontain Fα and the 
onjun
tions of the Fα-types 
onsistent with ϕ,and Fλ the union of the Fα, α < λ for limit λ.



Vaught's Conje
ture and AbsolutenessNow that we have the fragments Fα, α < ω1 we de�ne the Morleytree T (ϕ) as follows:At level 0 of the tree we pla
e all 
omplete F0-theories 
ontaining ϕ.At level α+ 1 of the tree we pla
e all 
omplete F1-theories whi
hextend a non ℵ0-
ategori
al theory on level α (i.e. a theory on level
α with a non-atomi
 type).At a limit level λ < ω1 we take the unions of all bran
hes throughthe earlier levels. Again by s
atteredness, this is still 
ountable.This 
ompletes the de�nition of the Morley tree.Ea
h 
ountable model of ϕ is the unique model of some terminalnode of T (ϕ). Thus ϕ is a 
ounterexample to Vaught's Conje
tureexa
tly if T (ϕ) has height ω1.



Vaught's Conje
ture and AbsolutenessAlso note that if we de�neM Eα N i� M,N have the same Fα-theorythen E (ϕ) (the isomorphism relation for 
ountable models of ϕ) isthe interse
tion of the Borel equivalen
e relations Eα. Thus
(Eα | α < ω1) is a Burgess approximation to E (ϕ), i.e. a des
endingsequen
e of Borel equivalen
e relations with interse
tion E (ϕ).Now why is having only 
ountably many models absolute?



Vaught's Conje
ture and AbsolutenessPropositionThe Burgess approximation (Eα | α < ω1) to E (ϕ) is:(a) Σ1-de�nable, i.e. there is a Σ1 fun
tion (in a �xed parameter
oding ϕ) that takes a 
ode for an ordinal α to a Borel 
ode for Eα.And it is:(b) Non-hesitating: If Eα = Eα+1 then Eα = E (ϕ).(b) holds be
ause Eα = Eα+1 implies that all models of theories onlevel α of the Morley tree satisfy the same Fα-types and thereforeall su
h theories are ℵ0-
ategori
al.



Vaught's Conje
ture and AbsolutenessHesitation of the master 
ode example:xEy i� x , y are not master 
odes or x = yxEαy i� x , y are not among the master 
odes in Lα or x = yIf α is the ω1 of Lβ then Eα = Eβ, so there are arbitrarily longhesitations in this Burgess approximation.Question. Are we talking about model theory or more generallyabout Polish group a
tions?I.e., if E is an analyti
 equivalen
e relation indu
ed as the orbitequivalen
e relation of a Borel a
tion of a Polish group on a Polishspa
e, is triviality (having only 
ountably many 
lasses) absolute?



Vaught's Conje
ture and AbsolutenessOne approa
h to this (suggested to me by André Nies) is to try toredu
e an arbitrary orbit equivalen
e relation to a notion ofequivalen
e on metri
 stru
tures and then apply an analogousS
ott/Morley analysis for metri
 stru
tures.This would be great and I hope it works!Instead I will take a di�erent approa
h, looking beyond orbitequivalen
e relations to analyti
 equivalen
e relations in general.Re
all that orbit equivalen
e relations have only Borel 
lasses.



Vaught's Conje
ture and AbsolutenessDe�nitionLet E be an analyti
 equivalen
e relation. Then E is weakly tame ifthere is a Σ12 fun
tion f (in a parameter for E) su
h that for ea
hx, f (x) is a Borel 
ode for the E-
lass of x.E is tame if this holds absolutely, i.e. f has this property in allouter models as well.Example (Sami, as modi�ed by me):xEy i� x , y 
ompute the same master 
odes.Then in L, E is weakly tame but not tame.Moreover, E has only Borel 
lasses of bounded rank.



Vaught's Conje
ture and AbsolutenessTheorem(Be
ker) If E is an orbit equivalen
e relation (indu
ed by a Borela
tion of a Polish group on a Polish spa
e) then E is tame.TheoremSuppose that E is a tame analyti
 equivalen
e relation. Thentriviality (having only 
ountably many 
lasses) for E is absolute.And E has a Σ1-de�nable, non-hesitating Burgess approximation.In parti
ular this holds for orbit equivalen
e relations.And using a theorem of Stern:



Vaught's Conje
ture and Absoluteness
TheoremSuppose that E is a tame analyti
 equivalen
e relation with 
lassesof bounded Borel rank. Then E obeys Silver's di
hotomy: either Ehas a perfe
t set of 
lasses or only 
ountably many 
lasses.This theorem follows from the previous one as Stern showed thatthe 
on
lusion of this theorem holds for E (without tameness) aftermaking ℵω1 
ountable; then apply the previous theorem andabsoluteness.



Commer
ial interruptionBefore dis
ussing the proofs of the above theorems, I pause toadvertise the generi
 Morley tree gT (ϕ) and its use to give a newproof of:Theorem(Harrington) If ϕ is a 
ounterexample to Vaught's Conje
ture then
ϕ has models in ℵ1 of S
ott ranks 
o�nal in ω2.Proof (Baldwin-SDF-Koerwien-Laskowski) Let gT (ϕ) be theMorley tree for ϕ in V [G ], where G is generi
 for 
ollapsing ω1 to
ω. So the ω1 of V [G ] is the ω2 of V .



Commer
ial interruption, 
ontinuedBy the s
atteredness of ϕ, gT (ϕ) 
annot depend on the 
hoi
e ofgeneri
 G so in fa
t gT (ϕ) is a tree in V of height ωV2 . And forlimit α, any model of a theory on the α-th level of gT (ϕ) hasS
ott rank at least α, so we need only show that the theories onthe generi
 Morley tree gT (ϕ) do indeed have models in V .Consider a pair (F ,T ) where T is on the generi
 Morley tree atsome level α and F = Fα, the fragment of Lω2ω asso
iated to thatlevel. The theory T is generi
ally atomi
, i.e. atomi
 after F ismade 
ountable.



Commer
ial interruption, 
ontinuedNow using a 
hain of 
ountable elementary submodels, we 
anwrite (F ,T ) as the dire
t limit of pairs (F̄i , T̄i ), i < ω1, where F̄i isa 
ountable fragment of Lω1ω and T̄i is an atomi
 theory in F̄i . LetMi be the 
ountable atomi
 model of T̄i . Then we haveembeddings of model-fragment pairs
πij : (Mi , F̄i ) → (Mj , F̄j )whi
h are elementary in the sense thatMi � ψ(m̄) i� Mj � πij(ψ)(πij (m̄)).I.e., not only the model Mi but also the fragment F̄i gets embeddedby πij .The dire
t limit of the 
ountable models Mi (i < ω1) is a model in

ℵ1 of our given theory T on the generi
 Morley tree, as desired. �



Vaught's Conje
ture and AbsolutenessNow ba
k to absoluteness.TheoremSuppose that E is a tame analyti
 equivalen
e relation. Thentriviality for E is absolute.Proof. Let f witness tameness.If E has only 
ountably many 
lasses we 
an 
hoose ~x = (xn|n < ω)su
h that ea
h 
lass 
ontains xn for some n and ~
 = (
n|n < ω) sothat 
n = f (xn) is a Borel 
ode for the 
lass of xn for ea
h n.Thus if E has only 
ountably many 
lasses we have:



Vaught's Conje
ture and Absoluteness
(∗) There exist ~x = (xn|n < ω), ~
 = (
n|n < ω) and α < ω1 su
hthat:1. For ea
h n, 
n = f (xn) is a Borel 
ode for the E -
lass of xn ofBorel rank < α.2. If B
n is the Borel set 
oded by 
n then the B
n 's 
over the spa
e.Conversely, if (∗) holds then as the B
n 's in (∗) are the E -
lasses ofthe xn's and 
over the spa
e, E has only 
ountably many 
lasses.Finally, (∗) is Σ12 and therefore absolute. �



Vaught's Conje
ture and AbsolutenessNow that we know that having 
ountably many 
lasses is Σ12, we
an produ
e a Σ1-de�nable, non-hesitating Burgess approximationfor E .Begin with the representationxEy i� T (x , y) is illfoundedand de�ne relationsRα(x , y) i� T (x , y) has rank at least α.There is a Σ1-de�nable fun
tion that produ
es a Borel 
ode for Rαfrom a 
ode for α. Burgess showed that Rα is an equivalen
erelation Eα for unboundedly many α, and by absoluteness it followsfrom this that any analyti
 equivalen
e relation E has a
Σ1-de�nable Burgess approximation (Eα | α < ω1).



Vaught's Conje
ture and AbsolutenessNow we de�ne a non-hesitating, Σ1-de�nable Burgessapproximation (E ′

α | α < ω1):If E has only 
ountably many 
lasses then by absoluteness this isthe 
ase in L and so (∗) above will hold for some L-
ountable α; inthis 
ase we 
an take the trivial Burgess approximation E ′

α = E forall α, as E has a Σ1-de�nable Borel 
ode.Otherwise, set E ′0 = E0, and if E ′

α is de�ned 
hoose E ′

α+1 to be Eβwhere β is least so that Eβ is properly 
ontained in E ′

α. Byabsoluteness this least β is less than ωL[
]1 for any 
ode 
 for α andtherefore we 
an 
ompute a Borel 
ode for E ′

α+1 via a Σ1 fun
tionapplied to 
 . The resulting Burgess approximation is Σ1-de�nableand non-hesitating, as desired.(Remark: This 
an be made uniform.) �



Vaught's Conje
ture and AbsolutenessSome �nal remarks and questions1. Sami showed that an orbit equivalen
e relation with 
lasses ofbounded Borel rank is in fa
t Borel; Gao showed that this is nottrue for arbitrary analyti
 equivalen
e relations, even when all
lasses have size at most 2.2. There are nontrivial, s
attered analyti
 equivalen
e relations withonly Borel 
lasses, with both Borel and non-Borel 
lasses and withonly non-Borel 
lasses.3. As the triviality of an analyti
 equivalen
e relation is a Σ13property, it is 
onsistent relative to a re�e
ting 
ardinal (betweenina

essible and Mahlo) that triviality is set-generi
ally absolute forall analyti
 equivalen
e relations. Is an ina

essible enough for this?And is it 
onsistent that triviality for analyti
 equivalen
e relationsis absolute for 
lass-for
ing?



Vaught's Conje
ture and Absoluteness4. Let ≡α be elementary equivalen
e for senten
es of rank less than
α. Suppose that ≡α equals ≡α+1 on models of ϕ, for some α.Must ≡α equal isomorphism on models of ϕ? This is the 
ase if ϕdoes not have a perfe
t set of models.And �nally: Is Vaught's Conje
ture absolute?It is 
onsistent that it is set-generi
ally absolute (as it is a Σ13statement), but 
an one rule out that 0# is the least L-degree of a
ounterexample?


